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Abstract

Optimal as well as recursive parameter estimation for semimartingales had been studied in Thavaneswaran
and Thompson [1, 2]. Recently, there has been a growing interest in modeling volatility of the observed
process by nonlinear stochastic processes (Taylor [3]). In this paper, we study the recursive estimates for
various classes of discretely sampled continuous time stochastic volatility models using the Milstein method.
We provide closed form expressions for the recursive estimates for recently proposed stochastic volatility
models. We also give an example of computation of the term structure of zero rates in an incomplete
information environment. In this case, learning about an unobserved state variable is done jointly with the
valuation procedure.
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1. Introduction

In the last three decades, semimartingales have received considerable attention with the emphasis being
placed on state space models. From an econometric standpoint, time-varying volatility models have been
widely developed, recognizing that the volatility and the correlation of assets change over time (see for
example Heston and Nandi [4]). State space models in which the conditional mean of the observed process
is modeled as a stochastic process are useful in parameter estimation. For example, stochastic volatility
models (Kawakatsu [5], Taylor [3]) are widely employed to estimate volatility parameters.

Thavaneswaran and Thompson [2] uses the estimating function approach for the recursive parameter
estimation in models with semimartingales. Thavaneswaran and Thompson [1], Naik-Nimbalkar and Ra-
jarshi [6] and Thompson and Thavaneswaran [7] use the estimating function method for the estimation of
state space models in the Bayesian setup. Parameter estimates obtained in Thavaneswaran and Thompson
[2] involve the evaluation of the stochastic integrals based on the observation of the complete path of the
observed process. However, for continuous time models, it is more appropriate to study parameter estimates
based on discretely observed data. In order to study the inference for diffusion processes based on discretely
observed data, one has to approximate the continuous time diffusion by a discrete process. For some interest
rate models (Vasicek, Cox-Ingersoll-Ross), discrete time approximation has been used to study parameter
estimation (see Thavaneswaran et al. [8], Sorensen [9], and the references therein). However, the recursive
parameter estimation based on discrete approximation has not been studied in the literature. We have to
define recursive par estimation. Also, is it true that people such as Ait-Sahalia have estimated
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parameters in discretised models in the context of approximate likelihood. We need to cite
his main paper I think.

In most realistic situations, the diffusion cannot be observed continuously, so discrete time approxima-
tions to stochastic integrals or a direct approach using discrete time observations is required. For extended
versions of the Cox-Ingersoll-Ross (CIR) model (reference???), closed form expressions for the first four
conditional moments cannot be obtained easily by using Ito’s formula, as was done for the non-extended CIR
model(reference???). Recently, Jeong and Park [10] uses the Milstein method (see Kloeden and Platen
[11]) to obtain the first two conditional moments of a diffusion. For diffusion models with a finite number
of parameters, Koulis and Thavaneswaran [12] use the Milstein method to obtain the first four conditional
moments and to construct the optimal estimating functions for the Vasicek model of the form

dyt = /Ltdt + UtdW(t),

with us = a(8 — y), ox = o, and a > 0. One of the drawbacks of this one-factor model is that it is
not in general possible to calibrate it so that it fits the presently observed term structure. For example,
Kennedy [13, p. 171] points out that for the above Vasicek model, which depends on three parameters, «, 3,
and o, it is not possible to choose values of those parameters so that the entire observed term structure of
interest rates is fitted exactly by the model. To solve the problem, Kennedy proposes to allow time-varying
parameters in the drift term of the Vasicek model.

Consider a diffusion process given by the time-homogeneous stochastic differential equation of the form

dys = a(a, yi)dt + b(B,y.)dW (t) (1.1)

where a and b are the drift and diffusion functions, respectively, and W (¢) is the standard Brownian motion.
A special case of (1.1) is the Brownian motion with constant drift and diffusion coefficients:

dy; = adt + BdW (1),

where 8 > 0. In this case, the conditional distribution of y; given yy = y is a normal with mean y + ot and
variance 32%t. If we consider the geometric Brownian motion given by

dy; = vydt + wy dW (1),

with w > 0, then log(y;) becomes a Brownian motion with drift with a = v — w?/2 and 8 = w. In this
case, the conditional distribution of log(y:) given log(yo) = log(y) is also normal. The CIR process can be
re-parameterized to the following form:

dys = (a1 + aoyy)dt + B/ y dW (t).

Extended versions of the CIR process model have been proposed for modeling interest rate processes.
For example, some consider the constant elasticity of variance process of the form

dy; = (a1 + oy )dt + BlyEQdW(t)

or the nonlinear drift diffusion process (Ait-Sahalia [14]) given by

dyy = (a1 + oy + asy; + ouy; )t + \/51 + Boye + By dW (2).

For more general extended models, the diffusion is a function of the observation y; and hence, closed form
expressions of the conditional distributions, as well as closed form expressions for the conditional moments
cannot be easily obtained by solving differential equations obtained by repeated application of It6’s formula.
However, the Milstein method can be used to obtain the first four conditional moments.

If we consider a discretisation in small intervals of time t; — t;_; = h, then the Milstein method applied
to (1.1) produces



Y, = Yt + a‘(a7 yti—l)h + b(ﬁv yti71>\/ﬁeti + %b(/@7 yti—l)by(/@7 yti—l) (6t21 - 1) h, (12)

where b, = S—Zand e ~ N(0,1), i.id.

Unlike the Euler method for diffusion processes, the Milstein method in (1.2) gives a non-Gaussian time
series model for y;, — vy, ,. The distribution implied by the Milstein method is a mixture of a normal and
chi-square distribution. Moreover, for the extended CIR model and for more general diffusion processes,
Ito’s approximation cannot be used to obtain closed form expressions for the first four conditional moments.
In this paper, first we use the Milstein method to discretise the continuous time diffusion processes and
then study the recursive estimates of latent state variables. We also show how the proposed method can
be used to derive zero coupon bond prices in the incomplete information environment. In this case, the
valuation exercise and the recursive estimation (learning) of the unobserved state variable are performed
simultaneously by market participants.

2. State Space Models

In order to construct an optimal recursive estimate for non-normal stochastic volatility models, we start
with the following discrete time example.Let the discrete-time state space model of the observed process
{y:}and the state process {6;}be given by:

Yt+1 = Agt -+ AZi41 + b(Zt2+1 — 1) (21)
9t+1 = Bﬁt + CTt+1 + d<77t2+1 — 1)

where A, B, a, b, ¢ and d are positive constants, and possibly measurable with respect to the o-field FY
generated by the observations of {ys} up to and including time ¢. In addition, {z;} and {7, } are two standard
Gaussian sequences of identically distributed random variables with Corr(z¢,7:) = p. The following lemma
will be used to prove our main Theorem.

Lemma 2.1. Assume that Z; ~ N(0,1) and Zy ~ N(0,1) with Corr(Zy, Z2) = p. Then Corr(Z2, Z3) = p®.

Proof: It follows from the theorem on Normal correlation that the conditional expectation and condi-
tional variance of Z; given Zy are give by E [Z1|Zs] = pZa and Var[Z1|Z3] = (1 — p?). Using the law of
total expectation, we also have

B(2223) = B [Z3E (2\%]] = E (230 - 7) + 7 2]
=(1—p*)+3p> =1+2p%.
Hence, the correlation between Z7 and Z3 is given as
E [212222} —1 _ 2
i "

The following theorem establishes the recursive estimation for the state space model (2.1).

Corr(Z3,73) =

Theorem 2.2. Given the state space model (2.1), and the class of all estimators of the form:
Or+1 = BOp + Ge(yr+1 — Aby)
the Gy, which minimizes the mean-square error, y:41 = E |(0s11 — @+1)2\Fg’ , is given by

G AB~; + p (ac + 2pbd)
T A%y, + a2 + 202

Moreover, the mean-square error is given as
~\2 ~ ~
YVep1 = (B — AGt) Ve + 2 4 2d? + G2 (a? + 2b%) — 2pGy(ac + 2pbd).
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Proof: The difference ;1 — é\t+1 is given by

Or1 — Opr = B(0; — 0c) + enern + d(n?y, — 1) — Gy (Aet +azgr +0(z7, —1) — A@)
= (B — AGt)(Gt — é\t) + CTt+1 + d(nt2+1 - 1) - aGtzt-i-l - bGt(th-i-l - 1) .

Squaring the above expression, taking expectations, and using the results of Lemma 2.1 it follows that the
conditional mean-square error at ¢ 4+ 1 is given by

Yepr = (B — AGy)? 71 + 2 + 2d% + G2 (a? + 2b%) — 2pGy(ac + 2pbd) .
Differentiating ;41 with respect to G and setting the first derivative to zero, we have
—2A(B — AGy)y: + 2G4 (a® + 2b%) — 2p(ac + 2pbd) =0 .

Solving for G¢, we obtain
=~ 2ABv; + plac + 2pbd)

CT2A%y, a2+ 202

Corollary 2.3. Let the state space model be of the form

Y1 = Aby + 201
Or41 = BOy + e 11

where {z;} and {n:} are two sequences of independent and identically distributed random variables having

mean zero and variance o2 and 0’%, respectively. In the class of estimates of the form:

(9\t+1 = B§t+1 + @t(ytJrl - Aat) )
the G; which minimizes the mean-square error v, = E [(Ht - @)|Fty } is given by

~ BA’}/t
" A%y 402

In addition, the mean-square error is given as
A a)° 2, A2 2
Vg1 = (B*GtA) Y + oy, + Gios.

Proof: The result follows from Theorem 2.2 by setting a = o,, b=0,, c=d =0, and p = 0.

3. General Model

In the continuous-time setting, consider the general state space model of the form

dys = A(ye)0rdt + a(y:)dW1 (1),
d@t = B(yt)ﬁtdt —+ 6(yta 0t)dW2 (t)

where W (t) and Wa(t) are two uncorrelated standard Brownian motions. If we consider a discretisation in
small intervals of time ¢; —¢;,_1 = h, ¢ = 0,1,..., then the Milstein method gives a non-Gaussian discrete
state-space model of the form:

h .
Ytivn — Yt = A(yti)etih’ + a(yti)\/ﬁztwrl + §a(yti)ay(yti) (ZtZi+1 - 1) ) (31)
h .
6ti+1 = [1 + B(ytl)h’]eti + B(Qti)‘/ﬁntiﬂ + 56(3/151"9%)69(3#1" 9751) (U?M - 1) ’
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where &, = 2% and B, = %, and {z,} and {n,} are two independent standard Gaussian sequences of
independent and 1dentically distributed random variables.

We can relate the discretised model (3.1) to the discrete-time model (2.1) by letting ys 41 = yt,,, — Yt

Ori1 = O4yys 241 = 24y, and g = 1y,,,. In addition, we have A = A(y,), a = oy, )Vh, b =
%a(yti)dy(yti)7 B = [1 + B(yti)h]’ c= B(ytz)\/ﬁ7 d= %/B(yti79ti)ﬂ9(yti79ti)’ and p = 0. It now follows from
Theorem 2.2 that the recursive estimator is of the form

where

041 = [1+ B(ye,)h)0; + Gy (yes1 — Alys,) Oih)

~

G, = Aye,)[1+ B(ye )l
A2(ye ) + (02 (ye )l + 5h2 0 (ye, )63 (ye,))
and the mean-square error is given as

N2 1 ~ ~
Y1 = (1 + By, )h — A(yti)Gt) Yo+ By )h + §h252(ytm9ti)53(yt“ 0r,)
. 1 .

+@2 (@(h+ S

Example 3.1 (Klebaner’s Model). Klebaner [15] considers a state space model in which the conditional
given by:

mean of the observed diffusion process is modeled by the Black-Scholes process (Black and Scholes [16]) and

dyt = Qtdt + dWl (t),

2
do, = (M + 02> Oedt + 00, dWs(t),
leads to

where Wy (t) and Wa(t) are two independent standard Brownian motions. In this case, the Milstein method

Ytivh — Yt = otzh + \/Ezt

i1 (32)
o? h o 9
0ti+1 :0ti + ,U/“F? h9t1 +0'9ti\/ﬁ7’]ti+1 +§0' eti(nti+1 — 1)

We relate (3.2) to the discrete-time model (2.1) by letting yiy1 = s\, — Yti> Or1 = Oriirs 2041 = 244445

and 7441 =N, Also, we put A=h,a= Vh,b=0, B= [1—1— ,u—f—"—;) h}, CEO’Qti\/E and d
It now follows from Theorem 2.2 that the recursive estimator is of the form

= %UQHti .
~ 0'2 ~ ~ ~
0t+1 = |:1 + (,U + 2) h:| Hf, + Gt(yt+1 — hﬁf) R
where ,
(e 5]
Gy = ;
' h(ve+1)
and the mean-square error is given as

0_2
Y= |1t 5

2

. 1 .

> h} — th> Ve + 0202 h+ ih%‘*o?; + G7h.

Example 3.2 (Hull and White Model). Hull and White [17] proposed the stochastic volatility model in
which the conditional variance of the observed diffusion process is modeled by a Black-Scholes process and
given by:

dy; = ayedt + 0.y, dW (1),
do? = ab?dt + bO?dWo(t).
5



where W1 (t) and Wh(¢) are two correlated standard Brownian motions with EdW (t)dWs(t) = pdt.
We use Ito’s formula to obtain df;:

a b b

1222

To simplify Milstein approximation we treat the coefficient on dW(t) as a function of only y;. In this
case,the Milstein method leads to

1
Ytoor — Yt — oy h = Oy Vha,, + 592%1}1(%“ - 1),
b\f b2 9
0t71+1 = (1 + M9h)0ti =+ 5 hetﬁtiﬂ + gotih(nti+1 - 1)

We relate (3.3) to the discrete-time model (2.1) by letting yi11 = vy, — Y, — @y, by 1 = 0y,
2041 = Zty40s Tl = Tty Also, we put A =0, a = 0,5, Vh, b= 367 y,,h, B = (1 + pgh), c = vVhb,, and
— h12
= 2p%0,..
8 i
It now follows from Theorem 2.2 that the recursive estimator is of the form

Orir = (1+ poh)0; + Grysr
where
b (1 + pb@g)
"oy (1+56n)
and the mean-square error is given as

b2 h? ~ 1 ~ ~h
Yerr = (14 pah) + SRR + 6B 4 ByhE (1 + ﬁh) ~ b2y (1 n pb9t4) .

When correlation p = 0, the model simplifies to

ét = 0
Orp1 = (14 poh)b:

Vo~ h? s,
Yer1 = (14 poh) v+ S+ Eb‘lat

Example 3.3 (CIR Model). Consider the CIR model for observed process y; given by
dyt = k(@t — yt)dt + U\/@dwl (t),
and the state process 0; follows a diffusion process of the form

dgt = B(yt)etdt -+ 5(%, Qt)dWQ(t),
EdW, (£)dWs(t) = 0

In this case, the Milstein method for y; and 6; leads to

1
Ytir — Yt, + kye, = kO, h+ 0r/ye, hzy, + ZorQh(zi_+1 - 1), (3.3)
h .
0ti+1 = [1 + B(yh)h]et@ =+ /B(yti)\/gnti+l + E/B(yti’ ati)ﬂg(yti’eti) (nt21;+1 - 1) )
respectively.



We relate (3.3) to the discrete-time model (2.1) by letting yi11 = yy, — Yo, + kyr, 1 = Oy,
Zi41 = i1 T4l = My, and p = 0. Also, we put A = kh, a = o+/y,h, b = 102h, B = [14 B(yy,)h],
c= ﬁ(ytb)\/ﬁ and d = % (ytiveti)69(ytw etz)

It now follows from Theorem 2.2 that the recursive estimator is of the form

Orr1 = (L + B(ye,)1)0; + Gi(yer — khby),

where
& k[l + B(y)hlve

t = th,.Yt +O'2 (yt + %0_2)7

and the mean-square error is given as

~\2 h2 ~ . ~ ~ 1
Vit1 = (1 + B(y, )h — tht) Ve + B2 (ye)h + 352(%, 0:) 53 (ye, 01) + o> hG? (yt + 802h) .

4. Bond Valuation with Recursive Learning under Milstein Approximation

We now present the computation of a zero coupon bond price in the setting of a two-factor CIR model.
In two-factor models, in general, bond yields are deterministic (and usually affine) functions of two factors.
There are at least two reasons for why two-factor (or even multi-factor) models are more preferable to single-
factor models. First, the empirical difficulties of fitting the shape of the term structure of zero rates and
their volatilities and the variation of interest rate spreads in single-factor models are well known. Second,
there are institutional restrictions on the behavior of interest rates that mandate more factors than one.
Central banks tend to target certain levels (or ranges) of interest rates. These levels themselves may change
over time as economic conditions change. As an example we consider a variant of the two-factor CIR model
presented in [18]. The model defines the short rate as a CIR process with long-run mean (also known as
central tendency) being itself a CIR process:

dry = Ke(pe —re)dt + opy/Tedzy
dny = kp(0 —ne)dt + oy /Medzy
Edzdz, =0

Milstein approximation is readily available

2

Tt4+h — Tt = KH-(nt - ’I"t)h + o, ’I"thgr + O;-Trh (Eg — 1) (41)
2
ag
Nevh =M = kn(0 —ne)h + op/nehey + Zﬁh (53; - 1)

Eerepy =0

Note that the new state variable processes are no longer normal. Rather, they are a mixture of normal
and chi-squared random variables.

Because investors do not observe 7; the task of pricing a zero coupon bond is a two-stage exercise. First,
investors estimate the latent central tendency process, 7;. For that purpose, we assume, they use the rule
described in Theorem 2.2:



Tesn = T+ w0 — )+ Go(rern — 10 — k(T — 74)h)
~ K lin oy

Gt == 2
H%h"}/t + O'% (T’t + %h)

~\2 9 =R 0'2 ~o o 0.2
(1 — kyh — Hrth> Ve + U,]h N + gnh + Gio h (Tt + 8Th>

Vt+h

2
((1 — kigh)? — 26,hGy + 3Gtmrn,,h2) Y+ 02h (ﬁt n 08’7h>

Second, investors value the bond conditional on the pair (r4,7;). Thus, investors’ problem is the joint
problem of estimation of the latent state process and simultaneous valuation of the bond.

The fundamental valuation principle in asset pricing states that if there is no arbitrage, then there exists
a positive pricing kernel (also called stochastic discount factor (SDF)) such that the following condition is
satisfied by any h-period return on any asset at any time:

EmynRiyp =1 (4.2)

In our example we are interested in an h-period return on a zero coupon default-free bond, Ry, =
B,/ Bt"+h, where B} is the time ¢ price of a zero coupon bond with n periods remaining until maturity.

The complete information version of this model is affine, and the solution for a bond price in the complete
information case is available in continuous time. Here we can start with discrete-time SDF

—Inmyip = a+ pBry+ A/ rihe, + /\2h53 (4.3)

Finding SDF parameter restrictions requires the knowledge of the following integral of an exponential-
quadratic function of a standard normal variable, e:

1 1 ¢?
FEyexp (cﬁﬁ: + L,Oth) = TQ% exp (2 . ¢t2(pt> (4.4)

with transversality condition ¢; < 1/2.

The condition that the expectation of an h-period SDF has to give us the h-period short rate allows us
to find SDF coefficient restrictions:

—~InB' = rh=—In(Erexp(nmyip))
— _InEexp (704 — Bre — M/rehe, — Azhe,%)

Using the fundamental pricing equation (4.2), the SDF expression (4.3), and the expression for the
expectation of the exponential-quadratic function of the standard normal variable in (4.4), we have

—InB" = rh (4.5)
1 + 1 )\%Tth
VIF 20k  21+2Xh

For SDF (4.3) to be consistent with restriction (4.5), we must have

= a+pri+n

1
a = §ln(1 + 2X2h)

IR
= 1—77
b h( 21+2)\2h>
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Inserting SDF (4.3) into the pricing equation (4.2), we obtain the following expression for the price of a
zero-coupon bond maturing at time T (let (T —t)/h = N):

Eymy s nMishiionmr_nr = Bf
N—1

BtT =exp (—alN) E;exp (Z (*57"t+nh — A1y 7“t,t+anL5r,t+(n+1)h - h>\25§7t+(n+1)h>>
n=0

By definition, the yield on this bond is given by

N-1
1 1
y;T = —T 1 hl B;T = ﬁ (O{N — ln Et exp <Z (—67}_’_”}1 — Al\/ Tt,t+nhh5r,t+(n+1)h — h)\2€$7t+(n+l)h>>>

n=0

Unfortunately, the learning implications of the model render the final bond expression non-affine in the
state variables. The expectation above, however, can be easily computed using Monte Carlo integration.

When constructing the term structure of interest rates we make maturities, 7', range from one year to 10
years. The discretisation time step, h, is kept constant at 1/500 of a year. As a base case for our simulations
we take the following parameter values. We choose the speed of mean reversion in both the short rate and
the central tendency to be s, = K, = 2.0, so that they are consistent with high persistence of the state
variables. E.g., for x, = 2.0, the persistence of the non-Gaussian AR(1) short rate process in (4.1) is equal
to 1 — k.h = 0.996. Both &, and &, have virtually identical impact on the term structure of zero yields!.
This influence, however, is strong as we might expect. Intuitively, larger speed of mean reversion pulls the
state variables faster to the long run mean, #. The result is that all yields are larger with the intermediate
yields being affected the most, which increases the concavity of the term structure as represented in Figure
1.

The shape of the term structure strongly depends on the relative position of the current short rate with
respect to the long run mean of the central tendency, §.2 Our model produces rich patterns of the term
structure similar to non-discretised CIR models. If the short rate is below the mean, the term structure is
upward-sloping, otherwise, it is inverted. For our numerical results we set the long run mean of the central
tendency at 0.01 in the base case. The level of 6 has a strong effect on both the levels and the curvature of
the term structure, with the latter being affected the most by 6 than any other parameter of the model (see
Figure 2).

Our numerical simulations show that, interestingly, the instantaneous volatilities of both the short rate
and the central tendency are largely irrelevant for the shape and level of the term structure. We start with
the base case values of the volatilities given by o, = 0, = 0.01. As an example, the yields on a 1-year and
10-year zeros in the base case are 2.01% and 3.90%, respectively. If we increase o, substantially to, say,
0.1, the corresponding new yields are identical to those obtained with base case parameters. Likewise, if we
increase o, from 0.01 to 0.1, we do not see any change in any of the yields®.

The base case risk premiums are \; = —0.02 and Ay = 0.001. Zero yields are largely insensitive to the
value of A\;. However, the second risk premium, which is the loading on the non-Gaussian component in the
SDF, has strong influence on the term structure. This non-Gaussian risk premium affects zero rates of all
maturities in the same way leading to parallel shifts in the yield curve. Even though the shape of the term
structure is largely not affected, the yields are very sensitive to the level of the second risk premium. E.g., a
change in Ay from the base case level of 0.001 to 0.05 add about 980 basis points to yields of all maturities
as shown in Figure 3.

1Due to this finding, we present simulations results only for ;.

2In our simulations we assume that both the short rate and the central tendency start at 0.01. We also assume that the
posterior variance of the central tendency estimate, ~¢, starts at the level of two instantaneous standard deviations of the
central tendency, nt, i.e., v+ = 20y/N¢ per year.

30nly if we increase these volatilities to unrealistic levels by a factor of 1000, do the yields decline. The decline, however,
is minuscule, half a basis point or less.



5. Conclusion

Recently, it has been demonstrated (McLeish [19]) that the diffusion process can be well approximated
by the Milstein method rather than the Euler’s method. In this paper, we study the recursive estimates for
various classes of discretely sampled continuous time stochastic volatility models using the Milstein method.
We also provide an example of joint valuation of a zero-coupon bond and learning about an underlying state
variable under incomplete information environment.
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Figure 1. Term Structure as a function of the speed of mean reverisonin
the short rate
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We use base parameters presented in the text to generate the term strucutre of zero rates. The underlying
maodel is the discretized version of a continuous-time Cox-Ingersoll-Ross (CIR) model with the central tendency
of the short rate also following a CIR process. We use Milstein discretisation scheme.

The curves represent the mean yields over 10000 Monte Carlo iterations. The time step in the Milstein scheme
is 1/500 of a year. The speed of mean reversion parameter, kr, ranges from 0.5 to 2.

In our simulations we assume that hoth the short rate and the central tendency start at 0.01. We also assume
that the posterior variance of the central tendency estimate, y;, starts at the level of two instantaneous
standard deviations of the central tendency, y, = 20,/ per year.
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Figure 2. Term Structure as a function of the central tendency of the
short rate
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We use base parameters presented in the text to generate the term strucutre of zero rates. The underlying
model is the discretized version of a continuous-time Cox-Ingersoll-Ross (CIR) model with the central tendency
of the short rate also following a CIR process. We use Milstein discretisation scheme.

The curves represent the mean yields over 10000 Monte Carlo iterations. The time step in the Milstein scheme
is 1/500 of a year. The long run mean of the central tendency, 6, ranges from 0.1 to 0.4.

In our simulations we assume that both the short rate and the central tendency start at 0.01. We also assume
that the posterior variance of the central tendency estimate, y;, starts at the level of two instantaneous
standard deviations of the central tendency, ¥, = 20,1 per year.
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Figure 3. Term Structure as a function of the second rsik premium, A2
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We use base parameters presented in the text to generate the term strucutre of zero rates. The underlying
model is the discretized version of a continuous-time Cox-Ingersoll-Ross (CIR) model with the central tendency
of the short rate also following a CIR process. We use Milstein discretisation scheme.

The curves represent the mean yields over 10000 Monte Carlo iterations. The time step in the Milstein scheme
is 1/500 of a year. The non-Gaussian risk premium, ., ranges from 0.5to 2.

In our simulations we assume that both the short rate and the central tendency start at 0.01. We also assume
that the posterior variance of the central tendency estimate, y;, starts at the level of two instantaneous
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