Solutions of Math 3132 Practice Questions Part 5

18. Consider the differential equation
sin x
x> +16

(a) Is x =0 a singular point for the differential equation? Why?

(sinx)y”" + y +(xcosx)y = 0.

Solution: P(x) = sinx, Q(x) = ﬂ,and R(x) = xcos x.Now
x2+16
0w _ 1
P(x) xX2+16°
R(x) XCOoS X
= - = Xxcotx,
P(x) sin x
limxcotx = lim — = 1.
x—0 x—0 tan x

So x =0 is not a singular point.

(b) Find all real or complex singular points of the differential equation.

Solution: If x> + 16 = 0 , then x = +4i are singular points. Also xcotx
is not defined if x = kr, k = +1,+2,--- . Therefore x = +4i and
x = kn, k==1,+£2,--- | are all singular points.

(c) What can be said about the radius of convergence of a power series solution about
x = 3 for the differential equation?
(You are not asked to solve the differential equation.)

Solution: x = 3 is a ordinary point and

dy = Y3-02+(0-(x4))2 =5,
d2:7T—3,
So R>Min{5,7-3}) = 7-3.

Hence the radius of convergence of a power series solution about x = 3 is
at least m—3.

19. Consider the differential equation
(X =2x+2)y" + x>y — (sin®x)y = 0.

(a) Find all real or complex singular points of the differential equation.

Solution: P(x) = x> —2x+2, Q(x) = x>, and R(x) = —sin* x .Now

o) x?
P(x) x2-2x+2’
R(x) - sin® x

P(x) x2-2x+2

Soif x> ~2x+2=0then x=1+i and x = 1 —i are singular points.

[

(b) If y(x) = Z a, (x + 1)" is used to solve this differential equation, will the result

n=0
be a general solution ? What can be said about the radius of convergence of this



20. Let f(x) = {

power series solution ? Justify your conclusions.(You do not need to solve the
differential equation.)

Solution:

x = —1 is a ordinary point and

d, V5,

Vs,

VET=1)2+ (0 - 1)2

dy = (=1 =12+ 0+ 1)

So R > V5, that is the radius of convergence of a power series solution
about x = —1 is at least /5.

x—1 fO0<x<l1

0 Fl<x<? with f(x +2) = f(x).

(a) On the interval —4 < x < 4, draw the graph of f(x); also draw the graph of the

function g(x) to which the Fourier series of f(x) converges. Describe g(x).

Solution:
y
Graph of f(x)
V V / V x
y
Graph of g(x)

f(x) if x#0,+1,+2,---
In fact g(x) = 0 if x=2k-1, k=0,+1,+2,---
-3 if x=2k, k=0,+1,+2,---

(b) Find the Fourier series for the periodic function f(x). Simplify your answer as

much as possible.

Solution: 2. =2so L =1. Now

-] 2Lf<)d—1[f< d +f20d1—(12 =1
a()—L ; X X—l O.x X 1 x—2x )CO— 2,

1 2L

1 2
a, = — f(X)COS@dx:—[f (x—l)cosmrxdx+f 0dx]
L 0 L 1 0 1

1
:f(x—l)cosmrxdx;
0
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using integration by parts let ¥ = x—1and dv = cosnnxdx then du = dxand

v = — sinnmx . Hence
nr

1
a, = f (x —1)cosnmxdx
0

x—1 . 1 1 b
= Sin nrx |0 - — sinnmxdx
nm nr Jo
0+ :
= —— oS mrx|
22 0
1
= = (=1 1]
n2m?

1 2L

1 (! 2
b, = — f(X)Sin@dx:—[f (x—l)sinmrxdx+f 0dx]
L L 1 Jo 1

0
1
= f (x—1)sinnaxdx;
0

using integration by parts let © = x—1and dv = sinnmxdx then du = dxand

y = —— cosnnx. Hence
niw

1
b, :f(x— 1)sinnaxdx
0

x—1 1!
=— COS NITX |0 + — cosnmxdx
nmw nmw 0
-1 1 . 1
=0+ — + - Slnl’l7TX|0
nr nim
1
nr

Therefore the Fourier series of f(x)is

g(x) = % + ;[an cos% + b, sin @]
_1 iy 1
= 72 + ;[W [(-1)" — 1] cosnmx — Esinnnx]
1 2 1 l w1
- —— _ = S — 2n—1 - - — si .
1 Z‘ (n— 1y Co8n b n; n S

- 1
(c) Use part (b) to find the sum ram————
; 2n - 1)2

1
Solution: For x = 0 since g(0) = ) so by substitution in part (b) we get

1 1 2 1 1 - 1 n*
—_—— = - = — — (1) - -0 = —_— = —.
2 4 g HZ::J (2n—1)2() 7r() HZ::J 2n —1)? 8
2 . 1
8x + 16x if ——<x<0

21. Let f(x) =

1
with f(x + 5) = f(x).
8x — 16x2 if O0<x<

Bl—
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5 5
(a) Draw the graph of f(x) in the interval ~2 <x< 1
Solution:
y
Graph of f(x)
* * 1 L ] *
X

_5 41 3 L1 1 1 1 3 1 5
4 4 2 1 4 2 4 4

o e} _1 e} e}

(b) Draw the graph of the function g(x) to which the Fourier series of f(x) converges

5
to, in the interval 7 <x< 1 Describe g(x).

Solution:
y
Graph of g(x)
O O 1 O
o < < o o < X
5 41 3 L1 _1 1 1 3 1 5
4 4 2 4 4 2 4 4
o o _1 o o
In fact
2n+1
f)  ifx#+ ”4 , where n=0,1,2,3,---
g(x) =
2 1
0 if x= ": . where n=0,1,2,3,---
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