Solutions of Math 3132 Practice Questions Part 4

13. Evaluate the line integral 9§C y?dx + xz> dy + x> dz where C is the curve of intersection
of sphere x*> + y* + z> = 8 and the cone x> +y* = 7> with z > 0, directed clockwise
as viewed from the origin.( Do it with and also without Stokes’ s Theorem.)

Solution:
We offer two solutions, one with using Stokes’s Theorem and the other without
using Stokes’s Theorem:

Solution 1:
xz+yz:z2 =S 72+7=8z=42 = 7=2.
z =2. Let S be that part of the plane z = 2

b

So C is the curve x*> +y*> = 4
k

inside x*> +y*> = 4. Then fi = k. But
i j k
VxF =| & £ £|=-3xi-37)+ (@ -2pk.
Y oxB x

Therefore
-3x*,7-2y)-(0,0, 1) =2 -2y;

VxF- f=(-3xz,

dsS = ,/1+z§+z§dA = V1+0+0dA = dA.

Now by Stokes’s Theorem:

9§y2dx + xz0dy + x3dz:ff
S

C
= f (2> —2y) dA
Sy

= ff (8—-2y)dA (because z=2 on §)
S xy

27 2
= f f r(8 — 2rsin @) drdf
o Jo
o 2 2
- fo (4r? = 2r'sin0) | do

21

VxF-i dS

16
(16 — — sin ) do
0 3

16 2r
(160 + == cos 0)[" a0

32,

Solution 2:
Ay = =22+7=8=2z7=42 = 7=2.

So C isthecurve x> +y>* =4, z=2.Let x=2cos#, then
0<0<L2n

C: x=2cosf, y=2sinf, z=2,




Therefore

9€y2dx + x2dy + X’ dz
c

21
= f 22sin” O(-2 sin 0 dO) + (2cos0)(2*)(2 cosH)db + 0
0
21

= (32 cos> 6 — 8 sin’ 0) dO
0

27
= f [16(1 + cos(26)) — 8(1 — cos” §) sin 6] dO
0
27
= f [16 + 16 cos(26) — 8 sin @ + 8 sin O cos” 6] dO
0

8 .
= 160+ 85in(26) + 8 cos 6 - = cos’ 0] " do

= [16(27) + 8(0) + 8(1) — %(1)] —[16(0) + 8(0) + 8(1) — 2(1)]
= 32r1.

14. Evaluate I = 95 [(xy + 3x2y2)§ + (z+ 2x3y)j + (2 + xzzz)f(] - dr, where C is the
c
curve x> + 22 =1,x*> +y>* =1, z =1y, directed counterclockwise as viewed from

a point far up the positive z—axis.

Solution: Let S be that part of the plane z = y inside C. Then

n= = , and
IV(z =)l V2
i j k
VXF = 2 5 2| = -i-2x7%) - xk.
xy+3x%y? z+2x%y 22+ X7

Therefore

1 1
VxF-f=(-1, -2xz>, =x)- —(0, -1, 1) = —(xz* — x), and
V2 V2

dS = (1+22+22dA = VI +0+1dA = V2dA.
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Now by Stokes’s Theorem:

95 [(xy + 321 + (z+2050)] + (@ + 2Dk - dr
C

:ffoF-ﬁdS
= ff 7(2xz —x) V2dA

= f (2xy —x)dA (because z=y on §)
Sy

21 1
= f f [2(r cos )(r* sin® ) — r cos 6] (rdr)d6
27
f f [2r* cos @sin® @ — r* cos 6] drd6
1
= I} [Sr cos@sin’ 0 — 3" cos@]| de
21 2 5 1
= f [=cosfsin“0 — = cosO|do
o S 3

2 . 1 . 2r
= [Esm39 - 551n9]|0
=0.

[e0)

15. Assuming that y = Z a, (x — 1)"is a solution of the differential equation

n=0

(=% = (x=-1Dy - (¥ -20y =0,

find a recurrence relation for a, and simplify it as much as possible. (Do not continue

after finding the recurrence relation).

Solution: y' = Z na, (x—1)"! and y’ = Z n(n—1)a, (x—1)""2. Also note
n=1 n=2
that x> — 2x = (x — 1)> — 1. Now putting in the differential equation we get

(x—1) Z n(n—"a, (x—1Y"2 = (x=1) Z na, (x=1)"" = [(x=1)>~1] Z a, (x=1)"
n=2 n=1 n=0

(o8] [ee)

- i n(n—1a, (x—1)" — Z na, (x—1)" - Z a, (x—1)"2 + i a, (x—1)" =0
n=2 n=0

n=1 n=0
N Z n(n—"1)a, (x—1)" — Z na, (x—1)" — Z Ay (x—1)" + Z a,(x=1y"=0
n=2 n=1 n=2 n=0

[oe]

Sat+ta(x—-1)—-a(x-1) + Z [[n(n—l)—n+1]an - an_z](x—l)” =0

n=2

=ag + Z [(n— ) a, — an_z] x=-1D"=0
n=2
=a, =0, (n-1Ya, —a,n=0, n>2
1

Therefore a, = m

a,—, where n=2,3,4,---
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16. For the d1fferent1al equation xy” + 3y’ —

Z a, x" to solve the differential equation, you get
n=0

y(x) =

3a; + Z [n(n+2)a, + a,., ]| X' = 0.

n=2

You do not need to prove this relation. Use it to find the solution of the

= 0, when you use the power series

differential

equation. Write your solution using sigma notation and simplify as much as possible.

Solution:
36 =0, nn+2a,+a,,=0, n=>2
1
So a; =0 and g, = — a,—» , n>2.Now
nn+2)
1
n=2 = an —% ap
1
= 3 = —— = O
n = as 3(5) aj
4 = ! |
n= a, = — a, = a
Y76 T 20426
1
-5 - 4. =0
n = as 3(5) as =
6 = | !
n = A = ———— Ay = ———
T’ 248
Therefore ay,_; =0 where k=1,2,3, --- and
(-1
= , k=2,3,4,---
Tk @208 - k22 +2) D
Hence
y(x) :Z a, X" = ag +(a1x + ax’ +asx + "')+(612)C2 + agx* +agx® + cee)
n=0
1 b
= O+0+0+--- — —ayx* an
a +O+0+0+---) + ( gdox” + ao ,,Z:;‘ @GN - ot D) )

1 0 —1y
=ap +(0+0+0+---) + (— §a0x2 + ay Z [22(42)(62)(82() _.).
n=2
IR (-1)" o
T gt T o Z 2@)6) - P (n+ 1)
1 2 (_l)n 2n
= adp — —apX + q T e——
0 gwn 0 Z:; 2! (n + 1)
| N (=1)" on
= adp — —dpX “+ a X
0 g 0 Z:; 220 (02 (n + 1)
N - n
- Z:(; e (n+ 1)
N =" 0
- % Z:(; 2l n+ 1)

2n
o ln+ 1) )
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17. Usey = Z a, x" to solve the differential equation
n=0

¥y +xy + -1y =0.

Simplify as much as possible. Is this solution a general solution? What is the interval

of convergence?
Solution: y = Z na, X' and y’ = Z n(n — 1)a, x** Now putting in the
n=1 n=2

differential equation we get

(9] [

x? Z nn—1a, X" + x i na, X'+ (x* - 1) Z a, x" =0,

n=2 n=1 n=0
(o] (o] (o] (o]
:>Zn(n—l)a,,x” + Znanx”+ zlanx'“r2 - Zanx" =0,
n=0
()
:Zn(n—l)anx” + Znanx + Zan X" — Za,,x” =0,

= —ayg —a1x + a1x + Z [nn—-1)+n-1]a, +an_2]x" =0,
n=2

—a0+i (n - 1)a, + a,- g]x =0.
n=2

1 1
Therefore ap = 0 and a, = P Ay_n = —m a,_, where n > 2.
2 = —1 0
n = —- —
ay 1(3) dag =
1
n=4 = as = —TS) a, =0
1
=6 = 0.
n = (273 5(7) as =
Therefore a,, =0 for k=0,1,2,3,--- . Also
1
= 3 = ——
n = as 2(4) ay
5 = ! + ! + !
n= S =t a1 = t——5-4a
TU365) 7 T 2@6) T T 2eh3E)
1 1 1
= 7 = —— = — e
. T TTTE® T T2m@ee® N T T BenE)
Therefore = (_l)k_] for k=1,2,3 Hence
a2k—1 - 4k—1 (k— 1)!k! al - 9~y .

(o)
E a, X" = ay + ajx + x> +az3x° + .-
n=0

y(x)

0+ a1x + a3x° +asx® + -+

a Z (GROA s
LT (n-Dint T

It is not a general solution because it has only one parameter while a general solu-
tion needs two parameters. To find the radius of convergence R:

1y 4l (a1
P n-Dinl (=1y | = limdn(n+1) = oo.

That is the interval of convergence is (—oc0,00).

R = 11m|—| = lim

n—o ', n—oo
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