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Organization of the cytokeratin network in an epithelial cell
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Abstract

The cytoskeleton is a dynamic three-dimensional structure mainly located in the cytoplasm. It is involved in many cell functions

such as mechanical signal transduction and maintenance of cell integrity. Among the three cytoskeletal components, intermediate

filaments (the cytokeratin in epithelial cells) are the best candidates for this mechanical role. A model of the establishment of the

cytokeratin network of an epithelial cell is proposed to study the dependence of its structural organization on extracellular

mechanical environment. To implicitly describe the latter and its effects on the intracellular domain, we use mechanically regulated

protein synthesis. Our model is a hybrid of a partial differential equation of parabolic type, governing the evolution of the

concentration of cytokeratin, and a set of stochastic differential equations describing the dynamics of filaments. Each filament is

described by a stochastic differential equation that reflects both the local interactions with the environment and the non-local

interactions via the past history of the filament. A three-dimensional simulation model is derived from this mathematical model.

This simulation model is then used to obtain examples of cytokeratin network architectures under given mechanical conditions, and

to study the influence of several parameters.

r 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The cytoskeleton is composed of three types of
filaments (microtubules, MT, microfilaments, MF and
intermediate filaments, IF). They are organized as
networks, each having different functions and different
architectures.

Modeling of the cytoskeleton (re)organization and
more generally network organization of a variety of
biochemical species and living organisms has attracted
the attention of several authors in the recent past.
Models of network structures whose architectures
depend on their environment have been developed.
These models are concerned with angiogenesis processes
(Stokes and Lauffenburger, 1991), plant roots (Mech
and Prusinkiewicz, 1996), neural networks (Vaario et al.,
1997), extracellular matrix fibers (Dallon et al., 1999;
Dallon and Sherratt, 2000) as well as with intracellular

actin filaments (Sherratt and Lewis, 1993). Several
models have been developed to study the dynamics of
the MF and MT networks using molecular mechanisms
(Robert et al., 1990; Dufort and Lumsden, 1993;
Civelekoglu and Edelstein-Keshet, 1994; Bolterauer
et al., 1996; Mogilner and Edelstein-Keshet, 1996;
Spiros and Edelstein-Keshet, 1998; Janosi et al., 1998;
Mogilner and Oster, 1999; Sept et al., 1999; Edelstein-
Keshet and Ermentrout, 2000). Some of the models
using a molecular approach have been extended in order
to account for the effects of the extracellular environ-
ment on the dynamics of cytoskeleton reorganization
(Suciu et al., 1997; Wang, 2000). Moreover, a structural
approach based on the tensegrity concept (Ingber, 1993)
proposes the modeling of the global behavior of the
cytoskeleton (Wendling et al., 1999). As far as we
know, no such model has ever been proposed for IF

organization.
The scaffolding of IFs generally forms a mesh (� in

Fig. 1) which encloses and maintains the position of the
nucleus (Goldman et al., 1996). From this perinuclear
mesh, IFs radiate through the cytoplasm to anchorage
regions of the cell membrane (’ in Fig. 1) forming a
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link between the extracellular environment and the
nucleus. The IF network exhibits different architectural
patterns depending on intracellular locations (Portet
et al., 1999) corresponding to specific strain regions in
the cell. IFs also have specific rheological properties (Ma
et al., 1999); they resist high strain by increasing their
stiffness (Wang and Stamenovic, 2000).

The soluble subunits of IFs, the tetramers, are fibrous
proteins consisting of two coiled coils (Geisler et al.,
1998). Tetramers, also called the soluble pool (Hatzfeld
and Burba, 1994), are the building blocks of IFs. Eight
tetramers aggregate laterally to form a unit-length
filament (ULF). ULFs anneal longitudinally to yield
filaments (Herrmann and Aebi, 2000). As subunits of
filaments, they are fixed and form what is called the
insoluble pool.

The IF network plays a mechanical role (Eckes et al.,
1998; Chou and Goldman, 2000; Coulombe et al., 2000).
It can reorganize its architecture in response to
modifications of the extracellular environment (Wang
and Ingber, 1994; Thoumine et al., 1995): in this way, it
might mediate mechanical signals from the extracellular
environment to the nucleus (Ingber, 1997). It could also
preserve what is known as cell integrity (Sarria et al.,
1994). The aim of our work is to study, by means of a
model, the dependence of the structural organization
of the IF network on its mechanical environment,

implicitly described by a mechanically regulated protein
synthesis (Chicurel et al., 1998). We focus on cyto-
keratins (CK), the major protein components of IFs
expressed in epithelial cells (Bray, 1992). Thus, our
model describes the establishment of the CK network in
an epithelial cell, driven by mechanical conditions by
accounting for

* the (phenomenological description of the) mechanical
environment and its effects on the intracellular
domain,

* and the building up of filaments by partial aggrega-
tion of the CK.

It is assumed that the mechanical environment
regulates CK synthesis, which we assume to take place
at strain regions in the cytoplasm, with rates depending
on the nature of the strain. The action of the mechanical
environment is modeled without explicit reference to
either the nature of the signal or the detailed description
of the mechanisms. Each filament is the material
trajectory of a solution of a stochastic differential
equation (SDE) whose coefficients reflect both the local
interactions with the environment via the concentration
gradient, and the non-local interactions via the past
history of the filament. Thus the model is a hybrid of a
partial differential equation (PDE) of parabolic type,
governing the evolution of the concentration of CK, and
a set of SDEs describing the dynamics of filaments. A
numerical code has been implemented for the model and
a number of virtual experiments have been performed. A
typical experiment shows the building up of filaments
and their progression from the source sites through the
cytoplasm; as time goes on, more and more filaments are
produced, until the emergent network stabilizes. As a
first attempt to quantify these results, some features
have been extracted to ascertain to what extent the
density of the network or the shape of the filaments is
influenced by either diffusion, stochastic terms or the
initial conditions of the SDE. Our analysis is strictly
numerical we do not attempt a rigorous analytic
treatment.

The paper is organized as follows: Section 2 is devoted
to modeling concepts; in Section 3, the components of
the mathematical model are explained in detail, and the
general equations are stated. In Section 4, results of
numerical experiments are presented. Finally, Section 5
provides a general discussion of the model and the
numerical results. Details about numerical computa-
tions are deferred to Appendix A.

2. Modeling concepts

At the end of mitosis, once the telophase step has
been completed, the cell divides into two daughter cells
(cytodieresis), and the nuclear envelope is formed. The
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Fig. 1. CK networks of cells, imaged by immunofluorescence and

confocal microscopy. Regions marked by ’ are desmosome plaques,

the cell–cell junction areas. Regions marked by � are the perinuclear

regions surrounding the cell nuclei: CK filaments cover the surfaces of

nuclei. The image was provided by Jany Vassy.
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present work models the establishment of the CK

network from this time (henceforth denoted as the
initial time T0 ¼ 0 of the model) onwards. The temporal
domain is ½0;Tmax�; where Tmax is the cell doubling time.
The spatial domain is the region defined by a cell, made
up of a cellular membrane, a cytoplasm, a nucleus and
its nuclear envelope. Moreover, we consider epithelial
cells, where a basal-apical polarity divides the mem-
brane into three domains: the basal surface in contact
with the extracellular matrix (ECM), the lateral surfaces
in contact with the adjacent cells and the apical surface
in contact with the lumen (Bray, 1992).

2.1. Extracellular mechanical environment and its effects

on the intracellular domain

Immediately following the end of cytodieresis, it is
hypothesized that a centripetal field of forces is
established around the nucleus, as a body force
responsible for maintaining nuclear integrity. After a
while, the cell differentiates into an epithelial cell. It then
anchors to the ECM via hemidesmosomes and adheres to
other adjacent epithelial cells via desmosomes. The
hemidesmosomes, containing integrins, are located at
the basal surface (Sonnenberg et al., 1993), and the
desmosomes, containing cadherin-family members,
form plaques several microns in diameter on the lateral
surfaces of the cells (Fig. 1) (Smith and Fuchs, 1998).
The extracellular mechanical environment acting on the
cell is then assumed to be composed of tension or/and
pressure caused by the two types of junctions, the
hemidesmosomes and the desmosomes.

The type of strain determines where it will act
spatially and when it will be activated. Cohesion forces,
which preserve the nuclear integrity and act at the
perinuclear region, are postulated to be active at the
initial time. Strain resulting from junctions, acting on
hemidesmosomes and on desmosomes respectively, is
assumed to be initiated in sequence after the onset of cell
differentiation.

Our main working hypothesis is that the action of

mechanical strain triggers and regulates the synthesis of

cytoskeletal proteins. Motivated by the observations
of Chicurel et al. (1998) in the case of focal adhesion
complexes, when mechanical strain is applied to the cell
(step (1) in Fig. 2(a)), we assume that it reacts by
relocating the synthesis of CK proteins to the regions
surrounding the strain in order to build a network
capable of preserving its integrity (step (2) in Fig 2(a)).
In other words, we assume that mechanical stress
induces the transport of ribosomes and messenger
RNAs (protein synthesis machinery) along MTs or
MFs (Jansen, 1999) from the nucleus to the strain
regions. The translation of mRNAs into proteins then
takes place in the sites of the strain. This sequence of
events (steps (1) and (2) in Fig. 2(a)) is referred to in our

model as the synthesis process of the soluble pool
(tetramers).

Since the sources of synthesis are assumed to be
associated with the strain regions, their activation is
dependent upon the activation of strain. As shown by
Chicurel et al. (1998), the ability to cause the ribososme
and mRNA relocalization, i.e. the recruitment of the
protein synthesis machinery, is correlated with the
applied stress as well as with the ability of transmem-
branar receptors to mediate the mechanical strain. Thus,
the intensity of the synthesis in a site is assumed to
depend on the strength of the strain acting in this
location. Protein synthesis is also assumed to be
modulated by the distance separating the intracytoplas-
mic location from the nucleus. The speed of convergence
to the maximum synthesis intensity is inversely propor-
tional to the distance of the nucleus from the sites of
synthesis. This hypothesis is used to model the active
transport of ribosomes and mRNAs along MT or MF

networks from the nucleus to the strain regions.
Moreover, the synthesis process is alternately switched
on or off according to specific levels of soluble pool
concentration (Fig. 2(b)), which we call the limiting

concentrations; see (Chou et al., 1993).
The soluble pool spreads through the cytoplasm from

the strain regions by diffusion (step (3) in Fig. 2(a))
(McGrath et al., 1998). At initial time, we assume that
the cell has neither a CK filament network nor any
soluble CK. As CK is a cytoplasmic protein (Bray,
1992), the synthesis and the diffusion of the soluble
pool are confined to the cytoplasm. As a result, no
transmembranar flux takes place.

To summarize, the management of the soluble pool is
composed of two processes, the synthesis process and
protein diffusion (Fig. 2(b)). Soluble pool concentration
fields, resulting from both processes, can be conceived as
intracellular strain fields, generated by the intra/extra-
cellular mechanical environment.

2.2. Building up of filaments

Simultaneously to the previously described processes,
the building up of filaments begins, starting with
filament nucleation (Fig. 2(b)). Filaments are initiated
at specific sites, called nucleation centers. While no site
already occupied by a filament can be a nucleation
center, an unoccupied site will become one depending on
the level of soluble pool concentration in its vicinity.
Filament nucleation cannot take place if the concentra-
tion is below a critical value (necessary for ULF

polymerization). Above that value, we associate a degree
of nucleation with each site, which we will call the
nucleation susceptibility. Comparison of the latter with
the nucleation properties determines whether a filament
can be nucleated at the site. These mechanisms are
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represented in the model by functions which are
described in Section 3.2.

Next, the building up of the network proceeds by
means of longitudinal annealing of ULFs (Herrmann and

Aebi, 2000) from nucleation centers forming filaments
(step (5) in Fig. 2(a)). The filament growth is only apical:
a filament elongates at its terminal end, the tip of the
filament. The filament growth stops when the filament
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Fig. 2. The model of CK network organization. (a) The action of mechanical strain on the cell (1) induces a protein synthesis (2). The protein

synthesis includes several processes, namely transcription, migration of synthesis machinery (messenger RNAs and ribosomes) along MTs

(intracellular transport) from the nucleus to the strain regions, and translation into proteins at strain regions. As a result, the protein synthesis

produces the soluble pool. The soluble pool spreads through cytoplasm forming concentration fields (3). Then, soluble pool subunits aggregate

laterally to form insoluble pool subunits (4). By a longitudinal annealing of insoluble pool subunits to filament tips, filaments grow (5), and the

network is built. (b) Extracellular mechanical conditions regulate protein synthesis, which is also modulated by limiting concentrations. Then, as

guided by the mechanical environment, the soluble pool propagates by means of a diffusion process. Both synthesis and diffusion are processes

related to the soluble pool, whereas the nucleation and the polymerization are related to the insoluble pool. However, the concentration fields of

soluble pool partly govern the building up of filaments by taking part in definitions of the nucleation susceptibility, and of both the potential of

growth and the environmental contribution. The building up of filaments is jointly directed by the shape history of filaments. Thus, the consumption

of soluble pool (or the conversion from soluble to insoluble pool), resulting from the nucleation and the growth of filaments, represents, as a

feedback, the response of the filament network to the environment.
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tip reaches the cell membrane. The creation of the
network stems from an anastomosis phenomenon,
which is not described in the model, but is expected as
an emergent feature of the model.

The longitudinal annealing of ULFs, i.e. the filament
growth, is governed by both their local interactions with
the environment and their non-local interactions via
their past history (Fig. 2(b)). The fluctuations of
the shape and size of filaments are directed both by
the forces applied to the filament as well as by the
mechanical properties of the filaments.

As mentioned in Section 2.1, the soluble pool
concentration fields represent the strain fields occurring
in the cell. The concentration gradient is used to represent
the forces to which the tip of the filament is subjected.
This environment contribution also includes a stochastic
term that can be interpreted as thermal agitation.

The total energy of deformation of a filament is
proportional to the integral of the square of the local
curvature along the length of filament (Boal, 2002).
Taking the square root gives the mean curvature. We
call it the shape history, meaning that this number gives
rough information on how deformed (isotropic) or, on
the contrary, how straight (anisotropic), the filament has
been up to a given time. A relatively high figure will
reflect both a rather contorted filament and enough
stored energy for the filament to continue to grow in an
undulating pattern. A filament grows in size but does
not change its shape; during its growth it must preserve
a similarity of form that can vary between anisotropy
and isotropy. Thus, the mechanical properties of
filaments or their ability to deform are described by
the mean curvature.

When a filament is nucleated or an ULF is added to
the tip of a filament, the proportion of soluble pool
necessary for the ULF polymerization is consumed
at the location of nucleation or growth (step (4) in
Fig. 2(a)). The environment modulates the filament
formation and, as a feedback, filament growth in turn
alters the environment through the soluble pool
consumption. Thus, the dynamics of the soluble pool,
on the one hand, and the building up of IF network, on
the other hand, are governed by two separate processes
which are coupled by the consumption, i.e. the conver-
sion of the soluble pool into the insoluble pool.

The main biological and conceptual mechanisms are
summarized respectively in Fig. 2(a) and (b).

3. Mathematical model

The model we propose incorporates the processes we
just mentioned. We will now describe it in some detail.
As already pointed out, no mathematical derivation
is undertaken here: mathematics are used only as an
expository medium. The mathematical formulation

essentially paraphrases what has been said in words;
however, it is instrumental in the construction of the
numerical code and lends itself more readily to
discussion and possible improvement.

Prior to stating the equations, we set up the general
framework: we look at processes taking place inside an
epithelial cell, considered a bounded domain O in the
physical space. The precise geometry of both the cell and
its nucleus are not of interest here, so the cell is
represented as a cube and the nucleus inside the cell as
another smaller cube with its faces parallel to those of
the cell. Elements of the cell are listed in Table 1.

Two state variables are used. CðX ; tÞ is the soluble
pool density at a spatial location XAO at time t;
describing the concentration of tetramers. XbðtÞ is the
position at time t of the filament tip initiated at the
spatial location bAO; some time earlier.

3.1. Extracellular mechanical environment and its effects

on the intracellular domain

As mentioned in Section 2.2, mechanical stress
induces the relocation of ribosomes and mRNAs to
strain regions and their subsequent translation into
proteins. This process (steps (1) and (2) in Fig. 2(a)) is
described by the synthesis function Fð�Þ: This synthesis
function is made up of two parts, a space and
time-dependent function fð�Þ; the synthesis mode, and a
time-dependent function wð�Þ; the control of synthesis by
limiting concentrations. It is defined by

FðX ; tÞ ¼ fðX ; tÞwðtÞ; tX0: ð1Þ

The synthesis mode fð�Þ (Fig. 3) is the product of a
time-dependent logistic function, with space-dependent
parameters, by a set function jð�Þ discussed below:

fðX ; tÞ

¼
jðX Þ 1 � e

�
ðt�TðX ÞÞ2

dðX ;NÞ

 !
if t > TðX Þ and XAY;

0 otherwise:

8>><
>>:

ð2Þ

The synthesis is first confined to the cytoplasm Y: The
space-dependent function Tð�Þ states the activation times
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Table 1

Compartments of the spatial domain O

Cell O Convex set of R3

Cell membrane @O Boundary of O
Hemidesmosomes H Disconnected subset of @O; HC@O
Desmosomes D Disconnected subset of @O; DC@O
Nucleus N Convex open subset of O; NCO
Nuclear envelope @N Boundary of N; @N ¼ %N\N

Perinuclear region P Subset (usually disconnected) of @N ; PC@N

Cytoplasm Y Non convex connected subset of O; Y ¼ O\N
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of the synthesis sources according to strain activation:

TðX Þ ¼

tp; XAP;

th; XAH;

td ; XAD;

N; XAO\ðD,H,PÞ:

8>>><
>>>:

tp represents the activation time of the centripetal field,
acting at the perinuclear region to preserve nuclear
integrity. The activation time th (resp. td) corresponds to
the time of hemidesmosome (resp. desmosome) estab-
lishment. Hence, 0Etp5thptd : Indeed, we assume, as
mentioned in Section 2.2, that the synthesis only begins
in the perinuclear region, then is subsequently initiated
in the hemidesmosome and desmosome regions.

The slope of the logistic function (2), 1=dð�Þ;
represents the speed of convergence of the synthesis to
its maximal intensity, and describes the active transport
of protein synthesis machinery along MTs or/and MFs.
The term dðX ;NÞ is the distance from the intracellular
location X to the nucleus N (with a correction term to
avoid a division by zero). Thus, the smaller the value of
dð�Þ at a location X ; the steeper the slope of the logistic
function at that point.

Finally, jð�Þ describes the intensity of the synthesis

sources in Eq. (2). Despite the fact that cadherins seem
to transmit less mechanical stress than integrins (Potard
et al., 1997), we assume that the cell–cell connections
are stronger than the cell–ECM attachments. Finally,
cohesion strain acting around the nucleus is assumed to

be the weakest. The strain magnitudes are not precisely
quantified, but according to the above assumed hier-
archy and the proportionality to the stress applied
(Chicurel et al., 1998), jð�Þ takes distinct values, jd in
the desmosomes D; jh in the hemidesmosomes H; and
jp in the perinuclear region P ðjd > jh > jp > 0Þ:
Elsewhere, no synthesis takes place, that is, jð�Þ ¼ 0:

The synthesis function Fð�Þ is thus modulated by fð�Þ;
which integrates the location of strain, its activation
time, and its intensity (Fig. 3). Moreover, the synthesis is
controlled by limiting concentrations, via wð�Þ (Eq. (1)).

The function wð�Þ is defined in terms of the Heaviside

function,

HðxÞ ¼
0; xo0;

1; xX0:

(
ð3Þ

by

wðtÞ ¼Hð %C � QðtÞÞ½Hðp %C � QðtÞÞ

þ H
1

1 � Z
GðtÞ � QðtÞ

� 	
HðQðtÞ � p %CÞ�; ð4Þ

where QðtÞ describes the total quantity of CK produced
up to time t in the cell, i.e. the state of both the soluble

and insoluble pools at time t

QðtÞ ¼
Z t

0

Z
O
fðu; tÞ du dt: ð5Þ

The term GðtÞ in Eq. (4) represents the total consump-
tion of the soluble pool due to the assembly of tetramers
into ULF through nucleation and growth over the time
interval from the initial time to time t: GðtÞ can also be
considered as the total quantity of the insoluble pool at

time t in the cell domain,

GðtÞ ¼
Z t

0

smin

Z
O

1rðsÞ,BðsÞðiÞ di ds; ð6Þ

where smin represents the critical concentration of soluble
pool necessary for ULF constitution. rðtÞ is the set of
filament tips which are actually growing at time t; and
BðtÞ is the set of sites where a filament is nucleated at

time t:
At time t; synthesis is allowed as long as the quantity

QðtÞ of CK synthesized up to this time (see Eq. (5)) is less
than the limit concentration %C (soluble and insoluble
pools): this control is modeled by the first term of the
right-hand side of Eq. (4), Hð %C � QðtÞÞ: It is also
assumed that synthesis will continue freely until QðtÞ
reaches a fraction p of the maximal concentration %C

above which it stops. This hypothesis is described by the
term Hðp %C � QðtÞÞ in Eq. (4). According to the
literature (Chou et al., 1993), the soluble pool has to
account for at least a fraction Z of the total CK in
the cell ðZ ¼ total mg of soluble CK=total mg of CK
in cell), which is expressed by ðQðtÞ � GðtÞÞ=QðtÞXZ:
This control by the ratio of soluble pool to total
CK, represented by Hð½1=ð1 � ZÞ�GðtÞ � QðtÞÞ; is only
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Fig. 3. The modes of protein synthesis, fð�Þ; according to the locations

in the cell: perinuclear region, hemidesmosomes, and desmosomes. The

synthesis, at a given location, differs of the nature of strain applied at

this locations. The activation of synthesis depends on the activation

time of strain acting at this location. The speed of convergence of the

synthesis to the maximal intensity, at a location, is directed by 1=dð�Þ
which is the inverse of the distance from this location to the nucleus.

The maximal intensity of synthesis at a location is associated with the

intensity of strain acting at this location. At all unspecific locations,

synthesis is always equal to zero.

S. Portet et al. / Journal of Theoretical Biology 223 (2003) 313–333318



activated after the initiation of the synthesis process.
This delayed control is accounted for by the multi-
plication by the term HðQðtÞ � p %CÞ:

The synthesis function Fð�Þ defined by Eq. (1),
controlled and modulated by wð�Þ and fð�Þ respectively,
generates the soluble pool which, from its sites of
production, diffuses throughout the cytoplasm. We
assume a constant diffusion rate D; so that the equation
governing the dynamics of the soluble pool reads as

qC

qt
¼ DðWX CÞ þF ¼ D

q2C

qx2
þ

q2C

qy2
þ

q2C

qz2

� 	
þF: ð7Þ

For simplicity, it is assumed that at time t ¼ 0; no CK

is present in the cell, that is,

8XAO; CðX ; 0Þ ¼ 0: ð8Þ

The diffusion equation also proceeds under zero flux
boundary conditions at the boundary qY of the
cytoplasm, which is defined as the union of the cellular
membrane qO and the nuclear envelope qN:

qC

qn jqY
¼ 03

qC

qn jqO
¼ 0;

qC

qn jqN
¼ 0:

8>><
>>: ð9Þ

The PDE (7), with conditions (8) and (9), generates
scalar fields of soluble pool concentration, which
represent intracellular force fields generated by the
mechanical environment. The CK network is built up
from these fields of soluble pool concentration.

3.2. Building up of filaments

As mentioned in Section 2.2, the starting point for a
filament is nucleation which occurs at specific intracel-
lular locations, called nucleation centers. Such centers
are recruited amongst unoccupied sites as follows; we
first define the nucleation susceptibility lðb; tÞ of a site b
at time t;

lðb; tÞ

¼
0 if Cðb; tÞpsmin;

1O\SðtÞðbÞ½1 � e�aðCðb;tÞ�sminÞ2 � if Cðb; tÞ > smin;

(

ð10Þ

where a is a positive constant. The logistic function is
used to model the property of tetramers to sponta-
neously aggregate instantly forming ULF, when the
soluble pool concentration increases up to a critical
concentration smin: Below smin; neither nucleation nor
longitudinal annealing can take place (Fig. 4).

The characteristic function 1O\SðtÞð�Þ tests whether a
given site belongs to SðtÞ: The set SðtÞ denotes the
region filled by the filaments at time t; SðtÞ ¼S
fXbðsÞ: bABðsÞ;spsptg: Thus, if a location b

belongs to SðtÞ; that is, if b belongs to a filament, then
no additional filament will be nucleated at b:

The recruitment function Rð�Þ is defined 8bAO by

RðbÞðtÞ ¼Hðlðb; tÞ � pðbÞÞ

¼
0 no nucleation ði:e: lðb; tÞopðbÞÞ;

1 nucleation ði:e: lðb; tÞXpðbÞÞ:

(
ð11Þ

Rð�Þ compares the nucleation susceptibility lðb; tÞ at a
site b at time t to a threshold function pðbÞ: This
function pð�ÞAð0; 1� can be either a constant or a space-
dependent function which describes privileged regions

for nucleation. In the case of a space-dependent function,
pð�Þ can be defined as a function directly or inversely
proportional to the distance separating an intracyto-
plasmic location from the nucleus (Fig. 4). Thus, the
nucleation can be respectively restricted around the
nucleus or in the cell cortex.

So, at time t; b is a nucleation center if the recruitment
function RðbÞðtÞ is equal to 1; that is to say, BðtÞ ¼
fb : RðbÞðtÞ ¼ 1g: It is also useful to define the set IðtÞ of
nucleation centers b initiated before time t; namely IðtÞ ¼
fb : RðbÞðsÞ ¼ 1; for some s; sotg ¼

S
0psot BðsÞ:

Now Xbð�Þ is a parametric curve in the physical space
whose image represents the filament nucleated at b; at
some time diðbÞ ¼ t0; XbðtÞ is the position at time t of the
tip of the filament nucleated at b: We also define dbð�Þ ¼
tN as the time when the filament reaches the cell
membrane. It can also be defined as dbðbÞ ¼ inf t ft >
diðbÞ: XbðtÞA@Og:
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Soluble pool density

←  Nuclear Envelope

Distance from intracellular locations to the nucleus

Cell Membrane →

↓
σ

min

p(⋅): Perinuclear Nucleation
p(⋅): Nucleation in Cortex
λ (⋅): Nucleation susceptibility

Fig. 4. The nucleation susceptibility lð�Þ (for a location unoccupied by

filaments), and two space-dependent threshold functions pð�Þ: lð�Þ is

function of soluble pool concentration. If the soluble pool concentra-

tion at the site is lower than smin; then its nucleation susceptibility is

equal to zero. pð�Þ allows to specify the preferential regions for

nucleation. At each location, pð�Þ defines a threshold for lð�Þ: The

function pð�Þ; denoted ‘‘Perinuclear nucleation’’, favors the nucleation

around the nucleus. On the other hand, using pð�Þ labelled ‘‘Nucleation

in Cortex’’, favors the nucleation in the cell cortex.

S. Portet et al. / Journal of Theoretical Biology 223 (2003) 313–333 319



Finally, it is useful to define the set IbðtÞ of initial
conditions of solutions Xbð�Þ nucleated before time t and
having reached the boundary at time t or some
time earlier, IbðtÞ ¼ fbAIðtÞ: XbðsÞA@O; for some
s; sptg: Then, when a filament tip reaches the
boundary @O; the solution Xbð�Þ adopts a stationary
behavior XbðtÞ ¼ XbðtNÞ; tNpt: Hence,

8bAIbðtÞ;
dXbðtÞ

dt
¼ 0: ð12Þ

The dynamics of filaments depend on whether the
filament tip has reached the boundary @O of the domain.
If the tip is still in the domain, i.e. 8bAIðtÞ\IbðtÞ;
the filament grows by an apical longitudinal annealing

of ULF from its nucleation center and later from its
filament tips.

Let us now describe the function defining the growth
rate of a filament. We consider a filament nucleated at
site b: We give below an expression of the growth rate at
a time t; when the tip of the filament has not reached the
boundary of the cell, that is, such that b belongs to
IðtÞ\IbðtÞ: In order for the filament to grow, it is
necessary that the soluble pool concentration in the
vicinity of the filament tip be above a critical value smin;
a threshold for the aggregation of tetramers into ULF.
We define the function

EðX ; tÞ ¼
0 if

R
NX

ðCðy; tÞ � sminÞ dyo0;

1 if
R

NX
ðCðy; tÞ � sminÞ dyX0;

(
ð13Þ

which evaluates the local state of the soluble pool in a
neighborhood NX of the point X : EðX ; tÞ ¼ 0 means

that no growth is possible, while EðX ; tÞ ¼ 1 indicates
that longitudinal annealing can be carried out. Growth
is then controlled both by local interactions with the
environment (the environment contribution) and non-
local interactions (the filament contribution).

The environment contribution describes the net force

applied to the filament tip (mechanical strain and thermal
agitation) in terms of soluble pool density fields and
stochastic term. The strain field is represented by the
vector function

ðrX CÞðX ; tÞ þ jjðrX CÞðX ; tÞjjv
jjðrX CÞðX ; tÞjj þ e

;

which combines the local concentration gradient

ðrX CÞðX ; tÞ and a stochastic term v: The steepness of
the local gradient depends on the rate of flux and the
direction of flow in the soluble pool concentration field

(i.e. the local magnitude and the direction of the
mechanical strain field). Here, v is a three-dimensional
random vector which follows a uniform law on ½�u; u�3

with uARþ small enough. Indeed, this stochastic term
should not become the predominant component of the
environment contribution. e is a small positive para-
meter intended to correct for possible spurious behavior
due to the vanishing of the denominator (hence,
0oe51).

The filament grows in size but does not remodel its
shape during its growth, it must preserve a similarity of
form. The filament contribution to the longitudinal
annealing is based on mechanical properties of the

filaments. It is described by the quantityR t

diðbÞ
jkðXbðuÞÞj du

t � diðbÞ

X 0
bðt�Þ

jjX 0
bðt�Þjj þ e

:

The vector X 0
bðt�Þ=ðjjX

0
bðt�Þjj þ eÞ points in the direction

of the vector tangent to the solution Xbð�Þ at point XbðtÞ;
the tip of filament at time t� ¼ t � d; for some d;
0od51: It represents the velocity of filament Xbð�Þ at
time t taking into account the past through the left-hand
derivative. The function kðXbðtÞÞ; defined in Eq. (A.4)
(Section A.3), represents the curvature of the filament
nucleated at b at the point XbðtÞ: The termR t

diðbÞ
jkðXbðuÞÞj du=ðt � diðbÞÞ is the mean curvature; it is

the value we retain as an indicator of the shape of the
filament or the shape history of the filament.

Thus, the filament growth by apical longitudinal
annealing of ULF is governed by the following system of
SDEs:

with the initial conditions XbðdiðbÞÞ ¼ b: The set rðtÞ of
the tips which are actually growing at time t; is defined
by rðtÞ ¼ fXbðtÞ: bAIðtÞ\IbðtÞ;dXb=dtjta0g:

3.3. Coupling of the environment and the filament

building up

During both filament nucleation and longitudinal
annealing, the soluble pool is consumed and converted

into insoluble pool. The total consumption GðtÞ;
from the initial time to time t; is defined by Eq. (6)
and the soluble pool consumption rate, at time t; is
governed by

d

dt
GðtÞ ¼ smin

Z
O

1rðtÞ,BðtÞðiÞ di;
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dXbðtÞ
dt

¼
EðXbðtÞ; tÞ

ðrX CÞðXbðtÞ; tÞ þ jjðrX CÞðXbðtÞ; tÞjjv
jjðrX CÞðXbðtÞ; tÞjj þ e

þ

R t

diðbÞ
jkðXbðuÞÞj du

t � diðbÞ

X 0
bðt�Þ

jjX 0
bðt�Þjj þ e

" #
8bAIðtÞ\IbðtÞ;

0 8bAIbðtÞ

8>><
>>:
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which expresses the instant global rate of consumption
as the integral of the local consumption rate at both the
nucleation centers and the tips of filaments. Thus the
conversion of the soluble into the insoluble pool
couples, in effect, the environment (where the tetramers
are produced and transported) and the filaments where
they fix themselves.

3.4. Governing equations

The above considerations lead to the following system
of PDE and SDE equations:

@CðX ; tÞ
@t

¼ DðWX CÞðX ; tÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
diffusion

þFðX ; tÞ|fflfflfflffl{zfflfflfflffl}
synthesis

� smin1BðtÞðX Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
nucleation

þsmin1rðtÞðX Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
annealing

0
B@

1
CA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
consumption

; ð14Þ

with initial conditions 8XAO; CðX ; 0Þ ¼ 0; and
XbðdiðbÞÞ ¼ b and boundary conditions @C

@n j@Y ¼ 0: The
sets BðtÞ; rðtÞ and the function diðbÞ are defined in
Section 3.2.

The first equation (14) governs the dynamics of the
soluble pool. It is derived from our phenomenological
description of the mechanical environment. It is the sum of
three terms, corresponding to diffusion of the soluble pool
within the cytoplasm, its synthesis, and its consumption.
The consumption term is, in turn, the sum of smin1BðtÞðX Þ;
which describes the consumption at nucleation centers and
smin1rðtÞðX Þ; which describes filament growth.

Eq. (15) describes the growth of filaments and the
variations of their geometry. Growth is on or off
depending upon the local state as determined by the
function E (13). The term inside the brackets is the sum
of two vectors, which gives the direction of growth. The
first vector points mainly in the direction of concentra-
tion gradient, that is to say, wherever there is fuel for
growth. This direction is altered by a random vector
whose intensity is small compared to concentration

gradient. The second vector points in the direction
tangent to the filament, with intensity proportional to
the mean curvature.

Eq. (14) generates scalar fields of soluble pool
concentrations, on which the building up of filaments
is partly based. In its turn, the consumption of soluble
pool, resulting from the formation of filaments, modifies
the scalar fields.

The notations used in the model are listed in
Tables 1–3.

4. Numerical experiments

From the mathematical model presented in Section 3,
a 3D simulation model, outlined in Appendix A, was
derived and implemented in the C programming
language. The numerical experiments presented below
were obtained from simulation runs on a cubic grid
formed of 60 mesh points per face (Fig. 12) and using
the parameter values given in Table 3.

Two types of outputs are extracted from the simula-
tions: the first depicts the soluble pool concentration
fields in the intracellular domain resulting from the
mechanical strain (Fig. 5), the other represents the CK

network (Figs. 6–8). First, the soluble pool concentra-
tion fields are visualized by volumetric representations.
The soluble pool densities are represented on a scale of
gray, where the darkest gray (black) corresponds to the
lowest density and the lightest gray (white) corresponds
to the highest density (Fig. 5). Secondly, the CK network
is visualized as images generated with the PovRay Ray-
Tracer (Figs. 6–8).

After 15 min; only a centripetal force field preserving
the nuclear integrity acts around the nucleus (Fig. 5(a)).
At this instant, a unique source confined to the
perinuclear region provides proteins that spread through
the cytoplasm. At t ¼ 30 min (Fig. 5(a)), hemidesmo-
somes and desmosomes have formed. The lighter gray
patches on the lateral surfaces (resp. on the basal
surface) match the desmosome regions (resp. hemides-
mosome regions). These regions correspond to new
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dXb

dt
¼

EðXbðtÞ; tÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
potential

ðrX CÞðXbðtÞ; tÞ þ jjðrX CÞðXbðtÞ; tÞjjv
jjðrX CÞðXbðtÞ; tÞjj þ e|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

environment control

2
6664

þ

R t

diðbÞ
jkðXbðuÞÞj du

t � diðbÞ

X 0
bðt�Þ

jjX 0
bðt�Þjj þ e|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

filament control

3
7775 8bAIðtÞ\IbðtÞ;

0 8bAIbðtÞ

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð15Þ
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protein synthesis regions. After 1 h; the synthesis
continues and the soluble pool keeps on spreading
through the cytoplasm (Fig. 5(c)). After 2 h; the synth-
esis has stopped, and only residual consumption and
diffusion occur (Fig. 5(d)). Over the next few hours
(t ¼ 5 and 25 h), the soluble pool propagates and tends
to homogenize the concentrations (Fig. 5(e) and (f )).

Depending on the chosen regions for nucleation, the
filaments are initiated in the cell cortex (Fig. 6), in the
perinuclear region (Fig. 7) or anywhere in the cytoplasm
(Fig. 8).

For nucleation in the cortex using the same para-
meters as in Fig. 5, filaments are initiated in the
desmosome plaques (Fig. 6(a)), loci where the synthesis
intensity is the largest. This occurs after 40 min; i.e.
20 min after desmosome establishment. After 8 min;
more filaments are also nucleated on the basal surface at
the hemidesmosome plaques (Fig. 6(b)). Before spread-
ing through the cell, filaments first carpet the desmo-
some plaques until t ¼ 56 min (Fig. 6(b) and (c)).
Progressively, filaments reach the perinuclear region
and establish a link from the cell membrane to the
nucleus envelope (Fig. 6(c)–(f )). At t ¼ 104 min; the CK

network is stable (Fig. 6(f )).
For perinuclear nucleation with a diffusion coefficient

twice as big as that of Fig. 6, filaments start at t ¼ 4 min
(Fig. 7(a)) and grow from the perinuclear region,
forming a cage which surrounds the nucleus (Fig. 7(a)–

(c)). After 25 min; filaments spread through the cell
membrane, at first in the direction of the basal surface
(Fig. 7(d)) and, after a while, in the direction of the
lateral surfaces (Fig. 7(c)). Thus, a network connecting
the nuclear envelope to the cell membrane is built and
stabilizes after only 36 min (Fig. 7(f )).

If we take pð�Þ to be a constant function, assuming
that nucleation takes place at an equal rate everywhere,
with the same parameters as in Fig. 7, then the first
filaments are initiated at t ¼ 22 min from the desmo-
some plaques (the regions where the synthesis intensity
is largest). The nucleation process then reaches the
hemidesmosome plaques (Fig. 8(a) and (b)) and extends
finally to the perinuclear region (the region where the
synthesis intensity is smallest) 5 min later (Fig. 8(c)). As
in the previous two cases, propagation from the cortex
and from the perinuclear region is preceded for 30 min
by filament carpeting of the desmosome and hemides-
mosome plaques, and by filament surrounding of the
nucleus (Fig. 8(d)). At t ¼ 42 min; the CK network
reaches a steady state (Fig. 8(f )).

Thus, whatever the privileged region for nucleation,
filaments grow through the cell, forming a network
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Table 2

Sets and functions used in the model

CðX ; tÞ Soluble pool density at point X at time t

Xbð�Þ Filament nucleated at b
XbðtÞ Tip, at time t; of the filament nucleated at b
FðX ; tÞ Protein synthesis function at point X at time t

fðX ; tÞ Mode of protein synthesis at point X at time t

jðX Þ Intensity of the protein synthesis at point X

TðX Þ Activation time of strain at point X

dðX ;NÞ Distance from point X to the nucleus N

wðtÞ Control of protein synthesis at time t

QðtÞ Total quantity of CK produced at time t

GðtÞ Total consumption of soluble pool from the initial

time to time t

lðX ; tÞ Susceptibility of nucleation at point X at time t

SðtÞ Union of all filaments at time t

pð�Þ Threshold function

RðX ÞðtÞ Recruitment function to nucleate filament at point X

at time t

BðtÞ Set of initial conditions of solutions initiated at time t

diðbÞ Initiating time of the filament of initial condition b
dbðbÞ Terminating time of the filament of initial condition b
EðX ; tÞ Potential of growth at point X and time t

kðX Þ Curvature of filament at point X

IðtÞ Set of initial conditions of solutions initiated before

time t

IbðtÞ Set of initial conditions of solutions initiated before

time t and having reached the domain boundary at

some time before t

rðtÞ Set of new tips which actually grow at time t

v Stochastic term

Table 3

Parameters used in the model

l Length of cell domain O 20 mm

D Diffusion coefficient of soluble

pool through the cytoplasm

½5 � 10�4; 10�2 mm2s�1�a

smin Critical soluble pool

concentration

1–10 mMb

%C Maximal CK concentration for

a cell

0.5–0.9%

Z Ratio of soluble pool to total CK 5%c

p Fraction of maximal

concentration %C to prime the

dynamics

20–50%d

tp Activation time of centripetal

field acting at the perinuclear

region

0 mind

th Activation time of force acting at

hemidesmosome areas

15 minb

td Activation time of force acting at

desmosome areas

20 minb

jp Intensity of protein synthesis at a

site belonging to perinuclear

region

C30 nMb

jh Intensity of protein synthesis at a

site belonging to hemidesmosome

regions

C40 nMb

jd Intensity of protein synthesis at a

site belonging to desmosome

regions

C60 nMb

pð�Þ Threshold function d

jjvjj Magnitude of stochastic term 5 � 10�3 � 0:25d

a See Section 4.1.
b To the best of our knowledge there are no estimates of such values

in the literature. We chose the proposed values to obtain realistic

results on the stabilization time.
c Chou et al. (1993).
d Modeling hypothesis.
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which links the cell membrane to the nuclear envelope
(Figs. 6(f)–8(f)). Eventually, the network tends to
stabilize.

Depending on the parameter values of the model, the
CK network adopts different architectures formed
by filaments having specific characteristics. To quantify
the architecture of networks, we have extracted some

features characterizing the network in terms of density
(the total number of filaments) and the filament
morphology (the mean filament length and the mean
filament curvature). The length of a filament Xbð�Þ
is defined as its arclength, that is to say,R dbðbÞ

diðbÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0
bðtÞ

2 þ y0
bðtÞ

2 þ z0bðtÞ
2 dt

q
: In terms of these
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Fig. 5. Evolution of concentration fields of soluble pool ðD ¼ 5 � 10�3 mm2 s�1Þ: From the cell volumetric representation only three planes are

represented: an horizontal plane representing the basal surface of the epithelial cell, a first vertical plane crossing the nucleus that is the interior black

square and a second vertical plane corresponding to the lateral face of the cell where are located desmosome plaques. The soluble pool concentrations

are represented by the gray scale that is depicted in colorbars.
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features, we have studied the influence of different
parameters, namely, we focused on three: the diffusion
coefficient, the nucleation regions and the stochastic term.

4.1. Influence of the diffusion coefficient

As far as we know, an accurate value of the diffusion
coefficient for CK proteins is not known. The diffusion
coefficient D of a particle in a solution can be estimated
from the well-known Stokes–Einstein law defined as the
ratio of the thermal energy (kBT ; where kB is the
Boltzmann constant and T is the temperature in Kelvin)

to the drag coefficient. The latter depends on the
viscosity of the solution, on the shape of the particle,
and on the orientation with respect to the direction of
the flow. To estimate D for CK tetramers we first
evaluate the drag coefficient for a spherical particle with
the actin monomer dimensions (4 nm of diameter). With
the CK tetramer dimensions (3 nm of diameter and
50 nm of length), we also estimate the drag coefficient
for a cylindrical particle (Howard, 2001). This allows us
to estimate orders of magnitude between the two types
of objects. For actin, the diffusion coefficient is known
in some experimental settings (McGrath et al., 1998).
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Fig. 6. The CK network at several times, for the parameters of Fig. 5 and a nucleation in the cell cortex. (a) At 40 min; few filaments are nucleated in

the cell cortex from the desmosome plaques, where the synthesis intensity is the highest. (b–f ) A network, linking the cell membrane to the

perinuclear region, is established. (f ) At 104 min; the CK network is stabilized.
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From this, we deduce estimated values of D for a CK

tetramer on the order of 10�2 mm2 s�1: We use diffusion
coefficients for CK tetramers ranging from 5 � 10�4 to
10�2 mm2 s�1: The lower figure is an estimate that
combines the information provided by estimation and a
hypothesis of a weaker diffusion.

The slower the diffusion process, the more the soluble
pool accumulates near synthesis regions. Since nuclea-
tion depends on a critical concentration, this accumula-
tion induces an earlier onset of nucleation. For a
diffusion coefficient D ¼ 5 � 10�4 mm2 s�1; nucleation
starts 6 min after the beginning of the simulation,

whereas for a diffusion of D ¼ 10�2 mm2 s�1; it takes
30 min to start (Fig. 9a). Moreover, this accumulation
mechanism also plays a role in the network density.
Indeed, the total number of filaments also depends on
the diffusion. The faster the diffusion process, the less
numerous the filaments are at the end. For a diffusion
coefficient of D ¼ 10�2 mm2 s�1; the number of fila-
ments rises to 2535; whereas for D ¼ 5 � 10�4 mm2 s�1;
the number of filaments is 11 060 at stabilization
(Fig. 9(a)). In contrast to its influence on the number
of filaments, the mean filament length is not very
sensitive to the diffusion coefficient. The mean filament
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Fig. 7. The CK network at several times for a diffusion coefficient D ¼ 10�2 mm2 s�1 with a perinuclear nucleation. (a) At 4 min; few filaments are

nucleated in the perinuclear region. (b–c) A network builds up in the perinuclear region, forming a cage around the nucleus. (d–f ) A network, linking

the perinuclear region to the cell membrane, is established. (f ) At 36 min; the CK network is stabilized.
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length varies from 14:20720:85; for D ¼ 10�2 mm2 s�1;
to 19:49796:82; for D ¼ 10�3 mm2 s�1 (Fig. 9(b)). On
the other hand, the mean filament curvature seems to
show a correlation with diffusion (Fig. 9(c)). The lower
the diffusion process, the more filaments adopt a
rectilinear behavior. The value Dn ¼ 10�3 mm2 s�1

divides the set of values of the diffusion into two
regions. For DoDn; the model adopts roughly the same
behavior: with similar times to stabilization and similar
values when the system is stabilized. These behavioral

differences separated according to a threshold value Dn

could be interpreted as a change in the relevance of the
value of the diffusion coefficient.

4.2. Influence of the nucleation regions via pð�Þ

The nucleation regions seem to influence neither the
mean filament length nor the mean filament curvature,
even if a perinuclear nucleation produces filaments
which tend to be longer and wavier (Fig. 10(b) and (c)).
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Fig. 8. The CK network at several times for the same parameters of Fig. 7, but with no preferential regions for nucleation ðpð�Þ ¼ 0:2Þ: (a) At 22 min;
filaments are nucleated in the cell cortex from the desmosome plaques. (b–f ) A network, linking the cell membrane to the perinuclear region, is

established. (f ) At 42 min; the CK network is stabilized.
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The function pð�Þ acts on the instant of nucleation and
on the number of filaments. When starting in the
perinuclear region, nucleation starts 6 min faster than
when it starts in the cortex (Fig. 10). Also, the number
of filaments is smaller for a perinuclear nucleation than
for a cortex nucleation (Fig. 10(a)). Whatever the
nucleation regions, the building up process stabilizes
after the same length of time. Thus the filament
nucleation influences the network density but plays no
role in the filament morphology.

4.3. Influence of the stochastic term jjvjj

A small stochastic term ðjjvjj ¼ 5 � 10�3Þ induces the
nucleation of numerous filaments (7190 filaments
against 1972 for jjvjj ¼ 0:25; Fig. 11(b)) which grow
briefly, reaching a very short mean length (1:2970:75;
Fig. 11(b)), and adopt very curved shapes similar to a
loop (Fig. 11(c)). By increasing the stochastic term, the
number of filaments decreases and the mean length of
filaments increases.

As the stochastic term increases, the number of
filaments is mostly unaffected (Fig. 11(a)). On the other
hand, its magnitude strongly affects the mean filament
length: for example, the mean length is 14:32719:02 for
a magnitude jjvjj ¼ 0:25; but increases to 57:64762:99
for jjvjj ¼ 0:1 (Fig. 11(b)). A weak perturbation allows
one to obtain longer filaments exhibiting a quasi
rectilinear behavior (Fig. 11(c)): the larger the stochastic
term magnitude, the shorter and wavier the filaments.
As expected by the Boltzmann theory, at high tempera-
tures, i.e. at high values of jjvjj; the filaments become
more contorted (Boal, 2002). Thus, the morphology of
filaments is more affected by the magnitude of the
stochastic term than is the network density.

5. Discussion

The model we propose in this paper suggests a new
description of the cytoskeleton organization assuming
that its function implies its structure. Our working
hypothesis, then, is that the guideline of the IF

organization is the extracellular mechanical environ-
ment, and we use as an underlying hypothesis a
regulation of protein synthesis by the mechanical
conditions. Mechanically regulated protein synthesis is
used to implicitly describe the mechanical environment
and its immediate effects on the intracellular domain.
The cell then responds to the mechanical environment
by aggregating IFs from concentration fields of the
soluble pool.

So far, we have successfully reproduced the building
up of a network of filaments linking the cell membrane
at the anchorage regions to the nucleus envelope
(Figs. 6–8) as a result of two basic mechanisms: the
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Fig. 9. Influence of the diffusion coefficient: different diffusion

coefficients D with a nucleation in perinuclear region and for a

stochastic term intensity jjvjj ¼ 0:25: (a) represents the evolution with

time of the number of filaments constituting the network until the

stabilization of building up. (b) depicts the variation through time of

the mean filament length until stabilization. (c) describes the changes

with time of the mean filament curvature until stabilization.
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Fig. 10. Influence of the nucleation regions: different nucleation

regions (different pð�Þ) for the same diffusion coefficient D ¼ 5 �
10�4 mm2 s�1 and the same stochastic term intensity jjvjj ¼ 0:25: (a)

represents the evolution of the number of filaments until stabilization.

(b) depicts the variation of the mean filament length until stabilization.

(c) describes the changes of the mean filament curvature until

stabilization.
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Fig. 11. Influence of the stochastic term v: different intensities jjvjj for

the same diffusion coefficient D ¼ 10�3 mm2 s�1 and with a nucleation

in the perinuclear region. (a) represents the evolution of the number of

filaments until stabilization. (b) depicts the variation of the mean

filament length until stabilization. (c) describes the changes of the

mean filament curvature until stabilization.
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diffusion of building blocks within the cytoplasm, on the
one hand, and the formation of filaments by an
aggregation process of building blocks on the other.
According to the intracytoplasmic locations, the mesh is
more or less dense: there is an increase of mesh density
in the perinuclear region and in the anchorage regions.
Qualitatively, the results are in agreement with many
observations (Portet et al., 1999; Vassy et al., 2001). The
architecture of the IF network is dependent on and is
induced by the environmental mechanical conditions.

Furthermore, we observe that some model parameters
influence the network architecture and the filament
morphology. As expected, the regions chosen for
nucleation have an effect on the network architecture,
mainly on the onset of the building up process as well as
on the number of initiated filaments, while, on the other
hand, they do not influence the filament morphology. A
slow diffusion or a negligible stochastic term also affects
the network architecture, leading to a denser network
(large number of filaments). The mean filament length is
the feature having the largest variability. It is mainly
influenced by the magnitude of the stochastic term.
Generally, the longer the filaments, the more rectilinear
the filament. The diffusion and the stochastic term
mainly modulate the morphology of filaments. Fila-
ments adopt a wavier behavior for large stochastic term
magnitudes (i.e. at high temperatures) or for diffusion
coefficients larger than Dn ¼ 10�3 mm2 s�1: Extensively,
according to whether the diffusion coefficient value is
lower or bigger than Dn; we observe different behaviors
in the simulations. The value Dn separates two
qualitatively different behaviors, suggesting that a
diffusion coefficient value for the CK tetramers lower
than Dn could be non-relevant.

The results obtained so far are all but quantitative. It
is desirable to work towards obtaining further quanti-
tative results in order to allow for comparison with
experimental biological data. Conceptually, the model
we proposed here is far too complicated to allow
mathematical analysis; it would be desirable to derive
a simplified, analytically tractable version. In further
work with the proposed mathematical model, we will
design a reaction–diffusion model which will allow for
easier qualitative study.

In our model, we assume the existence of cohesion
forces preserving nuclear integrity. How nuclear integ-
rity is preserved is not yet clearly understood. Some
authors suggest a prominent role of IF networks (Sarria
et al., 1994). In order to account for this phenomenon in
the context of the model, a centripetal field of cohesion
forces, acting at the perinuclear region, is hypothesized.

Another important process needing a more thorough
consideration is the diffusion through the cytoplasm: it
could in fact be better modeled as a percolation process
(a diffusion driven through a network or a diffusion
through a porous medium) or as an active and directed

transport along the MF or MT networks. The formalism
of Eq. (14) governing the soluble pool dynamics is close
to the model designed in Robert et al. (1990) for MT

formation. These authors proposed an equation for the
tubulin monomer concentration dynamics which in-
cludes a diffusion and a consumption term. We suppose
in our model that the diffusion coefficient remains
constant. However, the increase in soluble pool con-
centration and the creation of CK network in the
cytoplasm would rather imply a rise of the cytoplasm
viscosity. Thus, the diffusion coefficient should be a
function of the state of the system.

In summary, we assume that cells sense mechanical
forces that are transduced by protein synthesis (bio-
chemical signal), and respond by building the IF

network. We consider the three steps of mechanosen-
sing: perception, transduction and response. Our model
can allow a preliminary validation of the hypothesis that
was proposed in previous works dealing with IF

network architecture characterization (see, e.g. Portet
et al., 1999; Vassy et al., 2001), namely, that the IF

network is involved in a mechanotransduction by
structural pathways (mechanical signals originating in
the extracellular environment are translated into biolo-
gical signals via (re)organization of the structures).
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Appendix A. Simulation model

A.1. Dimensionless model

In the model (Eqs. (14) and (15)), the time and length
scales are rescaled as follows:

*x ¼
x

l
; *y ¼

y

l
; *z ¼

z

l
; *t ¼

D

l2
t;

where l ¼
ffiffiffiffiffiffi
jOj3

p
: For convenience, we introduce the

parameter, $ ¼ l2

D
; and we define F ð�Þ such that it is

equal to F ðX ; tÞ ¼ FðX ; tÞ þ smin1rðtÞ,BðtÞðX Þ: The
model then is rescaled as follows (omitting the tildes):

@CðX ; tÞ
@t

¼ ðWX CÞðX ; tÞ þ $F ðX ; tÞ;
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dXbðtÞ
dt

¼

EðXbðtÞ; tÞ
ðrX CÞðXbðtÞ; tÞ þ jjðrX CÞðXbðtÞ; tÞjjv

jjðrX CÞðXbðtÞ; tÞjj þ e

"

þ

R t

diðbÞ
jkðXbðuÞÞj du

t � diðbÞ

X 0
bðt�Þ

jjX 0
bðt�Þjj þ e

#
8bAIðtÞ\IbðtÞ;

0 8bAIbðtÞ:

8>>>>>>><
>>>>>>>:

ðA:1Þ

A.2. Discretization of spatial and temporal domains

The dimensionless cell domain is the unit cube O ¼
½0; 1� � ½0; 1� � ½0; 1�: The numerical simulations are
carried out in a cubic discrete grid, in the xyz-space
(spatial coordinates), that covers O: The grid is formed
of a set of lines parallel to the x-, y- and z-axis whose
intersections define the mesh points. The spacing
between two adjacent mesh points in the x-direction
(resp. y-direction, resp. z-direction) is uniform, and
given by Dx (resp. Dy; resp. Dz). It is assumed that the
cell is an isotropic environment, that is to say, the
diffusion process takes place in the same way in all
directions and moreover Dx ¼ Dy ¼ Dz ¼ d: The grid
spacing d is correlated with the size of simulations I �
I � I ; where IAN represents the number of mesh points
by lines parallel to the x-direction, d ¼ 1=ðI � 1Þ: Then
the mesh points of the grid are defined as follows:
ðxi; yj ; zkÞ ¼ ðid; jd; kdÞ with i; j; k ¼ 0; 1;y; I :

The dimensionless temporal domain is also sub-
divided into NAN time units such that ðN � 1Þ � Dt ¼
Tmax: The temporal step Dt is defined according to the
stability conditions deduced from the approximation of
the solution of the diffusion equation.

Each mesh point of the grid is characterized as
belonging to a specific cell compartment according to
the topology defined in Table 1. Thus, each mesh point
is defined as a nuclear point, a nuclear envelope point, a
perinuclear point, a cytoplasmic point, a cell membrane
point, a desmosome point or a hemidesmosome point
(Fig. 12).

A.3. Discretized model

The numerical solution of the first equation of the
dimensionless model (A.1) is computed, at transporter
mesh points, using the Euler explicit scheme (forward
difference in time and central difference in space)

Cnþ1
i; j;k ¼Cn

i; j;k þ Dt
Cn

iþ1; j;k � 2Cn
i; j;k þ Cn

i�1; j;k

d2

�

þ
Cn

i; jþ1;k � 2Cn
i; j;k þ Cn

i; j�1;k

d2

þ
Cn

i; j;kþ1 � 2Cn
i; j;k þ Cn

i; j;k�1

d2

!
þ Dt$Fn

i; j;k;

ðA:2Þ
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Fig. 12. Discrete epithelial cell. The black cube in the center of the domain is the nucleus. The gray points, enclosing the nucleus, are the perinuclear

mesh points. On the lateral faces, the gray points are the desmosome mesh points, that form the different desmosome plaques. On the basal face, the

gray points describe the hemidesmosome mesh points. The black regions, i.e. the edges of the cell and the nucleus, do not belong to the working

domain. The other mesh points of the domain are not shown in the figure.

S. Portet et al. / Journal of Theoretical Biology 223 (2003) 313–333330



where the mesh function Cn
ijk represents the approxi-

mated solution of Cðx; y; z; tÞ; at grid point ðxi; yj ; zk; tnÞ:
The initial condition (8) is approximated by C0

i; j;k ¼ 0
for all i; j and k: At the cytoplasm boundary points, the
boundary conditions, defined by Eq. (9), modify the
computation of the numerical solution. For the condi-
tions on the outer boundary @O of the cytoplasm
domain, artificial points are added to the cytoplasm
domain, x�1 ¼ 0 � d and xIþ1 ¼ 1 þ d in the x-direc-
tion, y�1 ¼ 0 � d and yIþ1 ¼ 1 þ d in the y-direction,
and z�1 ¼ 0 � d and zIþ1 ¼ 1 þ d in the z-direction.
Then the Neumann boundary condition is approxi-
mated as follows:

@C

@n j@O
¼ 03

�
@C

@x jx¼x0

C�
Cn

1; j;k � Cn
�1; j;k

2d
¼ 0;

@C

@x jx¼xI

C
Cn

Iþ1; j;k � Cn
I�1; j;k

2d
¼ 0;

�
@C

@y jy¼y0

C�
Cn

i;1;k � Cn
i;�1;k

2d
¼ 0;

@C

@y jy¼yI

C
Cn

i;Iþ1;k � Cn
i;I�1;k

2d
¼ 0;

�
@C

@z jz¼z0

C�
Cn

i; j;1 � Cn
i; j;�1

2d
¼ 0;

@C

@z jz¼zI

C
Cn

i; j;Iþ1 � Cn
i; j;I�1

2d
¼ 0:

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

ðA:3Þ

The normal derivatives on the faces perpendicular to the
x-axis (resp. y-axis, resp. z-axis) give the condition
Cn

i�1; j;k ¼ Cn
iþ1; j;k (resp. Cn

i; j�1;k ¼ Cn
i; jþ1;k; resp.

Cn
i; j;k�1 ¼ Cn

i; j;kþ1), at points of spatial coordinate x0

and xI (resp. y0 and yI ; resp. z0 and zI ), that will be used
in the explicit scheme (Strikwerda, 1989). We proceed in
the same way for the approximation of Neumann
boundary conditions applying at mesh points of inner
boundary @N of the cytoplasm domain.

The Courant condition is used as a stability criterion
for the numerical solutions and allows the determination
of a maximal size for the time step Dt: Dtpd2=6:
Moreover, the time step Dt must be higher than the time
scale of lateral assembly of tetramers into ULF (a
process not described in the model since it is much faster
than the time step). For all mesh points of the cytoplasm
domain, the diffusion process is computed by using the
explicit scheme iterated with the method of Liebmann
(Harris and Stocker, 1998).

The mesh function Fn
i; j;k is an approximation of the

function F ðX ; tÞ ¼ F ðX ; tÞ þ smin1rðtÞ,BðtÞðX Þ at
ðxi; yj ; zk; tnÞ: For all points ðxi; yj ; zk; tnÞ; the quantity
of soluble pool secreted in the unit volume is evaluated
through the synthesis function Fn

i; j;k: The degradation
of soluble pool at point ðxi; yj ; zk; tnÞ depends on the
nucleation or the filament growth at this point. The
occurrence of one of these two events, at point

ðxi; yj ; zk; tnÞ; implies that a soluble pool density equal
to smin is consumed.

For all points ðxi; yj ; zk; tnÞ; the nucleation suscept-
ibility is calculated using Eq. (10) and is compared to the
threshold function pð�Þ: pð�Þ can be a constant function
such that 8ðxi; yj ; zk; tnÞ; pð�Þ ¼ b with bAð0; 1�: It can also
be a space-dependent function (Fig. 4), defined as a
function of the distance from a site to the nucleus such
that 8X ¼ ðxi; yj ; zkÞ; 8tn; pi; j;k ¼ adðX ;NÞ þ b with
ap1=maxYAO ½dðY ;NÞ� and 0pbp1; where dð�Þ is a
discrete distance. When the coefficient a is strictly positive,
the nucleation is favored in the sites surrounding the
nucleus. On the other hand, a coefficient a strictly negative
favors the nucleation in the sites of the cell cortex.

All points ðxi; yj ; zk; tnÞ verifying Eq. (11) become
nucleation centers and filament points: the mesh point
ðxi; yj ; zkÞ ¼ b; at time tn; is the nucleation center. As
does the diffusion process, the nucleation and growth of
filaments take place at the mesh points of the grid: a
trajectory (a filament) is a discrete path in the grid.
Contrary to the environmental processes, that run on a
6-connectivity grid, the processes of building up of
filaments use a grid with a 26-connectivity: N26ðpÞ ¼
fp0AO j dðp; p0Þp

ffiffiffi
3

p
dg:

For all iterations nDt; at all filament tips not having
reached the domain boundary, the growing trajectory is
calculated using Eq. (15). If the soluble pool mean
density around the tip of filament is lower than smin; no
filament growth can take place. For all tips XbðtÞ ¼
ðxb

i ; y
b
j ; z

b
k; tnÞ of growing filaments, the approximation of

the concentration local gradient is accomplished by a
centered difference.

The three-dimensional random vector v is drawn
under the following conditions: the components vx; vy

and vz are independent, uniformly distributed random
variables, with values in ½�

ffiffiffi
3

p
d;

ffiffiffi
3

p
d�: The vector v is

then normalized and multiplied by a scalar less than 1
4
:

Therefore, we have jjvjjp1
4: This value was arbitrarily

chosen so that the magnitude of the stochastic term
stays within admissible bounds, avoiding the case where
stochasticity becomes the driving component of the
dynamics.

The tangent vector at a given filament tip is
approximated by the forward difference at the next to
the last filament point, starting from the third iteration
after the instant of nucleation (for example, if the
filament starts at time tbn ; the computation of the tangent
vector starts at t

b
nþ2).

The curvature along the filament Xbð�Þ is calculated, at
each tip ðxb

i ; y
b
j ; z

b
k; tnÞ; as follows:

jkðXbðtÞÞj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 0

bðt�Þ
2X 00

b ðt�Þ
2 � ðX 0

bðt�ÞX
00
b ðt�ÞÞ

2

X 0
bðt�Þ

6

vuut ðA:4Þ

that is estimated with second-order central and
forward differences at filament point ðxb

i0 ; y
b
j0 ; z

b
k0 ; tn�1Þ:
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At iterations tbn ; t
b
nþ1 and t

b
nþ2; kðXbðtÞÞ is supposed to be

equal to zero.
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