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@ Introduction
e Preservers on positive semi-definite operators in Schatten-p class

e Preservers on positive definite matrices in M,
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Linear isometries on M,

Notation: Let M, be the set of n x n complex matrices and
AT: transpose of A € M,,.
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Linear isometries on M,

Notation: Let M, be the set of n x n complex matrices and
AT: transpose of A € M,,.

Definition: Let X, Y be normed linear spaces w.r.t. || - [[x and || - ||y,
resp.. Amap ¢ : X — Y is an isometry (or distance preserving) if for
anya,beX,

|®(a) — @)y = lla = bllx.
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Linear isometries on M,

Notation: Let M, be the set of n x n complex matrices and
AT: transpose of A € M,,.

Definition: Let X, Y be normed linear spaces w.r.t. || - [[x and || - ||y,
resp.. Amap ¢ : X — Y is an isometry (or distance preserving) if for
anya,beX,

[®(a) — 2(b)|ly = [la — bl[x.

Theorem (Schur, 1925)

Let ® : M, — M, be a linear isometry w.r.t. operator norm.
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Linear isometries on M,

Notation: Let M, be the set of n x n complex matrices and
AT: transpose of A € M,,.

Definition: Let X, Y be normed linear spaces w.r.t. || - [[x and || - ||y,
resp.. Amap ¢ : X — Y is an isometry (or distance preserving) if for
anya,beX,

[®(a) — 2(b)|ly = [la — bl[x.

Theorem (Schur, 1925)

Let ® : M, — M, be a linear isometry w.r.t. operator norm.
Then 3 unitary matrices U and V s.t. ® has the following standard form:

dA)=UAV  (VAeM,) or ®A)=UATV VAcM,.
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Surjective isometries on normed linear space

Theorem (Mazur-Ulam, 1932)

Let X;, X, be normed linear spaces and ¢ : X; — X, be a surjective
isometry. Then @ is affine, i.e.,

D(tx+ (1 —1)y) =t®(x)+ (1 —1)®(y), Vx,yeX;,0<1r< 1.
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Surjective isometries on normed linear space

Theorem (Mazur-Ulam, 1932)

Let X;, X, be normed linear spaces and ¢ : X; — X, be a surjective
isometry. Then @ is affine, i.e.,

D(tx+ (1 —1)y) =t®(x)+ (1 —1)®(y), Vx,yeX;,0<1r< 1.

Note: After translation, we can assume ®(0) = 0 and @ is indeed a
surjective real linear isometry.
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Surjective isometries on normed linear space

Theorem (Mazur-Ulam, 1932)

Let X;, X, be normed linear spaces and ¢ : X; — X, be a surjective
isometry. Then @ is affine, i.e.,

D(tx+ (1 —1)y) =t®(x)+ (1 —1)®(y), Vx,yeX;,0<1r< 1.

Note: After translation, we can assume ®(0) = 0 and @ is indeed a
surjective real linear isometry.

Question:
Let (X, || - ||x) and (Y, || - ||y) be normed spaces. Supp. ®: X — Y is
surjective and preserves norm of convex combinations, i.e.,

[1@(x) + (1 = )W) = floc + (L = 2)y]l, vxyeX, 0<r<1L

Then what can we say ?

Ming-Cheng Tsai ( Dept. of Applied Mathema Preserver problems



Surjective isometries on normed linear space

Theorem (Mazur-Ulam, 1932)

Let X;, X, be normed linear spaces and ¢ : X; — X, be a surjective
isometry. Then @ is affine, i.e.,

D(tx+ (1 —1)y) =t®(x)+ (1 —1)®(y), Vx,yeX;,0<1r< 1.

Note: After translation, we can assume ®(0) = 0 and @ is indeed a
surjective real linear isometry.

Question:
Let (X, || - ||x) and (Y, || - ||y) be normed spaces. Supp. ®: X — Y is
surjective and preserves norm of convex combinations, i.e.,

[1@(x) + (1 = )W) = floc + (L = 2)y]l, vxyeX, 0<r<1L

Then what can we say ?
Note: Supp. X, Y: linear space. Then it implies that ®: isometric.
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Notation: K(H), T (H), S,(H), S;(H)l

Notation: B(H): bdd. linear operators on a complex Hilbert space H.
F(H): finite rank operators on H.

K(H) = J-“(H)”'”: all compact operators on H.
Sp(H) ={A € K(H) : tr |A]P < 4o00}: Schatten-p class operators with
|A|l, = (tr |A]?)'/P, where |A| = VA*A for 1 < p < 4o0.
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Notation: K(H), T (H), S,(H), S, (H);

Notation: B(H): bdd. linear operators on a complex Hilbert space H.
F(H): finite rank operators on H.

K(H) = J-“(H)”'”: all compact operators on H.
Sp(H) ={A € K(H) : tr |A]P < 4o00}: Schatten-p class operators with
|A|l, = (tr |A]?)'/P, where |A| = VA*A for 1 < p < 4o0.

(1) p=1,T(H) = Si(H): trace class operators
with trace class norm || - [|;.
(2) p =2, S»(H): Hilbert-Schmidt class operators
with Hilbert-Schmidt norm || - |2 (or Frobenius norm).
(8) p = 400, K(H) = So(H) with operator norm.
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Notation: K(H), T (H), S,(H), S, (H);

Notation: B(H): bdd. linear operators on a complex Hilbert space H.

F(H): finite rank operators on H.

K(H) = J-“(H)”'”: all compact operators on H.

Sp(H) ={A € K(H) : tr |A]P < 4o00}: Schatten-p class operators with
|A|l, = (tr |A]?)'/P, where |A| = VA*A for 1 < p < 4o0.

(1) p=1,T(H) = Si(H): trace class operators
with trace class norm || - [|;.
(2) p =2, S»(H): Hilbert-Schmidt class operators
with Hilbert-Schmidt norm || - |2 (or Frobenius norm).
(8) p = 400, K(H) = So(H) with operator norm.

S (H)={p>0:pecS,(H)}: positive operators in S,(H) ({(ph,h) > 0)
S (H)1 = {llpll,=1:p €S, (H)}: unit p-normin S,f (H)
Py (H): the set of rank one projections in S, (H)
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Linear isometries on T (H), S,(H), S5 (H):

Theorem (Russo, 1969)

Let ® : T(H) — T (H) be linear surjective isometry.
Then 3 U, V: unitaries on H, s.t. ® has the following form
®(A)=UAV  or  ®(A)=UATV.
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Linear isometries on T (H), S,(H), S5 (H):

Theorem (Russo, 1969)

Let ® : T(H) — T (H) be linear surjective isometry.
Then 3 U, V: unitaries on H, s.t. ® has the following form
®(A)=UAV  or  ®(A)=UATV.

Theorem (Arazy, 1975)

Let @ : S,(H) — S,(H) be linear surjective isometry, 1 < p < +o0,
p # 2. Then 3 U, V: unitaries on H, s.t. ® has the following form
®(A)=UAV  or  ®(A)=UATV.

Ming-Cheng Tsai ( Dept. of Applied Mathema Preserver problems




Linear isometries on 7 (H), S,(H), S," (H),

Theorem (Russo, 1969)

Let ® : T(H) — T (H) be linear surjective isometry.
Then 3 U, V: unitaries on H, s.t. ® has the following form
®(A)=UAV  or  ®(A)=UATV.

Theorem (Arazy, 1975)

Let @ : S,(H) — S,(H) be linear surjective isometry, 1 < p < +o0,
p # 2. Then 3 U, V: unitaries on H, s.t. ® has the following form
®(A)=UAV  or  ®(A)=UATV.

Theorem (Molnar 2007, Nagy 2013)

For 1 <p < 4oc. Supp. @ : S, (H); — S, (H);: isometry w.r.t. | - ||,,
which will be assume to be surjective when dim H = +o0.

Ming-Cheng Tsai ( Dept. of Applied Mathema

Preserver problems



Linear isometries on 7 (H), S,(H), S," (H),

Theorem (Russo, 1969)

Let ® : T(H) — T (H) be linear surjective isometry.
Then 3 U, V: unitaries on H, s.t. ® has the following form
®(A)=UAV  or  ®(A)=UATV.

Theorem (Arazy, 1975)

Let @ : S,(H) — S,(H) be linear surjective isometry, 1 < p < +o0,
p # 2. Then 3 U, V: unitaries on H, s.t. ® has the following form
®(A)=UAV  or  ®(A)=UATV.

Theorem (Molnar 2007, Nagy 2013)

For 1 < p < +o00. Supp. @ : S, (H); — S, (H),: isometry w.rt. | - ||,
which will be assume to be surjective when dim H = +o0.
Then 3 U: unitary on H, s.t. ® has the following form

®(A) = UAU*  or  ®(A)=UA"U* VAeSS(H).
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preserves || - ||, of convex combinations on S (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : §;f (H) — S,f(H), which will be assumed to
be surjective when dim H = +oc.
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preserves || - ||, of convex combinations on S (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : §;f (H) — S,f(H), which will be assumed to
be surjective when dim H = +oo. Then @ preserves | - ||, of convex
combinations, i.e.,

ltp+ (1 =1)oll, = [l12(p) + (1 =)@(0)l, p,0 €S/ (H),0<r<1.
&

3 U: unitaryon H s.t. Vp € Sf(H)
®(p) = UpU* or ®(p) = Up'U*.
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preserves || - ||, of convex combinations on S (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : §;f (H) — S,f(H), which will be assumed to
be surjective when dim H = +oo. Then @ preserves | - ||, of convex
combinations, i.e.,

ltp + (1 =)ol = [lt12(p) + (1 = )@(o)[l, p,0 €S, (H),0<r<1.
&

3 U: unitaryon H s.t. Vp € Sf(H)

®(p) = UpU* or ®(p) = Up'U*.

Main ideal:
1. ]| - ||, is Frechet differentiable.
2. Wigner Theorem on P;(H).
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Generalization on S (H)

Theorem (Nagy, 2014)

Let1 <p < +oocand a, # € R\ {0}. Supp. amap @ : S, (H) — S,/ (H)
with la®(p) + B2(o)lp, = llap+ Boll,  Vp,0 € S (H).
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Generalization on S (H)

Theorem (Nagy, 2014)

Let1 <p < +oocand a, # € R\ {0}. Supp. amap @ : S, (H) — S,/ (H)
with la®(p) + BE()], = llap+ Boll, V.o € S (H).
Then (1) dimH = 400, ® is surjective:

3 U: unitary on H, s.t. ®(p) = UpU* or ®(p) = Up' U*;

(2) dimH < +o0:
(@) a+ B # 0, 3 U: unitary on H, s.t. ®(p) = UpU* or ®(p) = Up' U*;
(b) « + 3 =0, 3 U: unitary on H, and X € Sj(H),
s.t. ®(p) = UpU* + X or ®(p) = Up" U* + X.
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Generalization on S (H)

Theorem (Nagy, 2014)

Let1 <p < +oocand a, # € R\ {0}. Supp. amap @ : S, (H) — S,/ (H)
with la®(p) + BE()], = llap+ Boll, V.o € S (H).
Then (1) dimH = 400, ® is surjective:

3 U: unitary on H, s.t. ®(p) = UpU* or ®(p) = Up' U*;

(2) dimH < +o0:
(@) a+ B # 0, 3 U: unitary on H, s.t. ®(p) = UpU* or ®(p) = Up' U*;
(b) « + 3 =0, 3 U: unitary on H, and X € S;(H),
s.t. ®(p) = UpU* + X or ®(p) = Up" U* + X.

Lemma: Fix a, 5 € R. Supp. p = p*,0 = o* € S,(H) with ||p]| = ||o]|.
Then p =0 < |ap+ BP|, = |jac + BP||, vV Pe P (H).
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Generalization on S (H)

Theorem (Nagy, 2014)

Let1 <p < +oocand a, # € R\ {0}. Supp. amap @ : S, (H) — S,/ (H)
with la®(p) + BE()], = llap+ Boll, V.o € S (H).
Then (1) dimH = 400, ® is surjective:

3 U: unitary on H, s.t. ®(p) = UpU* or ®(p) = Up' U*;

(2) dimH < +o0:
(@) a+ B # 0, 3 U: unitary on H, s.t. ®(p) = UpU* or ®(p) = Up' U*;
(b) « + 3 =0, 3 U: unitary on H, and X € S;(H),
s.t. ®(p) = UpU* + X or ®(p) = Up" U* + X.

Lemma: Fix a, 5 € R. Supp. p = p*,0 = o* € S,(H) with ||p]| = ||o]|.

Then p =0 < |ap+ BP|, = |jac + BP||, vV Pe P (H).

Remark: Fix arbitrarya P € P;(H), S = S*on H and t € R, consider
P(t) = €™SPe~™ € P|(H).
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Riemannian structure

Recall:
BH)"={A>0:A€B(H)}, BH)t,={A€BH)":Ais inv. }.
B(H) =M, H,={A=A*:AeM,},P,={A>0:AeM,}.
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Riemannian structure

Recall:
BH)"={A>0:A€B(H)}, BH)t,={A€BH)":Ais inv. }.
BH)=M,,H,={A=A*"1AeM,},P,={A>0:A€M,}.

Since P,: an open subset of H,, it can be equipped with a Riemannian
structure s.t. the tangent space at D € P, can be identified with H,.
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Riemannian structure

Recall:
BH)"={A>0:A€B(H)}, BH)t,={A€BH)":Ais inv. }.
BH)=M,,H,={A=A*"1AeM,},P,={A>0:A€M,}.

Since P,: an open subset of H,, it can be equipped with a Riemannian
structure s.t. the tangent space at D € P, can be identified with H,.

Question:
Supp. @ : P, — P, preserves norm of convex combinations, i.e.,

6@(x) + (1 — 9B | = lor + (1= 1)yll, Vx,y € Py 0< 1< L.

Then what does this mean in Riemannian geometry and what can we
say ?
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Riemannian metric

(F. Hiai and D. Petz; 2009) For any D € P,: Riemannian manifold, the
tangent space at D can be identified with H,,.

A Riemannian metric Kp: H, x H, — [0,00) is a family of inner
products on H, depending smoothly on D.
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Riemannian metric

(F. Hiai and D. Petz; 2009) For any D € P,: Riemannian manifold, the
tangent space at D can be identified with H,,.

A Riemannian metric Kp: H, x H, — [0,00) is a family of inner
products on H, depending smoothly on D.

If 4(x,y) is a positive kernel function on (0, c0) x (0, 00) and D has the

spectral decomposition Z \:P;, then a Riemannian metric K¥ can be
i=1
defined as

KY(H,K) Z;b X, \) "'t PHPK, VD€ P,
ij=1

where H,K: tangent vectors in H,.
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Supp. p: [0,1] — P, is a differential curve (or a continuous and
piecewise differential curve), the length of p w.r.t. the metric KV is
given by

1
L) = [ Kl 000
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Supp. p: [0,1] — P, is a differential curve (or a continuous and
piecewise differential curve), the length of p w.r.t. the metric KV is

given by
/ VK (00), /(1)) di.

The geodesic distance 6(A, B) between A, B € P, is defined as

d(A,B) = inf{L(p)| p is a differentiable path from A to B}.
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Supp. p: [0,1] — P, is a differential curve (or a continuous and
piecewise differential curve), the length of p w.r.t. the metric KV is

given by
/ VKo (0 0), /@) .

The geodesic distance 6(A, B) between A, B € P, is defined as

d(A,B) = inf{L(p)| p is a differentiable path from A to B}.

We know that this infimum is attained by a path uniquely determined
by A and B. A geodesic joining two given points A and B, is a curve v
from A to B such that L(y) = §(A, B).
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2
xX—y
) :1 / , = —_—
Pi(x,y) = 1, Po(x, y) <10gx—10gy)

n

Ex: the kernel function v (x,y) = 1. Forany D = Z A\P; € Py, then
i=1

the Riemannian metric K%' is the Hilbert-Schmidt inner product
Kp'(H,K) = Y0, P;HP,K = wH*'K = (H,K)ys YV H.K € H,.
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2
B1(x,3) = 1, a(x,) = (4‘)

logx —logy

Ex: the kernel function ¢, (x,y) = 1. Forany D = ~ \;P; € P,, then
i=1

the Riemannian metric K%' is the Hilbert-Schmidt inner product
Kp'(H,K) = Y0, P;HP,K = wH*'K = (H,K)ys YV H.K € H,.

In this case, the unique geodesic joining A, B € P, is the segment

() = (1 —-1)A+1B 0<r<1.
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logx —logy

2
B1(x,3) = 1, a(x,) = (4‘)

Ex: the kernel function ¢, (x,y) = 1. Forany D = ~ \;P; € P,, then
i=1

the Riemannian metric K%' is the Hilbert-Schmidt inner product
Kp'(H,K) = Y0, P;HP,K = wH*'K = (H,K)ys YV H.K € H,.

In this case, the unique geodesic joining A, B € P, is the segment
() = (1 —-1)A+1B 0<r<1.

2
Ex: the kernel function vy, (x,y) = <logi—i)0gy> , which is related to

the logarithmic mean of x, y.
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logx —logy

2
B1(x,3) = 1, a(x,) = (4‘)

Ex: the kernel function ¢, (x,y) = 1. Forany D = ~ \;P; € P,, then
i=1

the Riemannian metric K%' is the Hilbert-Schmidt inner product
Kp'(H,K) = Y0, P;HP,K = wH*'K = (H,K)ys YV H.K € H,.

In this case, the unique geodesic joining A, B € P, is the segment

() = (1 —-1)A+1B 0<r<1.

2
Ex: the kernel function vy, (x,y) = <logi—i)0gy> , which is related to

the logarithmic mean of x, y. In this case, the unique geodesic joining
A,B € P, is given by

VZ(I) _ e(lft)logA+tlogB7 0<t<1.
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¢3 (X, y) =Xy

Ex. the kernel function v5(x,y) = xy. It is related to the geometric
mean of x, y.
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¢3 (X, y) =Xy

Ex. the kernel function v5(x,y) = xy. It is related to the geometric

mean of x, y. In this case, the unique geodesic joining A,B € P, is
given by

v3(1) = A#,B := A2 (A7V2BAT12YAV2 . 0<i< 1.

Ming-Cheng Tsai ( Dept. of Applied Mathema
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¢3(xﬂy> = Xy

Ex. the kernel function v5(x,y) = xy. It is related to the geometric

mean of x, y. In this case, the unique geodesic joining A,B € P, is
given by

v3(1) = A#,B := A2 (A7V2BAT12YAV2 . 0<i< 1.

The midpoint of the geodesic is the geometric mean of A, B,

A#B — A1/2(A71/2BA71/2)1/2A1/2'

Ming-Cheng Tsai ( Dept. of Applied Mathema
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geometric mean

Definition: For A, B € P,, geometric mean of A, B is defined by
A#B:A1/2(Afl/ZBAfl/Z)l/ZAl/Z_
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geometric mean

Definition: For A, B € P,, geometric mean of A, B is defined by
A#B = A1/2(Afl/ZBA71/2)1/2A1/2_
Proposition:
(1) A#B = B#A, (A#B)" = AT#B", (A#B)~' =A~'#B7.
(2) V S: inv. bdd. linear or conjugate-linear on H,
we have S(A#B)S* = (SAS*)#(SBS™*).
(38) A#B is the unique positive solution of B = X*A~'X.
A X

(4) A#B=max{X >0: [X B

] >0}, A,BEP,
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geometric mean

Definition: For A, B € P,, geometric mean of A, B is defined by
A#B = A1/2(Afl/ZBA71/2)1/2A1/2_
Proposition:
(1) A#B = B#A, (A#B)" = AT#B", (A#B)~' =A~'#B7.
(2) V S: inv. bdd. linear or conjugate-linear on H,
we have S(A#B)S* = (SAS*)#(SBS™*).
(38) A#B is the unique positive solution of B = X*A~'X.
A X

(4) A#B=max{X >0: [X B

] >0}, A,BEP,

Note: LetA > 0. Then [ A >0 < B>XAX

X B}
= A712BA1/2 > (ATV/2XA7Y2)2 = A#B > X.
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preserve || - ||p of geodesics 71(¢), 72(t), v3(¢)

Theorem (Szokol, Tsai, Zhang)

Let ® : P, — P, be a bijective transformation defined on the different
Riemannian metrics K¥!, K¥2, K¥3. Then T.FA.E.
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preserve || - ||p of geodesics 71(¢), 72(t), v3(¢)

Theorem (Szokol, Tsai, Zhang)

Let & : P, — P, be a bijective transformation defined on the different

Riemannian metrics K%', K¥2, K¥3. Then T.FA.E.

(1) Forp > 1. ® preserves || - ||p of geodesics under (P,, K¥!), i.e.,
(1= A+B)ll, = [ (1 —)B(A) +1@(B))[,, VO < t < 1,A, B € P,

(2) Forp > 1. ® preserves || - ||p of geodesics under (P,, K¥?), i.e.,
He(lfz)logAthlogBHp _ He(lft)logCD(A)thloqu(B)Hmv 0<t<1,A,BEP,.

(8) Forp > 1. ® preserves || - ||p of geodesics under (P,, K¥?), i.e.,

[(A#:B)lp = I(2(A)#:2(B))llp, VO<t<1,A,BE€ P,
(4) There exists a unitary U on H s.t.
®(A) = UAU* or ®(A) = UATU*, VAEP,.
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Supp. X(¢) € P, for each ¢ and conti. diff. w.r.t. 7, then
4 X ()] = pu[X(1)P~ 14X (1)), p>1.
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Supp. X(¢) € P, for each ¢ and conti. diff. w.r.t. 7, then
%tr[X(t)P] :ptr[X(t)P—%X(t)], p>1.

Theorem (Molnar, 2011)
Let ® : B(H)", — B(H)*, be a bijective map.
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Supp. X(¢) € P, for each ¢ and conti. diff. w.r.t. 7, then
4 X ()] = pu[X(1)P~ 14X (1)), p>1.

Theorem (Molnar, 2011)
Let ® : B(H)", — B(H)*, be a bijective map.
(1)Supp. A<B& ®A)<®B) VABeBH)T,.
Then 3 R: inv. bdd. linear or conjugate-linear on H, s.t.
®(A) =RAR*, VAeBH)T,.
(2) Supp. logA <logB < log ®(A) <logP(B) VA,B€BH)T,.
Then 3 S: inv. bdd. linear or conjugate-linear, X = X* on H, s.t.
B(A) = SIoeA)S™HX v A € B(H)T,.
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Connection between geodesic and entropy

Recall: M(C") ={A>0:A€M, trA=1}, y(t) = ell-1)logA+rloghB
Y3(f) = A#:,B = AV2(A712BA=1/2)YAN 2 0 <1 < 1

(1) The Umegaki relative entropy Sy (A||B) is defined by
Su(A||B) = tr[A(log A — log B)] VA,BeM(C.
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Connection between geodesic and entropy

Recall: M(C") ={A>0:A€ M, trA =1}, y(t) = el!~")loga+rlogB
Y3(f) = A#:,B = AV2(A712BA=1/2)YAN 2 0 <1 < 1

(1) The Umegaki relative entropy Sy (A||B) is defined by
Su(A||B) = tr[A(log A — log B)] VA,BeM(C.
- & wfel1-0losAtiloeB]|  — ul4(log B — logA)] = —Su(A|lB)

..amap ¢ preserves the trace norm of Y2(t)
& ¢ preserves the Umegaki relative entropy of A, B.
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Connection between geodesic and entropy

Recall: M(C") ={A>0:A€ M, trA =1}, y(t) = el!~")loga+rlogB
Y3(f) = A#:,B = AV2(A712BA=1/2)YAN 2 0 <1 < 1

(1) The Umegaki relative entropy Sy (A||B) is defined by
Su(A||B) = tr[A(log A — log B)] VA,BeM(C.
- & wfel1-0losAtiloeB]|  — ul4(log B — logA)] = —Su(A|lB)

..amap ¢ preserves the trace norm of Y2(t)
& ¢ preserves the Umegaki relative entropy of A, B.

(2) The Belavkin-Staszewski relative entropy Sgs(A||B) is defined by
Sps(A||B) = tr[Alog(A'/2B~1A1/2)] VYV A,B € M(C").
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Connection between geodesic and entropy

Recall: M(C") ={A>0:A€ M, trA =1}, y(t) = el!~")loga+rlogB
Y3(f) = A#:,B = AV2(A712BA=1/2)YAN 2 0 <1 < 1

(1) The Umegaki relative entropy Sy (A||B) is defined by
Su(A||B) = tr[A(log A — log B)] VA,BeM(C.
411 logA+f1°gB]L:0 — t[A(log B — log A)] = —Sy(A||B)
..amap ¢ preserves the trace norm of ()
& ¢ preserves the Umegaki relative entropy of A, B.
(2) The Belavkin-Staszewski relative entropy Sgs(A||B) is defined by
Sps(A||B) = tr[Alog(A'/2B~1A1/2)] VYV A,B € M(C").
- 4 tr(A#.B) = A2 log(A~1/2BA=V2)A1/2 = —Sps(A||B).
..amap ¢ preserves the trace norm of ~3(¢)
< ¢ preserves the Belavkin-Staszewski relative entropy of A, B.
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preserve geodesic ;(7)

Consider map ® on P, preserves geodesics v (t), 72(1), v3(1).
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preserve geodesic ;(7)

Consider map ® on P, preserves geodesics v (t), 72(1), v3(1).
Recall: 3(r) = A#.B = AY/2(A~1/2BA=1/2)A2 0 <t < 1
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preserve geodesic ;(7)

Consider map ® on P, preserves geodesics v (t), 72(1), v3(1).
Recall: 3(r) = A#.B = AY/2(A~1/2BA=1/2)A2 0 <t < 1

Theorem (Szokol, Tsai, Zhang)

Supp. the Riemannian metric on P, (n > 3) is defined by the kernel

function ¢3(x,y) = xy. Let ® : P, — P, be a bijective continuous map.
Then forany A,B € P,, TEA.E.
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preserve geodesic ;(7)

Consider map ® on P, preserves geodesics v (t), 72(1), v3(1).
Recall: 3(r) = A#.B = AY/2(A~1/2BA=1/2)A2 0 <t < 1

Theorem (Szokol, Tsai, Zhang)

Supp. the Riemannian metric on P, (n > 3) is defined by the kernel

function ¢3(x,y) = xy. Let ® : P, — P, be a bijective continuous map.
Then forany A,B € P,, TEA.E.

(1) ® maps geodesic joining A, B onto geodesic joining ®(A), ®(B),
ie. ©(A#B) = ®(A)#®(B);
(2) @ preserves the geometric mean of A and B,
i.e. P(A#B) = ®(A)#P(B);
(8) 3S: inv. bdd. linear on C" s.t. ® is of one of the forms
P(A) = (detA)°SAS*, ®(A) = (detA)°SATS*, c € R, c # -1
or 3 S: inv. bdd. linear on C" s.t. ® is of one of the forms
P(A) = (detA)SATIS*, ®(A) = (detA)°S(A~1)TS*, c € R, c # 1.
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preserve geodesic 1, (t), 71 (t)

Recall:
72([) — e(lft)logAthlogB’ 0<t<1.
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preserve geodesic 1, (t), 71 (t)

Recall:
72(1‘) — e(lft)logAthlogB’ 0<t<1.

Theorem (Szokol, Tsai, Zhang)
Supp. (P, K¥?) is a Riemannian manifold with Riemannian metric

2
defined by the kernel function v, = <x—y> .
logx —logy

Ming-Cheng Tsai ( Dept. of Applied Mathema Preserver problems



preserve geodesic 1, (t), 71 (t)

Recall:
72(1‘) — e(lft)logAthlogB’ 0<t<1.

Theorem (Szokol, Tsai, Zhang)
Supp. (P, K¥?) is a Riemannian manifold with Riemannian metric

2
defined by the kernel function v, = <x—y> .
logx —logy

Then @ : P, — P, satisfying ®(v}%(1)) = yg%Am(B)(t),
ie. P (e((l—t)logA-i-tlogB)) — e((l 1) log ®(A)+tlog ®(B))

< 30, eR,M; €B(H),i=1,...,k& N =N*s.t.
B(A) = e(Xim 3M 02 MIEN) -y 4 € P,
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preserve geodesic 1, (t), 71 (t)

Recall:
72(1‘) — e(lft)logAthlogB’ 0<t<1.

Theorem (Szokol, Tsai, Zhang)
Supp. (P, K¥?) is a Riemannian manifold with Riemannian metric

2
defined by the kernel function v, = <x—y> .
logx —logy

Then @ : P, — P, satisfying ®(v}%(1)) = yg%Am(B)(t),
ie. P (e((l—t)logA-i-tlogB)) — ((1=1)log ®(A)+tlog (B))
< 30, eR,M; €B(H),i=1,...,k& N =N*s.t.

B(A) = e(Xim 3M 02 MIEN) -y 4 € P,

Remark: Supp. Riemannian metric on P, is defined by the kernel
function ¢ (x,y) = 1. Then the map satisfying that
O(y1(r)) = 2((1 —1)A+1B) = (1 —1)®(A) 4 t®(B): affine
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Recall

Theorem: Let®: P, — P, be a bijective transformation defined on
the different Riemannian metrics K¥i. Then ® preserves | - || of
geodesics y4 5 under (P,, K¥), i.e.,

16(7"8) Dllp = 1oty (5 (D15 ¥ O < 1 < 1,4, B € P,., for some i

& ®(A) = UAU* or ®(A) = UATU*, VAEP,.
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Recall

Theorem: Let®: P, — P, be a bijective transformation defined on
the different Riemannian metrics K¥i. Then ® preserves | - || of
geodesics y4 5 under (P, K¥), i.e

16(7"8) Dllp = 1oty (5 (D15 ¥ O < 1 < 1,4, B € P,., for some i
& ®(A) = UAU* or ®(A) = UATU*, VAEP,.
Problem:

(1) P, is replaced with B(H)" |, where dimH = +oc ?
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Recall

Theorem: Let®: P, — P, be a bijective transformation defined on
the different Riemannian metrics K¥i. Then ® preserves | - || of
geodesics y4 5 under (P, K¥), i.e

16(7"8) (D)l = 175y .08 (D lp: ¥ 0 < 1 < 1,A, B € Py, for some i
& O(A) = UAU*  or <I>(A) = UATU™, VAEP,.
Problem:

(1) P, is replaced with B(H)" |, where dimH = +oc ?
(2) "V0<r<1"isreplaced with"forsome0<t<1"?
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Recall

Theorem: Let®: P, — P, be a bijective transformation defined on
the different Riemannian metrics K¥i. Then ® preserves | - || of
geodesics y4 5 under (P, K¥), i.e

16(7"8) (D)l = 175y .08 (D lp: ¥ 0 < 1 < 1,A, B € Py, for some i
& O(A) = UAU*  or <I>(A) = UATU™, VAEP,.
Problem:

(1) P, is replaced with B(H)" |, where dimH = +oc ?

(2) "V0<r<1"isreplaced with"forsome0<t<1"?
(3) |l - I, is replaced with unitarily invariant norm on S,f(H) or P,?
( Note. || - ||: unitarily invariant norm if || UAV| = ||A|, V unitaries U, V')
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Thanks for your attention !
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preserve length of differentiable path in (P,, K¥3)

Theorem (Szokol, Tsai, Zhang)

Supp. (P, K¥?) is a Riemannian manifold with Riemannian metric
defined by the kernel function ¢5(x,y) = xy. Let ®: P, — P, be a
bijective transformation. Then & preserves the length of all
differentiable paths

&
(1) n = 2: ® is of one of the forms

D(A) = SAS*, SATS*, sA~ls* s(AT)"!s*.
(2) n > 3: @ is of one of above forms or of below forms
D(A) = (detA) = SAS*, (detA) "= SATS*, (detA)nSA™'S*, (detA)»S(AT) "' s*

for all A € P,,. Here, S: inv. in M,,.
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2 2
(o= ) = =L
'@Z’l,a(xa)) = (axa _ ya) ’ 17[/“()(’ y) <logx — 10gy>

2
Ex: the kernel function v (x,y) = (a * ya> with o # 0.
y

xOé_
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y \? o 2)
) Rl vy )

2
7Y ) witha #£0.
xOé_ 167

For every A, B € P, a unique geodesic from A to B is given by

Ex: the kernel function ¢ o(x,y) = | «

1
Yat)=((1=0)A*+B*)>, 0<t1<1 ifa#0.
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2
xX—y
logx—logy>

2
Ex: the kernel function v o (x,y) = (axx ya> with o # 0.
=Y

O

For every A, B € P, a unique geodesic from A to B is given by

1
Yat)=((1=0)A*+B*)>, 0<t1<1 ifa#0.

2
Ex: the kernel function vy, (x,y) = <logi—i)ogy> , which is the limit

function of ¥ (x,y) as o — 0. It is related to the logarithmic mean of
X, .
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2
xX—y
Via(x,y) = (af m)

2
Ex: the kernel function v o (x,y) = (a a ya> with o # 0.
AT =Y

O

For every A, B € P, a unique geodesic from A to B is given by

1
Yat)=((1=0)A*+B*)>, 0<t1<1 ifa#0.

2
Ex: the kernel function vy, (x,y) = <logi—i)ogy> , which is the limit

function of ¥ (x,y) as o — 0. It is related to the logarithmic mean of
x,y. In this case, the unique geodesic joining A, B € P, is given by

Yo(t) = eI-NloeAtrloeB g < ¢ <
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2
for k > 0.

Ex. the kernel function 13 . (x,y) = (ﬁ(xy)';x: — yn

For every A, B € P,, 3 a unique geodesic from A to B given by

'73,/@(t) _ (AN#IBH)I/I{ — (An/Z(Afn/ZBnAfn/Z)tAn/Z)l/f-c, 0<t<1,r>0.
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2
for k > 0.

xh —
For every A, B € P,, 3 a unique geodesic from A to B given by

Ex. the kernel function ¢ . (x,y) = (n(xyﬁ i

'73,/@0) _ (AN#IBH)I/I{ — (An/Z(Afn/ZBnAfn/Z)tAn/Z)l/f-c, 0<t<1,r>0.

Special case:

the kernel function 3(x,y) = xy for k = 1. It is related to the geometric
mean of x, y. In this case, the unique geodesic joining A,B € P, is
given by

v3(t) = A#,B := A2 (A712BATI/2YAV2 . o< < 1.
The midpoint of the geodesic is just the geometric mean of A, B,
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preserve || - || of geodesics 71 4(1), 12(), V3.(¢)

Theorem (Szokol, Tsai, Zhang)

Let @ : P, — P, be a bijective transformation defined on the different
Riemannian metrics K¥.«, K¥2, K¥3». Then T.FA.E.
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preserve || - || of geodesics 71 4(1), 12(), V3.(¢)

Theorem (Szokol, Tsai, Zhang)
Let & : P, — P, be a bijective transformation defined on the different
Riemannian metrics K¥1., K¥2, K¥3~. Then T.FA.E.
(1) Forp>1,a >0, a # p. ® preserves || - ||p of geodesics under
(P,,K¥1),i.e., forall0 <t <1,A,B € P,
1 @ ay L
(L = )A% + 1B)a ||, = [|((1 — )B(A)* + 1B(B)*) = |-
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preserve || - || of geodesics 71 4(1), 12(), V3.(¢)

Theorem (Szokol, Tsai, Zhang)
Let & : P, — P, be a bijective transformation defined on the different
Riemannian metrics K¥1., K¥2, K¥3~. Then T.FA.E.
(1) Forp>1,a >0, a # p. ® preserves || - ||p of geodesics under
(P,,K¥1),i.e., forall0 <t <1,A,B € P,
1 @ ay L
(L = )A% + 1B)a ||, = [|((1 — )B(A)* + 1B(B)*) = |-

(2) Forp > 1. ® preserves || - ||p of geodesics under (P,, K¥?), i.e.,
||e(1—t) logA—l—tlogB”p _ ”e(l—t)logQ(A)—i—tlog(I)(B)Hpjv 0<t<1,A,BEP,.
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preserve || - || of geodesics 71 4(1), 12(), V3.(¢)

Theorem (Szokol, Tsai, Zhang)

Let & : P, — P, be a bijective transformation defined on the different
Riemannian metrics K¥1., K¥2, K¥3~. Then T.FA.E.

(1) Forp>1,a >0, a # p. ® preserves || - ||p of geodesics under
(P,,K¥1),i.e., forall0 <t <1,A,B € P,
1 1
[((1 =A% +B*) =, = (1 = ) (A)* + 12(B)*) = |-
(2) Forp > 1. ® preserves || - ||p of geodesics under (P,, K¥?), i.e.,
He(l—t) logA—l—tlogB”p _ ”e(l—t)logQ(A)—i—tlog(I)(B)Hpjv 0<t<1,A,BEP,.
(8) Forp > 1, s > 0. ® preserves || - ||p of geodesics under (P, K¥3~),
i.e., forall0<r<1,A,B€ P,
1A% #:B%) "l = [[(D(A)"#:(B)")/||,-
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preserve || - || of geodesics 71 4(1), 12(), V3.(¢)

Theorem (Szokol, Tsai, Zhang)

Let & : P, — P, be a bijective transformation defined on the different
Riemannian metrics K¥1., K¥2, K¥3~. Then T.FA.E.

(1) Forp>1,a >0, a # p. ® preserves || - ||p of geodesics under
(P,,K¥1),i.e., forall0 <t <1,A,B € P,
1 1
[((1 = A% +B*) |, = [[((1 — )P(A)* + 1B(B)*) = |-
(2) Forp > 1. ® preserves || - ||p of geodesics under (P,, K¥?), i.e.,
He(l—t) logA—l—tlogB”p _ ”e(l—t)logQ(A)—i—tlog(I)(B)Hpjv 0<t<1,A,BEP,.
(8) Forp > 1, s > 0. ® preserves || - ||p of geodesics under (P, K¥3~),
i.e., forall0<r<1,A,B€ P,
1(A=#:B%) /5, = [(D(A)"#:D(B))"/*l-
(4) There exists a unitary U on H s.t.
®(A) = UAU*, or ®(A) = UATU*, VAEP,.
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length of differentiable path in (P, K¥3)

Recall:

(P,,K¥3): a Riemannian manifold with Riemannian metric

KY(H,K) := r D"'"HD~'K, where the kernel function 1 (x, y) = xy.
Supp. p: [0, 1] — P, is a differentiable path joining A, B, i.e.
p(0) = A, p(1) = B, then the length of p can be defined as

1 . 1 |
p)_/o \/K;p(zz)(P’(f),P’(f))dt—/o lp~2 () ()2 (1) ||s dr.
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length of differentiable path in (P, K¥3)

Recall:

(P,,K¥3): a Riemannian manifold with Riemannian metric
KY(H,K) := r D"'"HD~'K, where the kernel function 1 (x, y) = xy.
Supp. p: [0, 1] — P, is a differentiable path joining A, B, i.e.

p(0) = A, p(1) = B, then the length of p can be defined as

1 1 1 l
_/0 \/Kﬁzr)(f"(t)”"(”)d[_/o 072 (1) (0)p™ 2 (1) Ins .

Definition:

A map ¢ : P, — P, preserving the length of all differentiable paths
means that given any differentiable path p joining A, B, the composition
® o pis a path joining ®(A), ®(B), for which L(® o p) = L(p). That is,

/ |(Bop) 4 (6)(Bop) (1) (Bop) 4 (1)lns dr = / Lo~ (0 (D) (1) s

for any A, B € P, and differentiable path p joining A, B.
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preserve geodesic 73 (1)

Recall:
’73,n(t) — (AH#IBN)I/H — (AH/Z(A—H/ZBK/A—H/Z)IAH/Z)l/li’0 <t<1,k>0.
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preserve geodesic 73 . (7)

Recall:
'73,n(t) — (AH#tBH)l/H — (A/i/z(A—H/ZBKA—H/Z)IAH/Z)l/li’0 <t<1,k>0.

Corollary
Forn > 3. Let @ : P, — P, be a continuous bijective map. Then

B((AS#,B5)/") = (B(A)"#,B(B)")/*  Vie0,1], A,B € P,.
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preserve geodesic 73 . (7)

Recall:
73,n(t) — (An#tBn)l/n — (A/i/z(A—H/ZBKA—H/Z)IAH/Z)l/li’0 <t<1,k>0.

Corollary
Forn > 3. Let @ : P, — P, be a continuous bijective map. Then

B((AS#,B5)/") = (B(A)"#,B(B)")/*  Vie0,1], A,B € P,.

38: inv. bdd. linear on C" s.t. @ is of one of the forms

D(A) = (detA)°(SA®S*)V/%, B(A) = (detA)°(S(AT)rS*)V/r, c e R\ =L
or of the forms

D(A) = (detA) (SAES*)/5 B(A) = (detA)(S(AT)"S*)1 /%, c e R\ 5.)
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continuity condition

Remark: In above, condition of "continuity" cannot be omitted.
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continuity condition

Remark: In above, condition of "continuity" cannot be omitted.

Example:

Letf: ]0, 00[—]0, oo[ be a multiplicative, non-continuous function, then
s.t. @ is of one of the forms

®(A) = (detA)SATIS*, ®(A) = (detA)S(A"NTS*, c € R, ¢ # 1.
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preserves || - ||, of convex combinations on S (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For I < p < +oc. Supp. @ : S (H) — S, (H), which will be assumed to

be surjective when dim H = +oo. Then T.FA.E. (the following are
equivalent).
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preserves || - ||, of convex combinations on S (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : §;f (H) — S,f(H), which will be assumed to

be surjective when dim H = +oo. Then T.FA.E. (the following are
equivalent).

(1) @ preserves | - ||, of convex combinations, i.e.,
ltp+ (1 = 1)all, = [l12(p) + (1 = )@(a) |-
forall p,o € S/ (H),0<r< 1.

(2) forall p,o € S (H), one has o”~'p € S (H),
tr(o”~1p) = 1r(® ()1 (p)).

(3) 3U: unitaryon H s.t. Vp e Sf(H)
®(p) = UpU* or ®(p) = Up'U*.

it is easy to check that for S: inv. bdd. linear on C",

d(A) = f((detA)°)SAS™* CF &
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preserves || - ||, of convex combinations on S (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : §;f (H) — S,f(H), which will be assumed to

be surjective when dim H = +oo. Then T.FA.E. (the following are
equivalent).

(1) @ preserves | - ||, of convex combinations, i.e.,
ltp+ (1 = 1)all, = [l12(p) + (1 = )@(a) |-
forall p,o € S/ (H),0<r< 1.

(2) forall p,o € S (H), one has o”~'p € S (H),
tr(o”~1p) = 1r(® ()1 (p)).

(3) 3U: unitaryon H s.t. Vp e Sf(H)
®(p) = UpU* or ®(p) = Up'U*.

it is easy to check that for S: inv. bdd. linear on C",

d(A) = f((detA)°)SAS™* CF &
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Differentiable

Lemma (Abatzoglou, 1979)

Vp,o0 € S,(H), p # 0 with p = U|p|: polar decomposition, the norm of
S,(H) is Frechet differentiable at p and

p—1y7* —1
:tr<‘pl%> (ztr(pppi> if p>0)
=0 el el

dllp +tollp
dt
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Differentiable

Lemma (Abatzoglou, 1979)

Vp,o € S,(H), p # 0 with p = U|p|: polar decomposition, the norm of
S,(H) is Frechet differentiable at p and

p—1lyr* —1
:tr<\p\pl_]10> (ztr(pppj> if p>0)
=0 ollp ol

Theorem (Wigner, 1931)
Let ® : P;(H) — P,(H) be a (resp., bijective) map satisfying

dllp +tollp
dt

wO(P)D(Q) = PQ (P, Q € Py(H))

< 3 U: linear isometry (resp., unitary) on H s.t. ®(P) = UPU*,
P c P(H).
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preserves || - ||, of convex combinations on S,(H)

Supp. @ : S,(H) — S,(H) is surjective and preserves norm of convex
combinations, i.e.,

[1@(p) + (1 = )@(0)[| = lltp + (1 = 1)oll, Vp,0 € Sp(H), 0 <1< 1.
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preserves || - ||, of convex combinations on S,(H)

Supp. @ : S,(H) — S,(H) is surjective and preserves norm of convex
combinations, i.e.,

[1@(p) + (1 = )@(0)[| = [ltp + (1 — 1),

Then (1) &(—p) = —(p).

Vp,o€S,(H), 0<t<1.
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preserves || - ||, of convex combinations on S,(H)

Supp. @ : S,(H) — S,(H) is surjective and preserves norm of convex
combinations, i.e.,

1@ (p) + (1 = )®(0)]| = ll1p + (1 — D]l
Then (1) &(—p) = —(p).
(@) 18(p) — B(0)l| = o — ol V.o € Sy(H).

Vp,o€S,(H), 0<t<1.
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preserves || - ||, of convex combinations on S,(H)

Supp. @ : S,(H) — S,(H) is surjective and preserves norm of convex
combinations, i.e.,

[1®(p) + (1 = )@(o) | = [ltp + (1 = t)o],
Then (1) &(—p) = —@(p).
@) [@(p) = @(0)|| = llp—all Vp,o € Sp(H).
Recall: Theorem (Mazur-Ulam, 1932)

Vp,o€S,(H), 0<t<1.

Let (X, || - ||x) and (Y, || - ||y) be normed linear spaces
and ® : X — Y be surjective isometry, i.e.,

[®@(x1) — @(x2)|ly = [Jx1 — x2[x-

Then @(tx+ (1 —1)y) =1®(x)+ (1 —1)®(y), Vx,yeX, 0<r<I1.
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preserves || - ||, of convex combinations on S,(H)

Supp. @ : S,(H) — S,(H) is surjective and preserves norm of convex
combinations, i.e.,

[1®(p) + (1 = )@(o) | = [ltp + (1 = t)o],
Then (1) &(—p) = —@(p).
@) [@(p) = @(0)|| = llp—all Vp,o € Sp(H).
Recall: Theorem (Mazur-Ulam, 1932)

Vp,o€S,(H), 0<t<1.

Let (X, || - ||x) and (Y, || - ||y) be normed linear spaces
and ® : X — Y be surjective isometry, i.e.,

[®@(x1) — @(x2)|ly = [Jx1 — x2[x-

Then ®(rx+ (1 —1)y) = 1®(x) + (1 — 1) D(y),

Vx,ye X, 0<r<1.
(3) @ is real linear (.- (0) = 0).
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preserves || - ||, of convex combinations on S (H);

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : S, (H) — S, (H) (resp.,
®:Sf(H) — S, (H)1), which will be assumed to be surjective when
dim H = +o00. Then T.FA.E. (the following are equivalent).
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preserves || - ||, of convex combinations on S (H);

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : S, (H) — S, (H) (resp.,
®:Sf(H) — S, (H)1), which will be assumed to be surjective when
dim H = +o00. Then T.FA.E. (the following are equivalent).

(1) @ preserves || - ||, of convex combinations, i.e.,

[tp + (1 = B)all, = [[t2(p) + (1 = 1)@(0)]|-
forall p,o € S;(H) (resp., S;(H)l), 0<r<1.
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preserves || - ||, of convex combinations on S (H);

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : S, (H) — S, (H) (resp.,
®:Sf(H) — S, (H)1), which will be assumed to be surjective when
dim H = +o00. Then T.FA.E. (the following are equivalent).

(1) @ preserves || - ||, of convex combinations, i.e.,
ltp+ (1 = 1)all, = l12(p) + (1 = 1)2() |-
forall p,o € S;(H) (resp., S;(H)l), 0<r<1.

(2) forall p,o € S} (H) (resp., S} (H)1), one has o”~'p € Si(H),
t(o?~'p) = tr(@(0)~' ().
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preserves || - ||, of convex combinations on S (H);

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

For 1 < p < +oc. Supp. @ : S, (H) — S, (H) (resp.,
®:Sf(H) — S, (H)1), which will be assumed to be surjective when
dim H = +o00. Then T.FA.E. (the following are equivalent).

(1) @ preserves || - ||, of convex combinations, i.e.,
ltp+ (1 = 1)all, = l12(p) + (1 = 1)2() |-
forall p,o € S, (H) (resp., S,"(H)1), 0 <t < 1.
(2) forall p,o € S} (H) (resp., S} (H)1), one has o”~'p € Si(H),
tr(a?~"p) = tr(®(a)"~ ' ®(p)).
(

(3) 3 U: unitaryon H s.t. Vp € Sf(H) (resp., S, (H)1)
®(p) = UpU* or @(p) = Up'U*.
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Generalization on S (H),

Theorem (Nagy, 2014)

Let 1 < p < 400 and nonzero o, 3 € R. Supp. @ : S, (H)| — S,/ (H): is
a map satisfying

la®(p) + B2(0)|l, = llap + Bol, ¥ p, o€ S (H)

and @ is surjective if dim H = +oc.
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Generalization on S (H),

Theorem (Nagy, 2014)

Let 1 < p < 400 and nonzero o, 3 € R. Supp. @ : S, (H)| — S,/ (H): is
a map satisfying

la®(p) + B2 (o), = llap+ Boll, V¥ p, o €S, (H)
and @ is surjective if dim H = +oc.

Then 3 U: unitary on H, s.t. ® has the following form:

D(p) =UpU* or  B(p)=Up'U* VpeS,(H)
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proof by hermitian preserving, geodesic v;(¢)

Proof: Define ¢ : H, — H, by ¢(T) = log ®(e”) for T € H,. Then
(1 —1)logA +1tlogB) = (1 —1)1p(logA) + t1)(log B).
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proof by hermitian preserving, geodesic v;(¢)

Proof: Define ¢ : H, — H, by ¢(T) = log
Y((1 —1)logA + tlogB) = (1 —

Theorem (Hill, 1973)

Let ® : M, — M, be a linear map. Then &(
&
® is of the form
O(A) = €ViAV;,  for some ¢ =
j=1

®(e

H,) C H,

+1,V,...

) for T € H,. Then
1) (logA) + rp(log B).

V. € M,
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Counterexample

Let {e;}!_,: an o.n.b.(orthonormal basis) of C" and 1 < p < +oc.
Define @ : S, (C") — S5 (C") by
0, if p=0,

P.oP § P4 ’
H Z?_—l iP iHP i=1

where P; = eief, Vi.
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Counterexample

Let {e;}!_,: an o.n.b.(orthonormal basis) of C" and 1 < p < +oc.

Define @ : S, (C") — S5 (C") by
0, if p=0,

o(p) = Il - ,
=5 51 2 PirPi, ifp#0,
1221 PipPillp ;

Let p) = [ i i }, p2 = L. Then ®(p) = 2!~ (/P ®(py) = .

where P; = eief, Vi.
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Counterexample

Let {e;}!_,: an o.n.b.(orthonormal basis) of C" and 1 < p < +oc.

Define @ : S, (C") — S5 (C") by
0, if p=0,

o(p) = Il - ,
=5 51 2 PirPi, ifp#0,
1221 PipPillp ;

Let p1 = [ i i :|, p2 = 1. Then (I)(pl) = 217(1/1))12, (p(pz) =DI.

where P; = eief, Vi.

(1) 1 < p < +oo: || ()], = ||pllp, but we may have
1@ (p1) + (1 = )R (p2)llp # ll201 + (1 = 1) pal|, for some 7 € (0, 1).
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Counterexample

Let {e;}!_,: an o.n.b.(orthonormal basis) of C" and 1 < p < +oc.
Define @ : S (C") — S, (C") by
0, if p=0,
®(p) = Il - -
=5 51 2 PirPi, ifp#0,
122121 PipPillp ;

Let p1 = [ i i :|, p2 = 1. Then (I)(pl) = 217(1/1))12, (p(pz) =DI.

where P; = eief, Vi.

(1) 1 < p < +oo: || ()], = ||pllp, but we may have
1@ (p1) + (1 = )R (p2)llp # ll201 + (1 = 1) pal|, for some 7 € (0, 1).

(2) p=1: Infact, ®(p) = Y1, PipP;. Hence Vp, o € S| (H), t € [0,1]
ltp+ (1 = t)alli = [12(p) + (1 — )@ (0)|]1-
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Counterexample

Let {e;}!_,: an o.n.b.(orthonormal basis) of C" and 1 < p < +oc.
Define @ : S (C") — S, (C") by
0, if p=0,
®(p) = Il - -
=5 51 2 PirPi, ifp#0,
122121 PipPillp ;

Let p1 = [ i i :|, p2 = 1. Then (I)(pl) = 217(1/1))12, (p(pz) =DI.

where P; = eief, Vi.

(1) 1 < p < +oo: || ()], = ||pllp, but we may have
1@ (p1) + (1 = )R (p2)llp # ll201 + (1 = 1) pal|, for some 7 € (0, 1).

(2) p=1: Infact, ®(p) = Y1, PipP;. Hence Vp, o € S| (H), t € [0,1]
ltp+ (1 = t)alli = [12(p) + (1 — )@ (0)|]1-
But # U: unitary, s.t. ®(p) = UpU* or ®(p) = Up'U*, Vp € S| (H).
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Counterexample

Example

Let H be a separable Hilbert space with ano.n.b. {e, :n=1,2,...}
Let S be the unilateral shift on H defined by Se,, = ¢, forn =1,2,....
Let @ be defined by ®(p) = SpS* V p € S, (H).
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Counterexample

Example
Let H be a separable Hilbert space with ano.n.b. {e, :n=1,2,...}
Let S be the unilateral shift on H defined by Se,, = ¢, forn =1,2,....
Let @ be defined by ®(p) = SpS* V p € S, (H).
Then @ is linear, ®([a;]) = [ 8 0 ]

ajj
Hence @ is not surjective (. ejej ¢ Range ®).
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Counterexample

Example

Let H be a separable Hilbert space with ano.n.b. {e, :n=1,2,...}

Let S be the unilateral shift on H defined by Se,, = ¢, forn =1,2,....

Let @ be defined by ®(p) = SpS* V p € S, (H).

Then @ is linear, ®([a;]) = [ 8 0 ]
ajj

Hence @ is not surjective (. ejej ¢ Range ®).

And Vp,o € Sf(H),

ltp+ (1 =1)all, = t2(p) + (1 = )@(0)l, 7€ ]0,1].
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Counterexample

Example

Let H be a separable Hilbert space with ano.n.b. {e, :n=1,2,...}

Let S be the unilateral shift on H defined by Se, = ¢, forn =1,2,....

Let @ be defined by ®(p) = SpS* V p € S, (H).

Then @ is linear, ®([a;]) = [ 8 0 ]
ajj

Hence @ is not surjective (. eje] ¢ Range ®).

And Vp,o € Sf(H),

ltp+ (1 =1)all, = t2(p) + (1 = )@(0)l, 7€ ]0,1].

But # U: unitary, s.t. ®(p) = UpU* or ®(p) = Up' U*, Vp € S} (H).
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S, (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

Supp. @ : S (H)1 — S5 (H)1, which needs to be surjective when
dim H = +oco. Then T.EA.E.
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S, (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

Supp. @ : S (H)1 — S5 (H)1, which needs to be surjective when

dim H = +oc0. Then T.EA.E.

(1) @ preserves Hilbert-Schmidt norms of convex combinations, i.e.,
lto+ (1=1)oll2 = [1@(p) +(1-1)@(0)|l2, Vp,o € SF(H)1,1 € [0,1].
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S, (H)

Theorem (Kuo, Tsai, Wong, Zhang, 2014)

Supp. @ : S (H)1 — S5 (H)1, which needs to be surjective when

dim H = +oc0. Then T.EA.E.

(1) @ preserves Hilbert-Schmidt norms of convex combinations, i.e.,
lto+ (1=1)oll2 = [1@(p) +(1-1)@(0)|l2, Vp,o € SF(H)1,1 € [0,1].

(2) Forsome «in (0, 1), we have
lap+ (1 = @)all2 = [a®(p) + (1 — @)®(0)ll2, Vp,0 € S, (H)1.
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Theorem (Kuo, Tsai, Wong, Zhang, 2014)

Supp. @ : S (H)1 — S5 (H)1, which needs to be surjective when
dim H = +oco. Then T.EA.E.

(1) @ preserves Hilbert-Schmidt norms of convex combinations, i.e.,
lto+ (1=1)oll2 = [1@(p) +(1-1)@(0)|l2, Vp,o € SF(H)1,1 € [0,1].

(2) Forsome «in (0, 1), we have
lap+ (1 = @)all2 = [a®(p) + (1 — @)®(0)ll2, Vp,0 € S, (H)1.

(8) tr(po) = tr(P(p)P(0)) V p,oin S (H);.
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Theorem (Kuo, Tsai, Wong, Zhang, 2014)

Supp. @ : S (H)1 — S5 (H)1, which needs to be surjective when
dim H = +oco. Then T.EA.E.

(1) @ preserves Hilbert-Schmidt norms of convex combinations, i.e.,
lto+ (1=1)oll2 = [1@(p) +(1-1)@(0)|l2, Vp,o € SF(H)1,1 € [0,1].

(2) Forsome «in (0, 1), we have
lap+ (1 = @)all2 = [a®(p) + (1 — @)®(0)ll2, Vp,0 € S, (H)1.

(8) tr(po) = tr(P(p)P(0)) V p,oin S (H);.

(4) 3 U: unitary on H s.t. Vp e S (H),
O(p) =UpU*  or  B(p)=Up'U".
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Linear surjective isometries on C*-algebras

Definition: Let A, B: C*-algebras. A Jordan x-isomorphism
J: A= Bis
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Linear surjective isometries on C*-algebras

Definition: Let A, B: C*-algebras. A Jordan x-isomorphism
J: A — Bis alinear isomorphism of A onto B with J(a?) = J(a)?
(equivalently, J(ab + ba) = J(a)J(b) + J(b)J(a) for a,b € A) and
J(a*) =J(a)* fora € A.
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Linear surjective isometries on C*-algebras

Definition: Let A, B: C*-algebras. A Jordan x-isomorphism
J: A — Bis alinear isomorphism of A onto B with J(a?) = J(a)?
(equivalently, J(ab + ba) = J(a)J(b) + J(b)J(a) for a,b € A) and
J(a*) =J(a)* fora € A.

Theorem (Kadison, 1951)

Let A, B be C*-algebras and ¢ : A — B be a linear surjective isometry.
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Linear surjective isometries on C*-algebras

Definition: Let A, B: C*-algebras. A Jordan x-isomorphism
J: A — Bis alinear isomorphism of A onto B with J(a?) = J(a)?
(equivalently, J(ab + ba) = J(a)J(b) + J(b)J(a) for a,b € A) and
J(a*) =J(a)* fora € A.

Theorem (Kadison, 1951)

Let A, B be C*-algebras and ¢ : A — B be a linear surjective isometry.
Then 3 a Jordan x-isomorphism J : A — B and a unitary U € B, s.t.

B(A) = U - J(A).
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Linear isometries on M, ,

Recall: A norm | - | is called unitarily invariant norm if

||UAV|| = ||A]| Y unitaries U V.
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Linear isometries on M, ,

Recall: A norm | - | is called unitarily invariant norm if

||UAV|| = ||A]| Y unitaries U V.

Theorem (Li and Tsing, 1990)

Let ® : M, , — M, , be a linear isometry w.r.t. unitarily invariant norm

Il - ||. Supp. the norm || - || is is not a scalar multiple of the
Hilbert-Schmidt norm.
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Linear isometries on M, ,

Recall: A norm | - | is called unitarily invariant norm if

||UAV|| = ||A]| V unitaries U V.

Theorem (Li and Tsing, 1990)

Let ® : M, , — M, , be a linear isometry w.r.t. unitarily invariant norm

Il - ||. Supp. the norm || - || is is not a scalar multiple of the
Hilbert-Schmidt norm.

Then 3 U, V: unitaries on H, s.t. ® has the following form:

d(A)=UAV  or  B(A)=UATV.

Ming-Cheng Tsai ( Dept. of Applied Mathema Preserver problems



Differentiable

Lemma (Abatzoglou, 1979)

Let 1 < p < +oc and p in S, (H) be nonzero. The norm of S;f (H) is
Fréchet differentiable at p. For any o in S, (H) we have
dlp+toly| _ ( Pl ) |
e = loltp ™"
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Differentiable

Lemma (Abatzoglou, 1979)

Let 1 < p < +oc and p in S, (H) be nonzero. The norm of S;f (H) is
Fréchet differentiable at p. For any o in S, (H) we have
dlp+toly| _ ( Pl ) |
dr o™\ o

Supp. p,0 € Sf (H) (1 <p < +00). Then TEA.E.

(1) p=o.

(2) lltp+ (1 —=1)P||, = ||to + (1 —1)P||, for all P in P;(H) and all zin [0, 1].
(8) tr(Pp) = tr(Po) for all P in P(H).
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orthogonal

Lemma

Supp. p,o € S,f(H) for 1 < p < +oc. Then T.FA.E.

(1) p, o are orthogonal, i.e., po = 0.

@) |lap+ (1 —a)a|h = a|plhs + (1 — a)?||o|b for any (and thus all) «
in (0,1).

(8) tr(po) = 0.

(4) ||p+1to|, > |lpll, forall zin R, thatis, p L o in Birkhoff’s sense.

(5) tr(pP~lo) =0.
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orthogonal

Lemma

Supp. p,0 € S,f (H) for 1 < p < +oc. Then TEA.E.

(1) p, o are orthogonal, i.e., po = 0.

@) |lap+ (1 —a)a|h = a|plhs + (1 — a)?||o|b for any (and thus all) «
in (0,1).

(3) tr(po) = 0.

(4) ||p+1to|, > |lpll, forall zin R, thatis, p L o in Birkhoff’s sense.

(5) tr(pP~lo) =0.

Let 1 < p < 4o0. Supp. ® is a map from S, (H); into S, (H),
preserving the Schatten p-norms of convex combinations. Then

tr(o?~'p) = (Do)~ 0 (p)).
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Proposition

Supp. ® : S, (H)1 — S,/ (H); satisfies that

tr(o? "' p) = tr(®(0)P"'®(p)), Vp,o€ S;(H)l.
Then (1) ® preserves orthogonality in both directions, that is
po =0 O(p)®(0) =0, Vp,0¢€ SJ(H)l.

(2) When dim H < +o0, ®(P;(H)) € Pi(H). This holds when
dim H = 400 and & is surjective.
(3) When dimH < +o0, we have

trPQ = tr &(P)®(Q), VP,Q € Pi(H).

This holds when dim H = +o00 and @ is surjective.
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Differentiable

Lemma (Abatzoglou, 1979)

Let 1 < p < +oc and p in S, (H) be nonzero. The norm of S,f (H) is
Fréchet differentiable at p. For any o in S, (H) we have

1
e ( i j) |
-~ il

dllp + to||
dr
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Differentiable

Lemma (Abatzoglou, 1979)

Let 1 < p < +oc and p in S, (H) be nonzero. The norm of S,f (H) is
Fréchet differentiable at p. For any o in S, (H) we have

1
e ( i j) |
-~ il

dllp + to||
dr

Remark: Vp,o € S,(H), p # 0 with p = U|p|: polar decomposition,

. (|p|f’—1U*o>
—_ r ﬁ .
=0 ol

dllp +to]lp
dt
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Supp. p,0 € S,f(H) (1 <p < +o0). Then TEA.E.

(1) p=o.
(2) lltp+ (1 —=1)P||, = |[to + (1 —1)P||, for all P in P;(H) and all zin [0, 1].
(8) tr(Pp) = tr(Po) for all P in P(H).
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Supp. p,0 € S,f(H) (1 <p < +o0). Then TEA.E.

(1) p=o.
2) |ltp+ (1 =1)P||, = |[to+ (1 —1)P||, for all Pin Py(H) and all ¢in [0, 1].
(8) tr(Pp) = tr(Po) for all P in P(H).

Theorem (Uhlhorn, 1963)

Supp. dimH >3 and ® : P;(H) — P;(H) is a bijective map. Then ®
satisfies
PO=0 & ®(P)(Q)=0 (P,Q€ Pi(H))

< 3 U: linear unitary on H s.t. ®(P) = UPU*, P € P,(H).
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geometric mean

Geometric mean of positive operators: Pusz and Woronowicz (1973)
and later Ando (1978).

A X

= > .
A#B = max{X >0 [X B

] > 0}, A,BE€B(H) .
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geometric mean

Geometric mean of positive operators: Pusz and Woronowicz (1973)
and later Ando (1978).

A X

= >0:
A#B = max{X >0 [X B

] > 0}, A,BE€B(H) .

Properties of the geometric mean:

(G1) A#B = B#A.

(G2) If A < Cand B < D, then A#B < C#D.

(G3) (Transfer property) Vv S: inv. bdd. linear or conjugate-linear on H,
we have S(A#B)S* = (SAS*)#(SBS™*).

(G4) Supp Al >A>--->0,Bi>By > --- ZOandAn — A,
B, — B strongly. Then A,#B, — A#B strongly.

(G5) A#B = A'/2(A~1/2BA=1/2)1/2A1/2 if A is invertible.
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preserve Geometric mean on B(H)™"

Recall: Geometric mean of positive operators:

A X

A#B =max{X > 0: [X B

] >0}, A,BcB(H)*"
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preserve Geometric mean on B(H)™"

Recall: Geometric mean of positive operators:

A X

A#B =max{X > 0: [X B

] >0}, A,BcB(H)*"

and A#B = A'2(A71/2BA1/2)1241/2 it A € B(H)T,.
is the midpoint of geodesic A#,B,0 <t < 1ifA,B € P,.
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preserve Geometric mean on B(H)™"

Recall: Geometric mean of positive operators:

A X

A#B =max{X > 0: [X B

] >0}, A,BcB(H)*"

and A#B = A'2(A71/2BA1/2)1241/2 it A € B(H)T,.
is the midpoint of geodesic A#,B,0 <t < 1ifA,B € P,.

Theorem (Molnér, 2009)
Supp. dimH > 2 and ® : B(H)™ — B(H)" is a bijective map satisfying

O(A#B) = ®(A)#P(B) VABcBH) .
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preserve Geometric mean on B(H)™"

Recall: Geometric mean of positive operators:

A X

A#B =max{X > 0: [X B

] >0}, A,BcB(H)*"

and A#B = A'2(A71/2BA1/2)1241/2 it A € B(H)T,.
is the midpoint of geodesic A#,B,0 <t < 1ifA,B € P,.

Theorem (Molnér, 2009)
Supp. dimH > 2 and ® : B(H)™ — B(H)" is a bijective map satisfying

O(A#B) = ®(A)#P(B) VABcBH) .

Then 3 S: inv. bdd. linear or conjugate-linear on H, s.t. ¢ is of the form

®(A) = SAS* VAcB(H)".
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proof by Jordan triple automorphisms on P,

Theorem (Molnar, 2013)

Let®: P, — P, (n > 3) be a continuous Jordan triple automorphism,
i.e., ® is a continuous bijective map which satisfies

O(AB) = D(A)D(B)®(A)  A,BE P,
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proof by Jordan triple automorphisms on P,

Theorem (Molnar, 2013)

Let®: P, — P, (n > 3) be a continuous Jordan triple automorphism,
i.e., ® is a continuous bijective map which satisfies

O(AB) = D(A)D(B)®(A)  A,BE P,

Then 3 U: unitary, c € R, ¢ # —1/n, s.t. ® is of one of the following
forms:
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proof by Jordan triple automorphisms on P,

Theorem (Molnar, 2013)

Let®: P, — P, (n > 3) be a continuous Jordan triple automorphism,
i.e., ® is a continuous bijective map which satisfies

O(AB) = D(A)D(B)®(A)  A,BE P,

Then 3 U: unitary, c € R, ¢ # —1/n, s.t. ® is of one of the following
forms:

(1) ®(A) = (detA)UAU*, VA € P,
(2) ®(A) = (detA)°UA~'U*, VA € P,
(3) ®(A) = (detA)°UATU*, VA € P,
(4) ®(A) = (detA)°UAT)"'U*, VAeP,
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Jordan triple endomorphisms on P,

Theorem (Molnér, 2013)

Let®: P, — P, (n > 3) be a continuous Jordan triple endomorphism,
i.e., ® is a continuous map which satisfies

B(AB) = D(A)D(B)D(A)  A,B € P,
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Jordan triple endomorphisms on P,

Theorem (Molnér, 2013)

Let®: P, — P, (n > 3) be a continuous Jordan triple endomorphism,
i.e., ® is a continuous map which satisfies

B(AB) = D(A)D(B)D(A)  A,B € P,

Then 3 U: unitary, a mutually orthogonal set {Py,...,P,} C Pi(H),
¢, c1,...,cy: real numbers, s.t. @ is of one of the following forms:
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Jordan triple endomorphisms on P,

Theorem (Molnér, 2013)

Let®: P, — P, (n > 3) be a continuous Jordan triple endomorphism,
i.e., ® is a continuous map which satisfies

B(AB) = D(A)D(B)D(A)  A,B € P,

Then 3 U: unitary, a mutually orthogonal set {Py,...,P,} C Pi(H),
¢, c1,...,cy: real numbers, s.t. @ is of one of the following forms:
(1) ®(A) = (detA) UAU*, VA € P,

(2) ®(A) = (detA) UA~'U*, VA € P,

(3) ®(A) = (detA)°UATU*, VA € P,

(4) ®(A) = (detA)°UAT)"'U*, VAeP,

(5) ®(A) = > i (detA)IP), VA € P,
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proof

Recall: the geodesic distance between A and B w.r.t. K¥3 is
5(A,B) = || log(A~"/2BA=1/?)||s.
Theorem (Molnar, 2013)

Letd: P, — P, (n > 2) be a surjective isometry w.r.t dy, where N:
unitarily invariant norm on M,. Then 3 invertible T € M,, s.t. for

(1) ®(A) = TAT*, (2) ®(A) = TA~'T*
(3) ®(A) = TA"T*, (4) ®(A) = TA" '™
(5) ®(A) = (detA) 2/"TAT* (6) B(A) = (detA)2/"TA—'T*
(7) ®(A) = (detA)"2/"TA"T*  (8) B(A) = (detA)2/"TA"~'T*

is of one of (1)-(4).

n # 4 (resp., (1)-(8) if n = 4).

, P
, N: scalar of the Hilbert-Schmidt norm, @ is of one of (1)-(8).
N not scalar of the Hilbert-Schmidt norm. Then @ is of one of

v
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