Solutions of Math 3132 Practice Questions Part 6

1
0 if —-1<x<-=
1+2x if ——<x<0
22. Let f(x) = 2 1 . with f(x+2) = f(x).
1-2x if O<x<—
2
0 if §<x<1

(a) Draw the graph of f(x) and also the graph of the function g(x) to which the
Fourier series of f(x) converges to, in the interval -3 < x < 3.

Solution:

fx) -

N =
=

(b) Find Fourier series of f(x) and simplify as much as possible. Use it to evaluate

- 1
the sum Z m .
n=0

1

1-2x if O<x<~=

Solution: In fact the function can be restated as f(x) = 2
0 if 3 <x<l1

with f(x+2) = f(x) and f(—x) = f(x).
2 L
Since f(x) is an even function so b, =0 forall n > 1, ay = I f f(x)dx
0

2 nmx
and a, = 7 f(x)cos de forall n>1.But 2L =2 so L = 1. Hence
0

2 ' 1 1
ao:Ij(;f(X)dx:Z[j; (1—2)C)dx+j:de]:--.:5

2 (3
a":Tf (1 —=2x)cosnmxdx.
0




o . . 4 nm .
Using integration by parts gives a, = W(l — COS 7). Hence the Fourier
series is

glx) = > + ;an COS NTX = 4_1 2

—(1 — Cos —)] COSNTTX .

But cos%:Oifn:2k+l and Cos%:(—l)k if n=2k.So

1 oo
g(x) :4_1 Z[m(l — Ccos —)] COS NTTX
1 \ n
=1 Z; 2(2 (1 = O)lcos(2n — Dyex + Z[ (1~ 1l osnmx
1 4 < 1 & )
_4_1 Z 1)2 Jcos(2n — )x + 7? ;[E(l — (=1)")] cos 2nmx
:% Z; 1)2 Jcos(2n — Drx + 2 Z[m] cos2(2n — Drrx .

1
For x = 3 since g(E) = 0 so by substitution we get

(o8]

1 4 = 1 Zn—-Dr 2 1 B
=it Al T e Ll e

n=1

2n- D n?
But cos ———— =0 and cos(2n — 1)r = —1 so then —:—.

! 2 (en = Ly Z Qn-172 8
Note that you can use other points as well. For instance 1f you use x = 0 then
it will gave the same result.

1

23. Let f(x) =3x—-2 where 0 < x < —. Expand f(x) to a Fourier cosine series such that

4>.

the Fourier cosine series converges to f(x) on the interval 0 < x < —.

4
. 1
Solution: So L = 7 and we need to find ay and a, such that
f(X):3x_2__O+nZ:;anC =%+n:1ancos4nﬂx.

Now

2 (L 2 (i 3 i
= — = — —2 = —_ 2—2 4:——‘
- fo f(x)dx i fo (3x—2)dx = 8(3x 0l T

i
f (3x—2)cos @ dx
0

4

2 L
= i3 f(; f(x)cos?dx:

INTN N S

1

7
=8 f (Bx—2)cosdnnxdx;
0

using integration by parts, let u = 3x —2and dv = cos4nnxdx then
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du = 3dxand v = — sin4nmx . Hence
dnr

%
a, =8 f (Bx —2)cosdnnxdx
0

1

3x-2 3 4
=38 [ a sin 4n7rx| - — sin 4nmx dx]
4dnr 0 nr Jo

:8[0+

—— cosdnnx |Z ]
16n2n2 0

2“[< ' -11.

Therefore the Fourier cosine series of f(x)is

f(x)=3x-2= ) + Zan cos4dnmx
_3 [
= 74 Z S [(=1)" = 1] cos 4nnx
13 3

= - - = — = cos42n—-Dnx, O0<x<-—.
8 7r2nz:;(2n—1)2
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