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exhibiting exponential decay in error when the solution is analytic, are known to solve
the steady-state Stokes problem numerically. A common strategy to solve such a problem
in the time-dependent case involves extending the spectral scheme in spatial derivatives
by implementing a low-order finite difference scheme for the time derivatives. Instead,

Ic(f,},llvgft:i; number we implement and analyze a space-time spectral method for the Stokes problem, which
Recombined Legendre polynomials converges exponentially in both space and time. This numerical scheme imposes spectral
Space-time collocation in time and Py — Py_p spectral Galerkin scheme in space by using a
Spectral collocation recombined Legendre polynomial basis, resulting in a global spectral operator that is a
Spectral Galerkin saddle point matrix. The main objectives of the research are estimating the condition

Stokes problem number of the global spectral operators and proving the spectral convergence of this

scheme in space and time. The analysis is not quite complete because two of the estimates
are based on numerical evidence. However, throughout the project, some intermediate
results-such as the 2-norm of the pseudospectral derivative matrix for Chebyshev-Gauss-
Lobatto nodes as well as the condition number of the mass matrix and discrete Laplacian
for a recombined Legendre basis-were proved to obtain the aforementioned findings.
Numerical experiments of this scheme verify the theoretical results. Also, the numerical
result of applying this scheme to the Navier-Stokes equations is presented.

© 2023 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

One of the topics investigated extensively in fluid dynamics is devising numerical schemes to solve the Stokes problem.
The type of flow for which the Reynolds number is low, say R, <« 1, i.e., the fluid velocity is extremely small, or the viscosity
is very large, or an infinitesimal length scale is considered, is called the Stokes flow (or creeping flow). This type of flow is
evident in many cases, such as swimming of a microorganism, flow of lava, flow of polymers, etc. The equations of motion
for Stokes flow are called the Stokes equations, which along with suitable boundary and initial conditions are termed the
Stokes problem:
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—Au+Vp=finQ:=(-1,1)7?,
V.-u=0in <, (1)
u=00n9d%,

where velocity field and pressure are denoted by u=[u;v] eV := (H(l)(Q))2 and p € L%(Q) = {q S LZ(Q)‘ qu = 0}, re-
spectively. In an unsteady state,

U —Au+Vp=finQ:=Qx (—1,1),
V.-u=0in &,

(2)
u=00nd2 x (—1,1),

u(x,y,—1) =up(x, y)in Q,

where u(-,t) € (H} ()%, p(-,t) € L3(Q), and ug € (H}(Q))2.

Spectral methods are numerical methods that solve differential and integral equations. These methods have been used ex-
tensively due to their fast convergence rates, i.e., the error decreases exponentially when the solution is analytic, also termed
spectral convergence. In general, the error depends super-algebraically on the smoothness of the solution. For instance, Theo-
rem 4.1 and (4.77) on [34, p. 166] imply that the convergence rate in H!-norm for solution u € H(l)(—l, 1), 0xu € Bgfg](—l, 1)

of a second order differential equation by Legendre-Galerkin method is at least O(n'~™), where n is the discretization pa-
rameter. A considerable body of literature on spectral methods exist, including [23,28,34,44,43,11].

In [3], the authors describe three spectral methods for solving the Stokes problem. The first method is called the single
grid scheme, a collocation type using the same degree of polynomials for velocity and pressure; however, it generates
spurious modes for pressure and, hence, is not used. The second method, the Py — Py_3 scheme, is a spectral Galerkin
scheme that uses polynomials of degree N for velocity and N — 2 for pressure. The third one, the staggered grid scheme,
is a spectral collocation method that uses staggered grids for velocity and pressure. In this research work, we focus on the
second scheme. For all three methods, the inf-sup condition is not bounded independently of the discretization parameter
of the scheme that decreases the accuracy of the error for pressure, which has been improved in [4] by proposing smaller
discrete spaces for pressure.

In the past few years, space-time spectral methods, exhibiting spectral convergence in both space and time, are be-
ing used to solve time-dependent PDEs. A set practice was to implement a low-order finite difference approximation
of the time derivative, which does not give spectral convergence for the whole scheme due to the dominance of the
time discretization error. See [22,15] for such schemes for linear PDEs, [27,42,7,2,6] and the references therein for prob-
lems related to the Stokes problem. The numerical schemes involving spectral collocation in space and finite difference
schemes in time possess the fundamental and crucial theoretical difficulty of controlling the aliasing error. For incompress-
ible Navier-Stokes equations, long-time stability analysis for some semi-implicit numerical schemes in time and Fourier
pseudospectral schemes in space was presented in [13,8], and that for Burgers’ equation was conducted in [12]. Growing
appeals for faster convergence in time generated the class of space-time spectral methods, some references for which are
[17,29,35,14,33,38,37,39,40,21,45,46]. A space-time spectral collocation method given in [41] was analyzed in [24] and [25]
for Legendre and Chebyshev polynomials, respectively, based on which schemes for some linear PDEs were analyzed in [26],
which serves as the motivation for this paper.

The aim of this work is to perform a condition number estimate for a spectral method for the steady Stokes equations,
and propose and analyze a space-time spectral method for the Stokes problem based upon an Py — Py—_» scheme. The Stokes
equations are more difficult to handle than heat or wave equations because they are a system of PDEs possessing different
spaces for velocity and pressure. Thus, it requires an analysis of various terms appearing in the discrete problem, which
includes proving condition number estimates for the stiffness matrix, mass matrix and discrete Laplacian for a recombined
Legendre basis derived in [32].

We also prove an estimate for the maximum singular value or the 2-norm for the Chebyshev-Gauss-Lobatto pseudospec-
tral derivative matrix. This matrix is non-symmetric with an indefinite symmetric part, which makes the analysis more
challenging. We believe our analysis of spectral convergence of the unsteady Stokes equations is new. We have also laid
the groundwork for a condition number estimate of the global space-time operator. Moreover, a scheme is designed for the
unsteady Navier-Stokes problem, by considering Chebyshev collocation in time and the Py — Py_» scheme in space.

A shortcoming of using such spectral in time schemes is that they do not allow time stepping, the unknowns for all time
need to be solved simultaneously. However, far fewer unknowns are required in comparison to finite difference discretiza-
tions in time. The results of the numerical experiments found clear support for the spectral convergence for space-time
spectral schemes for less than 20 spectral modes in each dimension, see the numerical results provided in [24].

We begin by summarizing some of the notations. Throughout this paper, the discretization parameter is denoted by N,
besides, ¢ and C denote some positive constants independent of N. A column vector x with n components is represented by
x=[x1;X2;...; %] € R", and its 2-norm is denoted by ||, i.e., [x| =,/ 1, xl.z, whereas co-norm is given as |X|oo = 1n<1,3<x |x;].

XX
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For an n x n matrix M, let M] denote the n x (n — 1) matrix obtained from M by deleting the first column, [M denote
the (n — 1) x n matrix obtained from M by deleting the first row, [M] denote the (n — 1) x (n — 1) matrix obtained from M
by deleting the first column and row, and [M] denote the (n —2) x (n — 2) matrix obtained from M by deleting the first
and last columns and rows. The spectrum of M is denoted by A(M). Let the eigenvalues of M be represented by A1(M) >
Aa(M) > ... > Ap(M). Also, Amax (M) := A1(M) and Apjn(M) := A; (M) denote the maximum and minimum eigenvalues of M,
respectively.

For any matrix, M € R™" & (M) denotes the set of singular values of M, which are represented by o1(M) > o2 (M) >
.+. 2 Omingm,n)(M) > 0. The maximum and minimum singular values of M are represented by omax and omin, respectively.
The 2-norm, 1-norm, and oo-norm of a matrix M € R™*" are denoted by ||M||, || M||1, and ||[M|~, respectively. Also, the
term SPD is used to refer to a symmetric positive definite matrix.

The Kronecker product of the matrices A = [a;j] € R™" and B = [b;j] € RP*7 is denoted by K = A ® B € R™>™ and
is defined to be the block matrix with blocks Kjj = a;;B for 1 <i <m,1 < j <n. Also, their direct sum is defined as

A®B= [g g] e Rm+p)x(+q) They satisfy the properties (A ® B)T = AT ® BT, and (A ® B)(C ® D) = AC ® BD, where

C e R™" D e RIS, Also, rank(A ® B) = rank(A) - rank(B), rank(A @& B) = rank(A) + rank(B), 0 (A ® B) = 6 (A) x o (B),
o (A®B)=0(A)Uo (B), thus, |A®B| = ||A|-||B|l. Form=nand p=q, A(A® B) = A(A) x A(B), A(A®B) = A(A)UA(B),
including algebraic multiplicities in all cases.

Let Py be the space of polynomials of degree less than or equal to N, and P% denote the polynomials in Py that
vanish at the endpoints x = +1. Let P, 5, be the space of polynomials of degree at most n{,ny in x, y, respectively and
Pr?unz =P, n, NV, ie, they vanish on 9Q. Let Py, n, m be the space of polynomials of degree at most nqy,ny in x, y, and
degree at most m in time. Moreover, define P,?l,nzqm as the polynomials in Py, », m that vanish on the boundary of the
spatial domain Q. Let L; and T; denote the Legendre and Chebyshev polynomial of the first kind of degree j, respectively.

The norm of p is given as ||pllo = [fQ |p|2]%, and the inner product on the space L(Z)(Q) is defined to be the same as that
for L?(€2), which is defined as (f, g) = [, fgdx, for f, g € L*(Q).

This paper is structured as follows. In section 2, we list some important existing results and derive Proposition 1, which
will be used in the next sections. In section 3, we implement the Py — Py_» scheme by using a recombined Legendre
polynomial basis for the steady Stokes problem and prove the condition number estimates for the scheme in sections 3.1
and 3.2, respectively. We extend the Py — Py_, scheme to the unsteady Stokes problem by using Chebyshev Gauss-Lobatto
collocation in time in section 4.1. Moreover, in sections 4.2 and 4.3, we respectively prove the condition number estimates
and spectral convergence in space and time. In section 5, we adapt the Py — Py_» scheme for the unsteady Navier-Stokes
equations. Section 6 describes the numerical experiments verifying the spectral convergence of all the schemes derived in
the previous sections. Finally, we conclude the findings of this paper and discuss some future work in section 7.

2. Fundamentals

We begin by presenting some basic definitions, the first three of which are given in [34, p. 145-146]. For x € [-1, 1]
and j € N U {0}, define the polynomial ¢;(x) := Lj(x) — Lj2(x), so that ¢j(+1) =0, thus ¢; € P?+2. The stiffness matrix,
denoted by S, is defined as sj := —f_ll ¢,’</(x)¢j(x)dx, is a diagonal matrix with entries given as follows,

Sk = (4k + 6). 3)

The mass matrix, denoted by M, is defined as mj, = fll ¢j(X)¢r(x)dx. It is a symmetric penta-diagonal matrix whose
non-zero elements are given as follows,

2 2 .
it wyse =k
Mk =myj = { 2k+12 2k+5 ko (4)
~kF5° J=k+2.
For N > 4, let x; be the Chebyshev Gauss-Lobatto quadrature nodes, defined as x; = —cos(%j) for 0 < j < N. Let

Co=Ccy=2and ¢j =1 for 1< j< Njy. The Chebyshev Gauss-Lobatto pseudospectral derivative matrix is defined as
D :=[dyjlogk, j<n+1, Where dj; =€;.(xk) given as follows in [34, p. 110].

_ZNE-H, j=k=0,

GDT

dkj _ E'j(Xk;Xj) ’ <k #I<N, (5)
X — i _
200" 1<k=j<N-1,
2 .
WAL k=j=N.

Some results from matrix analysis play a vital role for proving the results in sections 3 and 4, such as Weyl’s inequalities
in [16, p. 239] for symmetric matrices A, E € R"™":
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Ak(A) + An(E) < A(A+ E) <Ak(A) + M (E), 1<k<n, (6)

and the spectrum of a symmetric saddle point matrix, X = [;‘ %T] such that B € R™*" s full rank and its Schur comple-
ment BA~'BT is SPD, then [1] proves that

A
a o 14 /1442
= i e
(1+,/1+4M—11) z(1+«/1+4,7”,1)

where 0 < up < ... < uq denote the eigenvalues of A and 0 < Ay <... < Aq are the eigenvalues of BA~1BT. In general, for

. T
a non-singular X' = [g Bo ]

A(X) € (7)

N[—=

, so that A and B are full rank, [18, Chap. 5] and [20] give the following estimate

Omin(X) 2 /1 —cos6 - min {omin(A), Omin(B)}, (8)

where 0 is the minimum principal angle® between the range space R([A BT]T) and R([B o]T). Finally, we derive the
following result for assistance in the analysis performed in the next sections.

Proposition 1. For 0 < j,k < N — 1, the matrices R and Q defined by rj := fjl Lk(x)q)}(x)dx and qj := fjl L (x)¢;(x)dx,
respectively, satisfy

Vis k=],
Fiiq=—2, o o— s 9
A e [—)/j+2, k=j+2, ®
where yj = ||Ljl|3 = 2]%
Proof. Since ¢j=L; —Lj o,
1 1
Tk = / Lk(X)¢; (x)dx = / Le ) (L (%) — L} 5 (x))dx.
-1 -1

Using the recurrence relation, (2j + 1)Lj(x) = L;.H(x) - L}_l(x), for je N,

1
, . 26k, j
rik=—2j +3)/Lk(x)Lj+1(x)dx= —(2j +3)j—f“.
-1

2j+3

Similarly,
1

qjk = / LX) (Lj(x) — Ljp2(x))dx =8, jVj — Sk, jr2Vj+2- O
-1

3. Steady state

The Stokes problem in the steady state is given by (1), which in component form can be expressed as:

—Au+ px= f1in L, (10a)
—Av+py=finQ, (10b)
ux+vy=0in, (10c)
u=0,v=00n0%, (10d)

We first describe a spectral discretization, the analysis for which will come into play in the later sections.

3 cosh = omin(Q]T Q2), where Q1 € R™P and Q, € R™*1 represent a orthogonal bases for ’R([A BT ]T) and R([B 0 ]T), see [18, p. 123] or [20] for
details.
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3.1. Discretization

We implement the Py — Py_» scheme described in [3], by defining the variables as follows:
N-2N-2
UN Y) =Y Y uidi(X)$i(y) € Py .
i=0 j=0
N—2N-2
VNG Y) =YY vihi(0e;(y) € PY .
i=0 j=0
N—2 N-2
P26 ) =Y Y piLiL;j(y) € Py_an—2 NLE(S),
i=0 j=0
i+j>0
so that fQ pN—2 =0, i.e, it has zero average. Define ¥ = (N — 1)2, the number of unknowns for uy and vy each, and

g = (N —1)2 — 1, the number of unknowns for py_. The total number of unknowns in the discrete Stokes equations are
20+ p=3(N-12%-1.

Define the discrete unknowns as up = [ugo; U105 ... UN—2,0; U01; .- -3 UN—2,N—2] € R?, and similarly define vy, p, =
[P10; P20} - -3 PN—2,0; Pot; - - PN—2.N—2] € R®, and Fie = [fX; fKi.. . f,’f,_z,o; fE o R noa] € R?, where
N-2N-2
fie=Y_ " FELXLiy),
i=0 j=0

for k=1, 2. Then, the discrete Stokes problem for the weak form of (10) is

M®S+S®M)up —(Q ®R)Iph=(Q ® Q) Fy,

M®S+S®M)vp—(R®Q)Iph=(Q ® Q) Fa,

~l(Q" @R )ur—[(R"® Q") v =01,
where S = [s;j], M =[m;j], Q =Igj;], and R =[ryj], for 0 <i, j < N — 2. Define the discrete Laplacian A=M®S+SQM €
R?*? B =—(Q @ R)] e R?*#, and B = — (R® Q)] € R?*#, recall that ] means the first column is deleted. The spectral

convergence of this scheme is suggested by Fig. 1. Furthermore, the global spectral operator of the discrete Stokes problem
is defined as,

c=| A B € R@H9)x@+9) where B = | B1 [ e g277# (11)
BT 0, ’ B> ’
and A=A@A e R2x2%,
Although for (1) the velocity u is divergence-free or V -u =0, that is not the case for the approximate solution obtained
from the Py — Py_; scheme. Observe that this method implements the weak form of the continuity equation, that is (10c),
which is given as follows,

(gN-2,uN, +VN,) =0, (12)

for all gn—2 € Py_a n—2N L(ZJ(Q). Therefore, uy = [uy; vn] are not divergence-free, however, all divergence-free polynomials
satisfy the above equation. This is not a drawback as it is overpowered by the property that this scheme eliminates the
presence of any spurious modes on pressure. For more details, see [3, p. 416].

3.2. Analysis

In this section, we estimate the condition number of the global matrix G for the discretized steady Stokes problem given
by (11). Since G is a symmetric saddle point matrix with an SPD leading block and full rank matrix B, finding the bounds
for the spectrum of G is facilitated by the theory of the spectrum of a symmetric saddle point matrix with the desired
properties. This analysis requires bounds on the spectrum of the sub-blocks of G, thus we proceed as follows.

Lemma 1. For N > 2, let S € RIN=DX(N=1 pe the Stiffness matrix defined by (3), then it is SPD with Amin(S) = 6 and Amax(S) =
4N — 2, thus k (S) = 241,

Proof. By (3), S is a diagonal matrix with entries sy, =4k 4+ 6 for 0 <k < N — 2, thus Apin(S) =6 and Apax(S) = 4N — 2.

Since the stiffness matrix S is an SPD, its condition number is « (S) = Zmax(S) _ rmax($) _ 4AN-2 =
Omin(S) Amin(S) 6
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10

%Error‘ in vclo‘citv U
1071 ~Error in velocity v |
10-21 ~FError in pressure p|1
10-3}
1074
10-5}
10-6}
10-7}
10-8}
1079}

10—10 L I . I I I
6 8 10 12 14 16 18 20
N

Fig. 1. Convergence for the Py — Py_ scheme for the Stokes problem in a steady state.

The following results give optimal condition number estimates for the mass matrix and discrete Laplacian matrix in two
dimensions for the recombined Legendre basis considered in this scheme, derived in [34] for Dirichlet boundary conditions.
These results appear to be new.

Lemma 2. For N > 4, let M € RN=DxNN=1) pe the mass matrix defined by (4). Then, M is SPD and % < AM) <C, thus k(M) <
cN3,

Proof. Let u(x) = Z,’:’:_Oz udr(x) € P9, where ¢ represent recombined Legendre basis functions and define uj :=
[ug; uq;...;un_2] € RN-1 then

1 N—2N-2
2 2 T
||u||0:/u(x) dx = E E U jugmj, = up Mug.
e j=0 k=0

Hence M is SPD, for any x e RN~1\ {0}, the bounds on the eigenvalues of M by estimating x” Mx are derived as follows

N—2 N—4
XTMx =" Xemu+2 ) XiXipaMic ks
k=0 k=0
N-2 1 1 N—4 XeXiss
=2y X (—tr——)-4 e 13
2 "<2k+l+2k+5> sz+5 (13)
k=0 k=0
N-2 1 4 N—-4
<2y <1 n g) +5 3 ks
k=0 k=0
N-2 N-2 N-2
12 , 4 , 16 5
g?zxk—i_g XkZ? X -
k=0 k=0 k=0

Hence, x” Mx < C|x|?, therefore Amax(M) < C.
Note that

N—4 N—4
XeXk12 V2k+9-1xK] X2l
43 <4y :
prd 2k +5 prd 2k +5 V2k+9
N—4

<22((2k+9)|x§|2+ |Xk+2|2>
=\ @2k+5) (2k +9)
N—-4 2 N-2 2
(2k +9)x, X
=2 ——Ff 42 k. 14
l; (2k + 5)2 + ; 2k +5) (14)
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100.6 = : - T T
; - /\max(ﬂj) - )\mig (k[)
10[).50 t 1 10—1 L e ,N—d ]
\S
1005+ 1 102t ~__
. e
100'45’ 1 10—3 L \El\\ﬂ\‘1
. ~

1004 1074 \\ﬂ&ﬂ
0.35 ] | }
10 1075} . o

03] ] e
10 10-51 .,
100.25 L ‘o,
1077
100.2 L
I . 1 -8 I .
10t 107 0 10 102
N N
(a) Maximum eigenvalue of M. (b) Minimum eigenvalue of M

Fig. 2. Numerical results for A(M).

Thus, the above result in (13) leads to

N—2 N—4 2 N-2 2

1 1 2k +9)x X

T 2 k k
XMx=2Y (o=t ) -2) -2
el <2k+l * 2k+5> — (2k+572 T (2k+5)

N-2
1 1 2k+9) 1
>2) X - -
%"k(zk“ +2k+5 (2k + 5)2 (2k+5))

2

=32) o >
;o @+ Dk r57 N
c Amax (M) 3
Therefore, Amin(M) > 77 and k(M) = -7/ < N°.
erefore, Amin(M) N3 and k(M) Amin (M) ‘ N

Note that the optimality of bounds derived in the above theorem is suggested by the results of the numerical experiments
presented in Fig. 2. Since the discrete Laplacian matrix A, given in section 3.1, is defined in terms of the stiffness and mass
matrices, thus we are ready to analyze the spectrum of A.

c
Theorem 1. For N > 4, let A € R?*? be the discrete Laplacian matrix defined by (11). Then, it is SPD and Nz < A(A) < CN, thus
Kk (A) < cN3.

Proof. Since A € R?*? and is defined as A=M ® S+ S ® M, it is SPD, as both M and S are SPD. Hence, (6) yields

Amax(A) € Amax(M ® S) + Amax (S ® M)
= )Lmax(M))\max(S) + )Lmax(s))hmax(M) = Z)Mmax(M))hmax(S),

where the last equality results from a property of the spectrum of a Kronecker product. Thus, Lemmas 1 and 2 give
Amax(A) < C(4N —2) < CN.

The definition of S and M, given by the equations (3) and (4) respectively, implies that A € R?*? is a symmetric block
matrix with non-zero 0, 2 and —2 block diagonals with blocks defined as

sjiM +mj;S, j=k,

A = Ari =
o=l miS, ji=k+2,

(15)

for 0< j,k<N-—2. Letx:[xo;xl;...;xN_z]eR”\{0},xk=[xg;x,l;...;x,’;”z]eRN‘1\{O} for each 0 <k < N — 2. Then

N—2 N—4
T T T
X Ax= E X (SikcM 4 My S) X + 2 E X M k2 SXk-+2
k=0 k=0
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N-2 N-2 N—-4

2 2 —2x" Sxi42
= 4k +6)x' M Sx +2 Yy kT2 by egs. (3) and (4
kX(;( ron Xk+z(2k+1 +2k+5>xk Mt Z 2k + 5 (by egs. (3) and (4))
=NX_§(4k+6) Nizz(xj)z L + L —4N_4M (by egs. (3) and (13))
= = K \2j+1  2j+5 j=021+5 ‘

N—4 i, J
+Z(4]+6) Z(x )2 2 —4Zx"xk+2
k 2k+1 T ass 2k +5

N—4 o 1Y)
1 2j +9)(x))
22(4](+6)<Z(Xk) (2]+1 2j+5)_j:ZOW (by eq. (14))
N2 iy N—2 N2 ]
: J
Z(ZHS))“;(“HG)(I;(X’J <2k+1+2k—|—5>

Pk+9x)?r N2

(x))?
B Z (2k+5)2 g (2k+5)>

N-2 1 .
1 1 2j+9 i
_ZZ(4I<+6)<Z<2]+1 TR (zj+5)2)("k)

k=

N-4 16(XI]<)2 N-2

(x)?
];(2]+1)(2J+5)2 j:N22321+1

N-2 1
1 1 %k+9 \
2 4j+6 - /)2
+2) @i+ )(Z<2k+l+2k+5 (2k+5)2>(x’<)

j=0 k=0
= 2k +1)(2k + 5)2 Frnlt 2k+1)°

The above expression can be expressed in terms of nine double summations as

9
xTAx>ZZSm, (16)

m=1

which along with eqs. (A.1) to (A.7) imply xT Ax > %xrx, hence the desired result. O
Since A(A @ A) = A(A), the above theorem gives the following estimate.
Corollary 1. For N > 4, A € R?%*2% defined by (11) is SPD and satlsﬁes — < A(A) <cN, thus k (A) < cN3.

Remark 1. Note that the best upper bound for Apnax(A), as seen in Fig. 3a, is obtained by (6), which can also be applied
for estimating the Amin(A). However, (6) does not provide an optimal lower bound as by reiterating the process used for
estimating Amax(A),

C
)\min(A) = )\min(M ® S) +)\min(s 02 M) = 2)Lmin(s))\min(l\/[) > 12@-

While on the contrary, Fig. 3b suggests a lower bound of , thus implying the need for more careful analysis.

We now proceed to analyze the matrix B € R?”*#  a sub-block of G defined by (11), which is a rectangular matrix
defined in terms of matrices R and Q given by Proposition 1. Singular value estimates of G require sharp bounds on
singular values of B as well, thus we proceed to derive them as follows.

Lemma3.Let N >4, R, Q € RN-DxN=1) pe defined by Proposition 1, then omin(R) = 0, omax(R) = 2, and <o(Q)<C
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(b) Minimum eigenvalue of A.

Fig. 3. Numerical results for A(A).

Proof. The definition of R and (9) implies that RTR is a diagonal matrix with entries (RTR)gg =
)Lmax(RTR) =2.

Recall (9), since the 1-norm of a matrix is its maximum absolute column sum, || Q ||1 = max{yo, ¥1,2Y2,2¥3, ...,
Yo = 2. Also, the maximum absolute row sum, ||Q |lcoc = max{yo + ¥2,¥1 + ¥3,-..

N — 2. Therefore, omin(R) =0 and omax(R) =

1<j<

2+ 2 =12 hence omax(Q) = QI < VIQTi QI = V438

We now estimate opmin(Q) = [|Q ~1||~L. It is easily verified that Q

other diagonal:

-1 -1 -1 A
Yo (11 Yo (1] Yo 91
Y1 0 ) V1 0 . 121
123 0 Vs 0
Q'= R
-1 -1
VYN-4 91 YN-4
YN-3 91
L Yn_2 |
Label the columns of Q ! as Co, Cq,...,

Cn—3. Note that the maximum absolute column sum of Q

0, and (RTR)j; =4, for

2YN-2} =
JYN-4+ VN2, YN-3, IN2} =Yo + V2 =

—1 is upper triangular and is non-zero along every

c RIN-Dx(N=1)

—1 js attained at either

Cn—3 or Cy_p, denoted by Sc,_, or Sc,_,, respectively, and are given as follows,

L”z ] . Y2 4 .
ka ,  Nisodd, k=0 Yakt1 N is odd,
SCN—3 = L J . SCN—Z = LMJ _1 X
2 V2k+1’ N is even, veo Vox » Niseven.
Since
N=2 N=2 N=2
‘1 &+ 1! ,
— > =3 (4k +1) < cN-4,
o Yk 1o k=0
and similarly, Eé ! yz; - < cN?, it follows that |Q ~1||; < cN2.
For 0 <k < N — 2, the absolute sum of the kth row of Q ~! i LNTJ thus
. 1| N—k N —k
Q7 lo= max — < max — max
0<kSN=-2 Yk 2 0<k<N—-2 Yk 0KkSN-2 2
1 N 2(N -2 1
_ VN 2NN e
YN—2 | 2 2 2

Therefore, [|Q || <VIIQ " T111Q e <

214

~/cN2 - ¢N2 = cN2, hence the result.
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c
Lemma 4. For N > 4, the matrix B € R2%*® defined by (11) is full rank, that is, rank(B) = g and Nz <o(B)<C.

Proof. Let R; be the rows of B for 1 <i < 2¢. On exchanging Ryn-1) With Ry q14k—1)(n—1), for all 1 <k <N — 2, the first
g rows of B form an upper triangular matrlx of size g x g with non-zero diagonal entries, hence rank(B) =

We now estimate the singular values of B, which are the square-root of the eigenvalues of BTB e RWP. Note that
rank(BT B) = rank(B) = g, and BT B = BT By + B]B,. So we consider the blocks B; and Bj.

Since B1 = —Q ® R] and B, = —R ® Q], that is, their first column is deleted, which only contains zero, therefore
rank(B;) = rank(Q )rank(R) = (N — 1)(N — 2) < g, for i =1, 2. Thus, B; are rank deficient, so that oy (B;) =0 for i =1, 2.
Furthermore, o (B;) =0 (Q) x o (R), so Lemma 3 implies that omax(B;i) = Omax(R)omax(Q) < 2C, for i =1, 2. Therefore, (6)
gives

Amax(BTB) < Amax(B] B1) + Amax(B3 B2) = 02, (B1) + 02, (B2) < 4C% +4C?,

thus, omax(B) < C. However, (6) gives a trivial bound for the minimum singular value of B, but we need a positive value as
BT B is full rank. To this end, we perform the following analysis.
Let ok :=(QTQ)jx and Bjk := (RTR)jx, where 0 < j,k < N —2. Note that QTQ is a symmetric matrix, so that for
0<jk<N-2
Vi j=k=0,1,
ax=Q" Qj=12y7 2<j=k<N-2,
—YiVj+2, k=j+2.

c
Since Lemma 3 implies that opin(Q) > N’ for y e RN=11\ {0}

N-2N—2 N-2 N—4

Cc

WYTY <y'QTQy= Z Z Vi%jkYi = Zajj(}’j)z +2 E oj j+2YYj+2- (17)
j=0 k=0 =0 j=0

Recall that RTR is a diagonal matrix, with Boo =0, and Bj; =4 for 1< j < N — 2. By a direct calculation, BTB=[Q7Q ®
RTR+RTR® QTQ], that is, delete the first row and first column, then the (j, k)-th block of BT B is given as

aoolRTRI, j=k=
aiiRTR+4Q7Q, 1< _k N -2,
(B7B)j = { @R RF4QTQ TS
ao2[R'R, j=0k=2,
oj j+2RTR, k=j+2,1<j<N-4.
Let x = [X0; X1; ...; Xn—2] € R¥ \ {0}, where xo = [x}; x3; ...;xy 21€ RN=21\ {0} and x; = [x?;x}; ...;x?”z] e RN=1\ {0} for
1<j<N-2,then
N-2 N-4
X"BTBx=" "x[(BTB);xj+2) X[ (BTB); ji2xj12
j=0 j=0
N-2
=xpaoolR"RIxo + Y X] (ajiR"R + Bj; QT Q)x; + 2xj 2[R R - X2
j=1
N—4
-I-ZZX}-OljJJ,_zRTRXj_Fz
j=1
N-2
= a0 Y 4(x5)? +Z%Z4(X) +Zﬂu>< Q" Qx;
k=1 j=1 k=
N—2N-2
+2a02 Y ) XG(RT R)gkxz—l—ZZaJ 2 Z4x]x]+2

=1 k=0

—a0024(x0) +Za”24(x) +Z4x QT Qx;

j=1 k=
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(a) Maximum singular value of B. (b) Minimum singular value of B.

Fig. 4. Numerical results for o (B).

N-2

+ 2002 Z4x0x2 +22a] j+2 Z4xjx]+2
k=1 k=1

N—-2 (N-2

_42 > g )2+22a“+2x1x’]+2 +Z4x QTQx;.

k= j=0
Define & = [x{; xK; %55 ...; K _,1 € RN=1\ {0}, then

N-2 N-2
X'BTBx=4) g/ QTQ& + Y 4] QT Qx; (18)

k=1 j=1
c N—2 c N—2
T T
>4 D G bt Ang DX
k=1 j=1

N—-2N-2 N—-2N-2

SRR 3 e

kl]O j=1 k=0

_4—Z(x0) +4g Z((x)2 Zz(x)>

N—-2N-2
Z(xo) +4 G =
Thus, 0.2, (B) = Amin(B" B) >

j=1 k=0

—, which gives us the desired result. O

Fig. 4 suggests that the estimates on the singular values of B derived above are sharp. Note that the Schur complement
matrix of the global spectral operator G, defined by (11), is defined as Y} := BT . A~1B € R®*#, This matrix is essential
because we need bounds on the spectrum of Y} in order to use (7) to estimate the spectrum of G, which leads us to the
following results.

Lemma 5. For given N > 4, let Y, = BT A~1B € R®*®, where A and B are defined by (11), then < Amin(Th) < CAmin(A).

Proof. Consider Mt € R¥*# defined by (B.1). Since Y}, is symmetric,

T T
p Ypp p Mp

Amin(Yh) = min

mm( h) peRP\0 mep pr

216



A. Kaur and S.H. Lui Applied Numerical Mathematics 187 (2023) 206-234

+Amin TI,
7 H( )

-0

107

1074F
107&0‘0‘8 160.9 161 161.1 10‘1.2 161.3 10‘1,4 10‘1‘5 10‘1,0
N
Fig. 5. Minimum eigenvalue of Yj,.
T, Tom c ¢ c
> min 2P qmin PP a (by egs. (B.1) and (B.2))

min - min — ==
~ peRo\0 pTOMp peRev0 pTp ~ N N2~ N3
Since B € R?*# is full rank, therefore Corollary 1 and Lemma 7 imply

xTBT A='Bx xTBTBx

Amin(Yp) = min

xeRo\{0} xTBTBx T xTx
x"BT A-1Bx . xTBTBx
< maX ———=——- min ——s—
xeRo\{0} XTBTBx  xeRe\{0} XTx
yTAf‘l y ) XT BT Bx

= max ~———>- min g
yeRU\{0} Y'Y  xeR®\(0} X'X
-1 2
= )”min (A) - Gmin(B)
<cN2. ©
<c N

C
< N2 < CAmin(A). O

Fig. 5 suggests that the bounds proved above are strong. Hence, the above results aid us to prove our main goal of this
section, that is, an optimal bound for the condition number of the global spectral operator G for the steady Stokes problem
as depicted by Fig. 6.

c
Theorem 2. For N > 4, let G € R@7+)x2%+9) pe defined by (11), then Nz < 0(G) <cN? and k(G) < cN*.
Proof. Note that G = [“3 ng] + [;T %B O] =: G1 + G, thus it is a sum of two symmetric matrices. Hence, by (6)
)\max(G) < )Lmax(Gl) + )Lmax(GZ)- (19)

Note that Amax(G1) = Amax(A), thus Corollary 1 implies Amax(G1) < cN2. Also, a simple triangle inequality* for 2-norm
implies that Amax(G2) = omax(B) < C by Lemma 4. Hence, these results along with (19) yield Apax(G) < cN.
It remains to estimate the absolute minimum value of the eigenvalues of G, denoted by |A|min(G), for which (7) gives,

)Lmin(Th)
1 1+ S |
2 (1 + 1 + )Lmin(-A')l )

and by Lemma 5, % <, leading to § (1 +./1+ %) <c, thus

[Almin(G) = min § Amin(A),

4 Moreover, [5] gives A(G2) =0 (B)U—0(B) U029

217



A. Kaur and S.H. Lui Applied Numerical Mathematics 187 (2023) 206-234

107!
102 1
1024 . ;y'b’ >
102.3 e’,"'/" ] 1072 F
102.2 L -
102.1 /«’ ’ i )
e 1073}
10%f e 1
101.9 L « |
%a'max(G)
101.8, b - 8N 1 10,47
101.7 , ) ) ) ) ) i ) ) ) ) )
10 ).78 100.9 101 101.15 101.3 10148 101.6 100.78 10().9 101 101.15 101.3 10148 101.6
N N
(a) Maximum eigenvalue of G. (b) Minimum eigenvalue of G.
Fig. 6. Numerical results for A(G).
Amin (Y
1 min 4”3 — > Chmin(Th).
= ZAmin{ th)
2 (1 VIt @ )
Hence, the minimum absolute value of eigenvalues of G satisfies,
. . c C c
[Amin(G) > min {Amin(4), CAmin(Y)) > min { . =} = .
A G
Since «(G) = M therefore K (G) <cN-N3=cN*. O
|)¥|min(G)
4. Unsteady state
Consider the unsteady Stokes problem, given by equation (2), which can also be written as:
ur— Au+px= f1inQ, (20a)
Ve — AV +py = frinQ, (20Db)
Uy +vy=0in Q2 x (-1, 1), (20c)
u=0,v=00n02 x (—1,1), (20d)
ux,y,—1)=uo(x,y), v(x,y, —1) = vo(x, y) in Q. (20e)

We extend the Py — Py—2 scheme of the last section to the unsteady case by applying Chebyshev Gauss-Lobatto spectral
collocation in time. These particular polynomial bases are chosen for simplicity of analysis of this scheme. In practice,
Chebyshev recombined basis given in [34, p. 149] or Jacobi collocation can be chosen in place of Legendre recombined basis
or Chebyshev collocation, respectively, without any difficulties. The goal is to show spectral convergence of a space-time
spectral method and a condition number estimate for the scheme. The analysis of the latter is incomplete because two of

the estimates are based on numerical evidence.

4.1. Discretization

For given N > 4, consider the Chebyshev Gauss-Lobatto nodes t for 0 <k < N, so that to = —1 and ty = 1. Let ¢, denote
the Lagrange basis polynomials for t;, therefore £;(tj) =8k for 0 <k, j < N. Let D denote the Chebyshev Gauss-Lobatto
pseudospectral derivative matrix of size (N 4+ 1) x (N + 1), defined by (5). Additionally, we denote the first column of [D]

by d = [dq0; d20; . . . ; dno] € RN, For this scheme, we define the velocity u, v and the pressure p as follows,
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N-2N-2 N
UNGG Y D =Y > uipdi (0 (1) (D) € PRy .
i=0 j=0 k=0
N-2N-2 N
YN YO =D DD Vidi®b () € PY vy, 21)
i=0 j=0 k=0
N-2 N-2 N
PN Y.O=D " Y > pikliCOLi() () € Py—a N2

i=0 j=0 k=0
i+j>0

=

The number of unknowns for u and v each are N¢}, and the number of unknowns for p are Ngp. The total num-
ber of unknowns in the discrete Stokes equations is 2N® + Ng = 3N(N — 1)2 — N. Define the discrete unknowns

as up = [uj:uf;...;up], where uf = [u0,0,¢; U1,0,65 - UN-2,0,¢: U0,1,65 - - - UN—2.N—2.¢], similarly define vy, pj. Also, F =
1.p2. " gN
[Fe; Fiis oo BT where
e __ ek, ck.e, ke . ke, . k.t
Fie=0Ufoo: fio:--- fnca0 for i -3 FnZa N2l

s0 that fi(x, y.t0) = X100 Y05 Fi“LixLj(y) for k=1,2, 1< <N,
Note that the initial condition u(x, y, —1) = uo(x, y) gives u;jo = u%, where the truncated Legendre series gives

N—-2N-2 N N
uo(, Y) X Y Y uii(0i(y) =Y Y udLiLi(y), (22)
i=0 j=0 i=0 j=0

which implies (£ ® L)ugp = ugp, where £ is a Toeplitz matrix of size (N + 1) x (N — 1) with 1 on the main diagonal
and —1 on the -2-diagonal. The coefficient vectors are defined as uoy = [ug; uSy; ... uSy oo udy: ... uS_y_»] € R?, and

2 . . . . . .
Ugp = [ugo;u?o;...u?vogugl;...u?\m] e RN, Similarly, vgn is obtained. Consequently, for given N > 4, the discrete weak
formulation of the unsteady Stokes problem becomes

(ID1@M+In®A)up+ (In ® B1) pp=(In ® Q) F1 —d ® (Mugh)
(D1 M +In®A) v+ (In ® B2) pp = (In ® Q) F2 —d ® (Mvop) (23)
(IN ® B{) up + (IN ® Bg) Vi =0np,

where M=M®M, Q=Q ® Q € R?*”. The space-time spectral convergence of the above scheme is observed in Fig. 7.
Thus, the coefficient matrix of the discrete Stokes problem or the global space-time spectral operator becomes,

A B _|In®B: 2N9 xNg
Gt_[BT O],whereb"_[IN(X)B2 eR , (24)

and A; = A; @ A € RENVX2NY wiith A, =[D]1 @ M + Iy ® A € RN?. Analogous to the steady case, the main features of this
scheme for the unsteady Stokes problem are: the velocity is not exactly divergence-free, this method is a spectral-Galerkin
scheme in space and collocation in time, and there are no spurious modes for pressure.

4.2. Analysis
In this section, we undertake an analysis of the proposed scheme for the unsteady Stokes problem, with the objective

of formulating a condition number estimate for the global space-time spectral operator. We begin our analysis by proving a
well-known conjecture about the norm of the Chebyshev derivative matrix, stated in [9, p. 499] and depicted by Fig. 8.

Lemma 6. For N > 2, let D € RINTDX(N+1) he the Chebyshev Gauss-Lobatto pseudospectral derivate matrix, then ||[D]|| < cN2.

Proof. Since ||[[D]|| < +/II[D]ll1I[D]llso, we evaluate the maximum absolute row and column sum of [D] by using (5). Let Cy
and Ry denote the absolute sum of k-th column and k-th row respectively, for 1 <k < N, then

N

Cie = Idiel + Y Idig]. (25)
k=1
ket

On simplification of the diagonal terms,
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Fig. 7. Convergence for the Py — Py_» scheme for the unsteady Stokes problem.

I E— cos it 1
kil = = < — .
21 -x3) 2(1 — cos? an) 2sin® Z

nk 1w N . T
Note that N < 3 for 1<k < 5 and since for 0 <x < X

2x .
= Csinx<x, (26)
T
N?2 N N —k
thus for1<k< s die < —L > < —,and for — <k<N-1, z<u<£,(26) yields
(%) 8 2 N N 2
| < 1 1 o1 N?
kk| X = R B = —.
2sin? ZK 2sin® (F(N —k)) 2(;)2 8
N
2N% +1
Also, for k=N, |dyn| = + < cN?, thus for all 1 <k < N
|die| < cN?. (27)
For a fixed 1 < j <N,
N N | ~ k+j N N
(=1)
|dkj| = ——| <
I; J ; Cj(xk — Xj) Z | Xk —le l; ‘sm (J+k)7r sin (Jzk)n
ke j ks j k#] ke j
Using (26), for all k= j and 1 <k <N ! < N thus
B FAE SIS G —hom \[ S 1k
sin| ———
2N
N N 1
2 gl SN T
k=1 k=1 |sin [J— kI
k] k#j 2N
. . T . . . .
Since (j +k)ﬁ < 3 implies k < N — j, split the above sum as follows
N N—j 1 N 1
diil <N - N -
D gl SN —GrlmN. Z NOELIAYE
k=1 k=1 |sin [ ————— )| |j — k| k=N—j+1 |sin | ———— )| |j — k|
k#j k#j 2N kj 2N
—:NS; + NS, (28)
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Fig. 8. Maximum singular value of [D].
bg k+jphmr mw
Note that 1 <k <N — j gives N < % < 5 by applying (26)

sin( kD7) 2k+ow _ k+)
2N T 2N N

which implies

= o 2

SiSN) ———F<N) ——<N—,
,;(kﬂ)lj—kl ,élf—kl2 6
ki ki

as |j—kl <k+jand > 2, n]—z = %2. A similar analysis gives S < %ZN, which along with (28) gives, Z,’Ll dijl < cNZ.
]
Therefore, (27) in (25) yields C < cN2, for all 1 <k < N. Hence, |[D]|l1 = max; kN Cie < cN?, and similarly [|[D]]leo =

maxi kN Ri < cN?, which gives the desired result. O

Remark 2. The above proof is easily extended to prove that omax(D) < cN2, since we only need to add the contribution of
|dok| < cN? to each Cy. For details on the proof see [18, p. 70-74].

The analysis of the unsteady Stokes problem is much harder than in the steady state because of the presence of the
Chebyshev derivative matrix D, which is a non-symmetric matrix with an indefinite symmetric part. These properties are
inherited by the leading block A; of the global space-time spectral operator G;. We could not find any results in the
literature for approximating the spectrum of a saddle point matrix with the leading block of the form .A;. Several results
exist for estimating the spectrum of a symmetric saddle point matrix, thus creating scope for approximating the singular
values of G¢, as they are the square-root of the eigenvalues of GtT G¢. In the following, we provide a condition number
estimate for G; by using computational and theoretical techniques. Note that (8) gives

Omin(Gt) 2 v/ 1 —cos6 - min {omin(A), Omin(B)}. (29)

We could not estimate the term /1 — cos#, for which a numerical evidence Fig. 9a suggests
c

«/1—cos@>m. (30)
Another estimate that has been difficult to show is

Omin ([D1® MA™! +Iny) > c1, (31)
where 0 < c¢q < 1 is a constant, as portrayed by numerical evidence Fig. 9b.
Theorem 3. For N > 4, let G, be defined by (24). Assume (30) and (31) hold, then k (G;) < cNS.
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Fig. 9. Numerical results for (30) and (31).

Proof. We begin by estimating the maximum singular value of A,

Omax(Ar) = [ Al = [[[D1®@ M + IN ® Al
<ID1®M & M| + |1y ® Al (since M = M ® M)
= |[DIIMI* + [ Al
<cN%.c+cN <cN?,

which is obtained by using Lemmas 2 and 6, and Theorem 1. It remains to estimate the minimum singular value of A;.

Omin(At) = Omin (([D] @MA™! + INﬁ) Un® A))
2 Omin ([D] ®MA™ + INz?) Omin (IN ® A)

=
> C10min(A),

is obtained by using (31), thus applying Theorem 1 leads to the desired result opin(A¢) > and o (A ® Ar) =0 (Ap)

c
mv
implies omin(Ar) > N

Next, we estimate the singular values of B. Since BB = Iy ® BT B, Lemma 4 gives rank(3” B) = rank(Iy) - rank(BT B) =
N - rank(B) = Ng. Hence, B is full rank. Also, A(BTB) = A(Iy)A(BTB) = A(BTB), hence o (B) = o(B), thus Lemma 4
c
implies omax(B) < ¢ and opin (B) > N
Finally, for G, by following the proof of (19), omax(G¢) = |G¢ || < Omax(Ar) + Omax(B) < cN? + ¢ < cN2. For the minimum
Omax(Gt)

singular value of G¢, (29) and (30) imply omin(Gt) > < min (L L) > < thus x (G;) = ———= <cN6. O
g ty Ply Omin(Gt) 2 N2 Nza N2 = N4v t) = O'min(ct) I .

The above estimate is not sharp, as numerically Fig. 10d hints that o, (G¢) behaves at least like O (N‘2'5), suggesting
Kk (Gy) is at least O(N*?). The main objective of the above result is its application in deriving proof of convergence for the
scheme devised and analyzed in this section.
4.3. Convergence

In this section, we discuss the space-time spectral convergence of our method for the unsteady Stokes problem, as

spectral convergence of the Py — Py_, scheme for the Stokes problem in steady state was proved in [3].
Let || - [lo,» denote a weighted L%-norm defined as

1
2
= X, y,t)—=dxdydt.
15150 Q/f( 9.0y dxdy
t
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Fig. 10. Numerical results for Theorem 3.

The above norm is designed to incorporate the weight functions for the Legendre polynomials in space and Chebyshev
polynomials in time. Recall that the velocity obtained by the scheme devised in this section for the unsteady Stokes problem
is not exactly divergence-free, as implied by (12). Moreover, the uniqueness of the solution for this scheme is a direct
consequence of Theorem 3, thus we prove the following result by infusing the conditions of the aforementioned result.

Theorem 4. Let u, v, and p be the solution of (2). Assume u, v, and p are separately analytic in each variable. Let N > 4 and uy, vy,
and py be the solution of the space-time method of the form (21), with matrix defined by (24). Assume (30) and (31) hold, then the

following holds

8 ,—CN
lu —unllo,w + IV —VNllo,w + P — PN-2ll0,0 < CN“e™ 7.

Proof. Consider the exact solution and its truncation as follows,

00 00 N—-2N-2

U, y, 0=y > UiiO¢i0$i(y),  Tyu y,0) =Y Y LijO)di(x)$;(y),
i=0 j=0 i=0 j=0
00 00 N—2N-2

vy, =Y Y 0ii0¢i0$i(y),  TInvxy, 0= > ¥i0¢i(0e;(y),
i=0 j=0 i=0 j=0

223



A. Kaur and S.H. Lui Applied Numerical Mathematics 187 (2023) 206-234

N—
pix,y,t)=

o0
i=0

=0

j=

[e9) N-2
> POLMLi(y)., Ty _apx.y.)= Y
0 i=0
i+j>0 i

2
Pij(OLi(X)Lj(y).
0

+ .

Let Zyu denote the truncation error in velocity u, that is, Iyu(x, y,t) = (u — lyu)(x, y, t), similarly, let yv and In_2p
denote the truncation error of velocity v and pressure p, defined as v — I1yv and p — ITy_»p, respectively.
Define semi-discrete solutions for (2) representing (21) as follows

N—2N-2
U Y. D= > Uiy,
i=0 j=0
N—2N-2
VNG Y D= Vi (1),
i=0 j=0
N—2 N-2
P26y, 0 =Y > pi®LLi(y),
i=0 j=0
i+j>0
N
where u;j(t) = Zu,-jkzk(t), and similarly v;;(t) and p;j(t) are defined, which imply u;;(ty) = ujjk, vij(t) = Vijk, and pjj(te) =
k=0

Dijk, for tj are Chebyshev Gauss-Lobatto nodes, 1 <k < N. Also, define t, = [t1;t2;...;tN] € RN,
Define the error in truncated and approximated solutions as
eu(xa .V» t) = (HNU - UN)(X, y5 t)7
e’ (x,y,t) = (IIyv — vN) (x, ¥, 1),
eP(x,y,t) = (TIn—2p — pN-2) (%, ¥, ).
Also, define the error vectors as E* = [EY; EY; ...  EY], EV = [EY; EY;...; EX], EP = [EY; EB; ... ER], where for 0 < i, j <
N —2and 1 <k <N, E} = [{j(te) — uijel, Ep = [Vij(tx) — vij], and only E,’: = [pij(ty) — pijk] is considered along with the
condition i + j > 0.

Recall that for given f; in (20a) and (20b), for r =1, 2, so that at time t =ty, for 1 <k <N, fr-(x,y,ty) is analytic in €,
then it can be expressed as

0 00 N—2N-2
ey =YY [ 608, Tnfrey i)=Y Y [ ei0s;),
i=0 j=0 i=0 j=0

where Iy f; is the truncation for f; and the truncation error is defined as ,?Nfr" =(fy —Tnfr)x, y,ty), for r=1,2 and
1<k<N.

For w € V, the first equation of the Stokes problem implies that the exact solution u, p satisfy the following weak form,
for all t € (—1,1), thus at time t =t, where 1<k <N

((ul’ - Au)(x7 Y, tk)7 W) - (P(Xa Y, tk)v WX) = (f] (X7 Y, tk)v W) (32)

and the approximated solution uy, py_» satisfy

(((un)e = Aun) (X, ¥, ), W) — (PN—2(X, ¥, ), (WN)x) = (TIN f1(X, ¥, t), wh), (33)
for all wy € Py y N V. Subtracting (32) and (33) for all 0 < m,n < N — 2 gives

(W —un)e — Al —un) (X, ¥, te), dm (X dn(¥))
—((p = PN-2) (%, ¥, 1), ¢ (0 Pn (1)) = ((f1 = TIN f1) X, Y, ti), Bm () n (V)
which gives
((ef — Ae") (X, ¥, t1), () pn (1)) — (€P (X, ¥, 1), by (X)n (V)
= (I ff — (T + ATV X, Y, 1), dm (X)dn (1)) (34)
+ ((IN-2P) (X, ¥, th), P (X (1))
Define g(t) as follows,
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g =(E"xy,), pm(*)Pn(¥))
N—-2N-2

=Y > (iigj(0) — uii(®) (BB (¥), pm (O (), (35)

i=0 j=0
then (34) becomes
gt + (= Ae' (X, ¥, tr), pm (X)pn(¥)) — (€7 (X, Y. ty), Py (X)n (V)
= (DN — (I + ATNU) X, Y, 1), dn () n (V) (36)
+ ((IN-2D) (X, ¥+ ti)» By (0P ().

N
For any analytic z such that z(—1) =0, recall the definition of the interpolant Zyz(t) = Zz(tj)ej(t). For 0O<k<N-1,
i=1
Z(t) = @In2) (te) + &
= ([D1(Zn (@) (tr)))k + €k
= ([D](z(tn)))x + €.

where &, = (z— In2z) (), according to [30],> satisfies
€kl < cN2e=N. (37)

Since the initial condition is u(x, y — 1) = ug(x, y), recall that il;;(—1) = ujjo = u?j, therefore g(—1) = ;;(—1) — uj(—1) =

u% — ug = 0. Hence, the above expression and (35) imply

g'(ty) = ([D1g(tn)i + €,
N—-2N-2

=[D1- > > (ij(tn) — uij(tn)) (Gi (0D (V) )P (V)) | + €1

i=0 j=0 K
thus (36) gives the first (N — 1)2 equations for each time step t; for 1<k <N and 0 <m,n <N — 2 as follows,
(ID1- (" (X, ¥ th). dm () Pn (), + (— Ae (X, ¥, t1), pm (X)dn (¥))
— (P (X, ¥, ). $p, (0P (¥)) = —€;
+ (DN T = (I — ATNW) (X, Y. 1), S () n (V)
+ (IN-2D) (X, Y, t), Py ()P ().

Thus, the (N — 1)2 equations together for all time steps 1 <k < N give

(38)

([D1@ M+ Iy ® A EY + (In ® B1) EP = —€1 + R + RS, (39)
where we define €; = [¢];€l;...;€y], and for 1<i<2

RY =[ri'(t);rit2); ... orf (e
with the following two vectors of length ¥,

ity = [(=7Nf1’< — (N — A(INW) (X, Y, tr) s Pm () Pn (D)) ],

15 (t) = [((In—2P) (X, Y. t), dr (O (V) ]+

forO<mn<N-2and 1<k<N.
Similarly, the error equation for the velocity v in matrix form is given as

([DI®M+INQA)E' + (IN® B2) EP = —€3 + R] + RS, (40)

5 which was an improvement of a factor of O(N'3) over the one derived in [36], however, the latter also provides results for more general Sobolev
spaces.
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where 3 (i) = [(In—20) (X, Y. te), dm () (¥)) ] € R, as 0 <m,n < N — 2. The exact solution u, v satisfy the weak form of
the third equation of the Stokes problem, for all q € L%(Q) and time t = ty,

(qv (uX + Vy)(xv Y, tk)) = Os (41)

also, the approximate solutions satisfy the following for all gy_ € Py_a n—2 N L%(Q),

@n—2, (WN)x+ (VN y) X, ¥, 1) =0, (42)

for all gy—2 € Py_a n—2 N L(ZJ(Q). Thus, subtracting (41) and (42) for all 0 < m,n < N — 2 with m+n > 0 and incorporating
the truncated solution yields

~(Lm()Ln(y), (ex — €9 (%, ¥, k) = Lm () Ln(¥), (Int)x + (TInV)y) (X, ¥, t))-
Hence, the following linear system is obtained.

(Iv ® B)E" + (Iy ® B )E" =R}, (43)
where R} = [rg(ﬁ); b (t2); ...;rg(tN)], and for 1 <k <N,

15 () = [(Lm O Ln(¥), ((Tnwx + (Tnv)y) (X, ¥, t))] € RP,
as 0 <m,n< N—2 and m+n > 0. Thus, (36), (40), and (43) imply

Ay Ono.No IN ® By EY € RY RY
OnNw.No Ag In ® By EV |=—|e& |+ | Ry |+|R}
IN®BT IN®BI 0, EP 0 0 R}
which is expressed as the following linear system
2
GtE=—6+ZR,’, (44)

i=1

by (C.3), |G¢E|oe < cN3e=CN,
The next stage is to estimate the norm of error between the truncated and approximated solution defined e¥, e¥ and eP
in the beginning of this proof. Since ¢; = L; — L2,

N N

ey )=y Y cfLiLi(y),

i=0 j=0

where cffj =(L®L)E;, 1<k<N as defined from (22). Moreover, it is easy to prove that

£ < VILIIL] e S V2-2=2. (45)

Let the Chebyshev Gauss-Lobatto quadrature weights be denoted by w; = % where dg=2=dy and d; =1 for 1 <i <
i

N —1, and W denote the diagonal matrix containing the weights, W;; = wj, for 0 <i < N, thus ||[[W]|| < % The weighted
norm of e is given as

V1 —t2
N N N

< DD liPox (since [|L;()llo < c. for j > 0)

i=0 j=0k=1

1
e 13, = f let|? dxdydt
Q

=c‘([W]%®£®£)E”2

Similarly, the other two error estimates can be derived to get the following

lev 113, < C‘([W]% ®£®£) e[’

’ 2

1
e 13, <c| (W1 @ Ing) E”
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1 1 1
Define Wy, = (Wi @ L& £) & (W1} @ L& L) @ (W1F ® Iy ), then

1 1 C
IWill < max (W12 @ L& LI, W12 @ Ingll } < —=.
12 \/N
Define |le|2 = \/||e“ II(Z),Q, + ||e"||(2)m + ||eP|\%,w, then addition of the three estimates for weighted norms of e, e', and e’
yields,

c|WhrE]|

llellz <
SC|WhlEpl

T
< —=I1G; IIGE|
N

7

c
< —=IG; M IVNQ(N = 1)2 = 1)[G¢E|oo (as |x| < ¥/m|X|oo, for any x € R™)
VN
< cN8e=CN,
the last inequality results from Theorem 3 and (C.3). Thus, [le]lz < cN8~CN and Theorem 5.12 in [23, p. 248] for the
Legendre truncation error estimate yields the following estimate on the error in exact and approximate solution

lu—unllow=+ IV —"vnllow+ 1P — PN-2ll0.0 < | INUllo,0 + € ll0.0 + | TNV I0,00
+1e’llo,0 + | Zv—2pllo,0 + lleP ll0,w
ce™N 4 clellz

<
<cN8e N ¢

This concludes the proof of the spectral convergence in both space and time of the Py — Py_» scheme in space and
Chebyshev Gauss-Lobatto collocation in time. Thus, completing the analysis for a space-time spectral method for the Stokes
problem.

Remark 3. In [18, Chap. 4], a space-time spectral scheme with spectral collocation in time and staggered-grid spectral
collocation in space for (20) is presented. It may be difficult to perform the theoretical analysis presented in this paper
to the aforementioned scheme. The main challenge of performing such an analysis is estimating the singular values of its
global space-time spectral operator in terms of the sub-blocks which consist of dense interpolation matrices.

5. The Navier-Stokes equations

One of the most significant problems in fluid dynamics is the Navier-Stokes equations, which model the conservation of
momentum and conservation of mass for Newtonian fluids. Its applications include modeling water flow in a pipe, ocean
currents, airflow around a wing, weather, etc. Therefore, they help in the design process of vehicles and airplanes, the study
of blood flow, the area of magneto-hydrodynamics, and the analysis of pollution, among others. We extend the space-time
spectral scheme discussed in section 4 to the unsteady Navier-Stokes equations, which are given as:

au u 1 .
Ur+u— +v— — —Au+ px= f1in ¢,
0Xx dy Re

av av 1 .
Vt+ua—+va— — R—Av+py=f21n§2t,
X y e (46)
uy+vy =0in ,
u=0,v=00n9g,
ux,y,—1) =uopx,y), v(x,y,—1) = vo(x, y) in 2.
Since (23) is a linearized version of the above problem, we define square matrices B and T® of size N — 1 for for-
mulating the non-linear terms. For a given index 0 < £ < N — 2, (i, j) entries of B©® and T® are defined as ‘Bgf) =
f_ll bi (x)qb;. (X)¢pe (x)dx and T;f) = f_ll i (X)pj(x)¢¢ (x)dx, respectively, for 0 <i, j < N —2. A simple fixed point scheme yields
the following linear system,
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Fig. 11. Convergence for the Py — Py_ scheme for the unsteady Navier-Stokes problem with R, = 1.
*k=1) 1 0) k) _ 3
WEPHIDI@M+ -In®@ A Juy” + (IN® By py = (In® QF —d @ (Mugn),
e

1
(W(’H) +ID1@ M+ [N ® A) v 4 (IN®@B2) P = Iy ® Q) F, —d ® (Mvgp), (47)

e
(veBT)u + (IveB]) v’ =0,

where the non-linear term W® D is a block diagonal matrix with N blocks and is defined as
WD =g ((119 @@ “HNHw + Uy ® (V}J;(’“‘))T)Wz) and Wy, Wy € R?*? are defined as the block column ma-

trices with (m, n) x 1 block as T™ QP PM @ T ¢ R?*? respectively, for 0 <m,n < N — 2. Also, u{;’(kq) and v,{‘(k*]),
vectors of length ¥, represent the components of uy and vy, vectors of length N, for time t =t; at (k — 1)st iteration, for
1 < j < N. The space-time spectral convergence of the scheme given by (47) is observed in Fig. 11. For more details, see

[18, Chap. 4]. We expect that the result of Theorem 4 can be extended to (46) provided that R, is kept sufficiently small.
6. Numerical results

For the Stokes problem in the steady state, given by (1), we implemented the proposed Py — Py—_2 scheme in space by
using recombined Legendre basis functions on MATLAB®. Take f;, f> so that the exact solutions are u(x, y) = (cos(rx) +
1)sin(2 y), v(x, y) = 0.5sin(irx)(1 — cos(2m y)), and p(x, y) = sin(;rx) cos(;r y). The spectral convergence of the Py — Py_»
scheme analyzed in section 3 for the Stokes problem in the steady state is depicted by Fig. 1.

For the unsteady state, we implemented the scheme derived in section 4 for the Stokes problem defined by (2). Based on
our interest in the analysis, we selected Chebyshev Gauss-Lobatto collocation in time, which can easily be replaced by other
polynomials. For our implementation on MATLAB®, we take fi, fo, so that the exact solutions are u(x, y,t) = (cos(x) +
1) sin(2mr y) sin(0.57t), v(x, y,t) = 0.5sin(7rx)(1 — cos(27 y)) sin(0.57t), and p(x, y,t) = sin(7wx) cos(mwr y) sin(0.57t). The
space-time spectral convergence of the unsteady Stokes scheme is depicted by Fig. 7. The same set of exact solutions is
used for the MaTLaB® implementation of (46), the Navier-Stokes problem in an unsteady state. The spectral convergence of
the unsteady Navier-Stokes problem, using the same scheme as before, in section 5 is evident from Fig. 11. The iteration is
stopped whenever the infinity norm of the difference between two consecutive iterates is smaller than € = 10~12. All our
MatLaB® implementations are provided in [19].

7. Conclusion and future work

In this paper, we proposed a space-time spectral method for the Stokes problem, which implements the Py — Py_»
scheme in space and spectral collocation in time. For simplicity of analysis, we considered a recombined Legendre basis in
space and implemented Chebyshev collocation in time. Note that this scheme can easily be adapted to other orthogonal
polynomial bases. The optimal condition number estimates were derived for the sub-block appearing in the global spectral
operator for the Stokes problem in the steady state. Analysis of the scheme in the unsteady state required a new estimate
of the maximum singular value (or 2-norm) of the Chebyshev Gauss-Lobatto pseudospectral derivative matrix, as per our
knowledge, which appeared in existing literature solely through numerical experiments. The condition number estimate of
the global space-time operator is still incomplete because we relied on numerical results for two estimates. We proved the
spectral convergence of this scheme in space and time. Furthermore, space-time spectral convergence is evident for the
scheme presented for the unsteady Navier-Stokes problem.
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The global space-time spectral operator of the scheme analyzed in this paper is a non-symmetric saddle point matrix
so that the symmetric part of its leading block is indefinite. This problem highlights a potential linear algebra problem. We
desire some estimates on the spectrum of such type of a saddle point matrix, which will be significant for deriving spectral
condition numbers for such schemes as seen in [26]. Since the linear systems arising from space-time spectral methods are
coupled at all times, another future question to be studied is whether these schemes can be formulated as parallel in time.
A problem of great interest is to study and estimate the high limit of the Reynolds number for the Py — Py_3 scheme
derived in section 5 for the unsteady Navier-Stokes problem.

In [31], pseudo-spectral collocation methods on finite domains for initial value problems were reformulated in terms of
the summation-by-parts and simultaneous-approximation-terms (SBP-SAT). Thus, another step towards the advancement of
high-order time-dependent schemes is the application of SBP approximations, for which the presence of space-time stability
is a merit.
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Appendix A. Double summations in Theorem 1

The nine double summations denoted by Sy, for 1 <k <9, in (16) are defined as follows

R e (] 1 2j+9
=2 > ) ( ket )<2 +1+2j+5_(2j+5)2)

k=0 j=0

cajie (s 2%+9
J %k+1  2k+5 (k+52))

N—4 1

3 ) 1 1 2j+9 16(4j + 6)
SZ_}(X;]ZO(XW <(4k+6)(2 +1 2j+5 (2j+5)2>+(2k+1)(2k+5)2>’

: 1 1 2j+9 \  4j+6
Z Z(X’J<)2<(4k+6)<2' 1 2555 2'1 52>+2IJ< 1)’
KoN-3 =0 J+ J+ (2j+5) +
1 N-4

_ZZ(XJ')2< 16(4k + 6) +(4.+6)< L. 2k +9 ))
LW ejrnej+s? Y k+1 k15 @k+52))
N—4N—4

ZZ( ( 16@4k+6) 164 +6) )
2j+DEi+52 " Ck+DEk152)
Z Z ( 16(4k + 6) +4j+6)
e Qj+1DR2j+5)2  2k+1)’
16 e (] 1 2%k +9
(' TR )<2k+1+2k+5_(2k+5)2>>’

(4k+6 16(4j + 6) )
2j+1  (2k+1)(2k +5)2

k

i
I

3
N—2
> &
]N3
N-2
Z
=N—
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4k + 6 4' 6
and, finally Sg = Z Z (x k) ( + J+ ) We claim that Sy, > % for all 1 <m < 9. First of all, the sum S

2j+1 2k +1
k=N-3 j=N-3
contains only constants independent of N, therefore
c L
S12 552> ) (A1)
k=0 j=0

For the second one, note that

R T (4(2>+6)( L )
k ; 2
=S5 2j+1 21+5 (2j+5)

¢ NA 1

DDA (A2)
k=2 j=0

Similarly,

N-2 1 .

; 1 1 2j+9
D x)? (4<N—3)+6>< — - 2)
k=N—3 j=0 2j+1  2j+5 (2j+5)
N-2 1 c N-2 1 )
>cN PRCARE I DD AL (A3)
k=N-3 j=0 k=N-3 j=0

. . . . . . 16(4k + 6) 16 - 4k k
Since 2 <k, j < N —4 implies (2j +5) <6j, — - > > c—, thus Sy gives

! plies 2]+ <8 @i+ 52 ~ ©)F = 58

N—-4N-4 N—-4N-4

520y ) () < 5 ) EDIPICAR (A4)

k=2 j=2 k=2 j=2

k
as it is easily proved by using calculus that for 2 <k, j < N —4, ]— + -3 = —, for details see [18, p. 49]. Moving forward

to the term Sg, which gives

S5 Y Tt ¥ Y
(TR kT 2k +1
k=N-3 j=2 k=N-3 j=2
N-2 N-4 N-2 N-4
Z Z( k) 2(N — 2)+1 N2 Z Z(Xk) (A.5)
k=N-3 j=2 k=N-3 j=2

Note that the terms Sy, S7, and Sg are similar to the term S», S3, and Sg, respectively, hence (A.2), (A.3), and (A.5) yield

c 1 N-4 c 1 — N—4 N-2
Sa> Z L Z(x,g [ S7 > N—Z_g Z x)?, Ss/Nzg;JZN:3(X,< : (A.6)

4k+6  4ktD)
v 2541 Z 2041

S SID SETL LEFA PR Sl Sy (A7)

k=N-3 j=N-3 I<N3]N3

Finally, since for any k,j € N > ’j‘ thus using it in Sg gives

Appendix B. Schur complement for the steady Stokes problem

In this section, we prove some results that are required for proving estimates for the Schur complement for the Stokes
problem in steady state. The Uzawa pressure operator, denoted by Y : L%(Q) — Lg(SZ), is defined as Y:=V - A~1V. It is
a self-adjoint, bounded, coercive and hence a bijective operator with Amax(Y) = 1. Also, A~1: (H=1(Q))2 — V denotes the
inverse Laplacian. Let u € (H~1(Q))2, we say A~ lu=v eV if
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Av=uinQ,
v=00n0%2.

Note that A is the vector Laplacian as v € V is a vector having two components. From [3, p. 422], the following inf-sup
condition holds for the Py — Py_» scheme

. V-VN,qN c
inf S (7“ >
anePy2n-2NL3(@ yyep? | IVNITIIANTo ~ /N

which, as stated in [10, p. 173], is equivalent to

TBTA-1B c Ty c
min 5~ =9 > ——, or min 4 _nd > —, (B.1)
qeR\0 q"Mq VN qeRe\0qTOMg T N
N-2 N-2
which is also observed numerically in Fig. 12a. Here q is the vector of coefficients of gy = Z Z qijLi®)Lj(y), and 9 is
i=0 j=0
l Hj»j>0

the mass matrix, so that
N—2 N-2
I Mg=llgnllg=>_ Y qivivi=4"IF &Tlq,
i=0 j=0
i+j>0
where T :=diag (yo, ¥1, ..., yn—2) € RN"DXN=D wjth y; = 21% for 0 < j < N — 2. Recall that [ -] signifies that its first
row and first column are deleted, thus 91 :=[" ® I'] € R¥*# is a diagonal matrix, and

c
Amin (9 = Vﬁ_z = N2 (B.2)

Lastly, the following result is consequential for proving an upper bound for Amin(Yp) given by Lemma 5.

c
Lemma 7. For given N > 4, the matrix B € R>”*#® defined by (11), then omin(B) < N
Proof. As seen in proof of Lemma 4, BTB=[QTQ ® RTR+ RTR® QTQ], where R, Q € RN=Dx(N=1) 3re defined by

Proposition 1. First, we claim that oy (Q) < % To this end, recall that Qx = y, for all 0 <k < N—2, and Qg k4+2 = —Vik+2,
foral 0<k<N-—4.

Omin(Q) = mINIL Qx|
Tx|=1
= min

xeRN-1
[x]=1

[(Yoxo — y2x2); (1%1 — ¥3X3); - .3 (VieXk — Vit 2Xk42)s - - -3

-3 YN-3XN-3; VN—2XN—2]

Define m = Lu -3 [%H +1,n= L%J and y e RN~ so that y, o = 4@(;11”—10—1 for 0<k<m—1 and is zero

otherwise, thus |y| = 1. Note that cN <n<n+2k <N —2, for all 0 <k <m — 1, and there exist some positive constants
c1, c2 such that cyN <m < N, therefore the following estimate is obtained.
m—2

2 2 2 2
o5in(Q) < Z(Vn+21<J’n+2k — Vnt2k+2Yn42k+2)" + Yar2m—-1)Yn+2m-1)
k=0

m—2

2 2 2
=2 (2(n F2k+2) + 170 T oo 1 y””")

k=0
+ 4 1
Qm+2m—1)+1)2 m2
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(a) Minimum eigenvalue of MM ~! T},. (b) Minimum singular value of Q.
Fig. 12. Numerical results for Appendix B.
m—2 2 2 c
< — + — since P > pforal0<i<j<m—1
X ar (Zn T+ 4k+5 2N+ 4k + 1 ) Yotk N4 ( Yn+2i 2 Yn+2j SIS )
m-2 1 2om—k)+1 ¢
<64 2 TN
o (2n+ 4k +1)(2n + 4k + 5) m N
< C

Hence, the claim is proved, thus the result is obtained by following the proof of Lemma 4 from (18). O

Define Q := Q (n: N —1,:), that is, the sub-matrix of Q obtained by removing the first n — 1 rows of Q, then Fig. 12b
verifies the upper bound on onin(Q ), obtained by considering the vector y in the above proof.

Appendix C. Proof of Theorem 4

Let us estimate |G,E|«, which is given by (44). To this end, (37) implies |€|o < cN2e~CN, it remains to estimate the
infinity-norm of R; for 1 <i < 2. Note that 0 <m,n < N—2 and 1 <k < N throughout this section, unless otherwise stated.
For Ry, the non-zero entries of RY are of the form

(I fX+ (Inw)e — ATV (X, Y, t), dm (O Pn (D))
=5 +51(t) + 52(t0).-

Firstly, |s’]‘r| < ||9Nf]"||o\|¢m(x)¢n(y)||o < c||9Nf{‘||0, by Theorem 5.12 in [23, p. 248] for the Legendre truncation error esti-
mate,

k —CN
|sf| <ce .
Assume that s (ty) = Z/(tx), where z(t) = ((Inu) (X, ¥, t), dm(X)Pn(¥)), for some 0 < m,n < N — 2. The interpolant of z(t) is
N

given as Znz(t) = Zz(ti)ﬁi(t) + z(—1)£y(t), then
i=1
s1(t) =2 (t) = (In2) (t) + e = (D1 (In(2) (th)))i + 2(—= 1€ (tr) + &k
= ([D1- z(tn)) + 2(=1) Ly (tx) + &k

N
=Y diz(ty) + (=) €y0) + & (1)
i=1

where the error |e| < cN2e~CN as derived in [30]. To estimate s;(ty), note that for 1 <i <N,
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2(t) = ((Inu) (%, ¥, ), dm ()P (1)) < cl(Tnu) (%, ¥, t)llo < ce™ N,

where we have used Theorem 5.12 in [23, p. 248] for the Legendre truncation error estimate, i.e., (Iyu)(x, y,t;). Also,
2(=1) = (T, y, —1), (0 $n (1)) < cll(Inuo) (X, ¥)llo < ce”N. Recall from the proof of Lemma 6 that [|[D]]|oe < cN?,
implying |dii| < cN? and |dg| < cN? for all 1 <i,k < N. Hence, these results along with (C.1) give |s1(ty)] < cN3e~CN,

Since sz(ty) = ((INW X, ¥, tr), —A(pm (X)Pn(¥))), thus
Is2(t)] < cll(Invu)(x, v, t)llo < ce™ N,

Therefore, |RY|o < cN3e™N 4 2ce=N < cN3e~CN. Similar estimate holds for R}, hence the following estimate is ob-
tained

IR1|0o < cN3e CN. (C2)

For Ry, its components consist of as r, rj, and rg . We estimate the entries of rj by using the same Legendre truncation
error result, which gives

I ()] = 1((Tn—2DP) (X, ¥, ), Dl X)pn ()| < Cll(Tn—2P) (%, ¥, ti)llo < ce™ N,
similar result holds for r}, and finally for 0<m,n <N —2 withm+n>0and 1 <k<N,

I3 )] = 1(Lin O Ln(¥), ((Tnw)x + (Tnv)y) (X, ¥, te))]
<UL L (y), (Inu)(, Y, )|+ (LX) Ly (), (Tnv) (X, ¥, t))|
<l () %, y, i) lo < ce™ N,
hence, |Rz|s < ce”CN. This estimate, (C.2), and (44) yield the following result

2
|GtEloo < l€loo+ ) IRiloo <cN2e™ N, (C3)
i=1
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