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ABSTRACT. We define a family of arithmetic zero cycles in the arithmetic Chow group of a
modular curve Xo(NV), for N > 3 odd and squarefree, and identify the arithmetic degrees of these
cycles as g-coefficients of the central derivative of a Siegel Eisenstein series of genus two. This
parallels work of Kudla-Rapoport-Yang for Shimura curves.
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1. INTRODUCTION

In a series of work culminating in the book [KRY06], Kudla, Rapoport and the third named
author studied certain families of arithmetic “special” cycles that live on arithmetic models of
Shimura curves. Among their results are arithmetic Siegel-Weil formulas in genus one and two,
which identify generating series of heights of arithmetic cycles with derivatives of Eisenstein series.
The results of [KRY06] comprise the most fully-developed example in Kudla’s program, which seeks

2010 Mathematics Subject Classification. 11G18, 11F46, 14G40, 14G35.
SS was partially supported by an NSERC Discovery grant. TY was partially supported by Van Vleck Research
grant and Dorothy Gollmar chair fund.



A GENUS TWO ARITHMETIC SIEGEL-WEIL FORMULA ON X (N) 2

to establish systematic relations between arithmetic cycles on Shimura varieties and automorphic
forms; while a substantial body of work has arisen in support of these conjectures, the case of
modular curves has been largely overlooked.

In this note, we fill this gap in the literature and prove the arithmetic Siegel-Weil formula for
arithmetic zero cycles on Xy(N) for odd, squarefree N with N > 3. More precisely, we construct a
family of arithmetic zero cycles Z(T,v), viewed in the arithmetic Chow group CH? (AH(N)). Our
main result, explicated in more detail in Section 2.5 and Section 2.6 below, is the identity

Z (@2(1—"”) qT = C'E/(T707(I)£); (1)
TeSym,(Z)v
here
e 7 € Hy, the Siegel upper half space of genus 2 and v = Im(7);
o ¢T = 2mitr(7T).

o U= ﬁ Hp|N(p‘|‘ 1);

d/éTg is the arithmetic degree; and

E'(1,0,®%) is the derivative of the Siegel Eisenstein series, evaluated at the centre of
symmetry s = 0, associated to the quadratic lattice £ given by

L= {3: - (‘c’ b/N> L abce Z}, Qc(z) = Ndet(x) = —Na? — be. @)

—a

Our proof of the main result, which proceeds by matching the g-coefficients term-by-term, is
closely modelled on the arguments in [KRY06]. For positive definite 7', it turns out that the cycle
z (T, v) is concentrated in a special fibre at a prime p, and the geometric side of the theorem factors
as the product of a local intersection number, determined by Gross and Keating [GK93], and a
point count; we then relate this computation to the corresponding coefficient of the Eisenstein
series using explicit formulas due to the third named author. An important step is to prove a local
arithmetic Siegel-Weil formula (Proposition 3.3), which identifies the local intersection number with
the central derivative of a local Whittaker function. For non-degenerate T of signature (1,1) or
(0,2), the special cycles are purely archimedean, and the result is essentially a special case of [GS19,
Theorem 5.1]. Finally, for degenerate T”s, the identity can be reduced to the genus one case of the
Siegel-Weil formula, as considered in [DY19].

We note that there is another quadratic lattice L that is naturally associated to Xo(/N), which
is given by

L= {:13 = (]\‘;C ba> L a,b,c € Z} . Qu(z) = det(x) = —a® — Nbe. (3)

The precise relation between E’(7,0,®%) and E’(7,0,®%) is given by Proposition 5.3 and (319).
For the purposes of the computations in the present paper, it seems that the lattice £ is more
convenient.
2. ARITHMETIC SPECIAL CYCLES ON MODULAR CURVES
2.1. Modular curves. Throughout, we fix N > 3 odd and squarefree. Let
X = Xy(N) (4)

denote the integral model, over Spec(Z) of the modular curve of level To(IN). More precisely, X
denotes the Deligne-Mumford stack over Spec(Z) whose S points, for a scheme S over Spec(Z),



A GENUS TWO ARITHMETIC SIEGEL-WEIL FORMULA ON X (N) 3

parametrize diagrams
p: &= E (5)
where £ and &’ are generalized elliptic curves over S, and ¢ is a cyclic isogeny of degree N. As
usual, we let Y = Yo(N) denote the open modular curve Y = X'\ {cusps}. The stack X is regular
of dimension two, flat over Spec(Z), and smooth over Spec Z[1/N]; see [KM85] for details.
For later use, we recall the following description of the complex points Yo(N) = Y(C) as an
O(1,2) Shimura variety. Consider the quadratic space

V= My(Q)=0, Q(z) = N det(x) (6)

of signature (1,2), and let
D=DV) = {zeV®qC| (z2) =0,(z7) < 0}/C* (7)
denote the symmetric space attached to V ® C = My(C)!"=% here (z,y) = —Ntr(zy) is the

complex bilinear form with (z, 2} = 2Q(z) = 2N det z. The space D decomposes into two connected
components
D=D"]]D", (8)

where

Dt i={z2=(22%)eVaC|(z2) =0, (z2) <0, Im(a/c) >0} /C*. (9)
The group GLy(R) acts on V®C by v-v = yvy~!, which descends to an action on D. A straightfor-
ward computation shows that DT is invariant under the action of SLy(R), and the matrix diag(1, —1)
interchanges the components.

Moreover, we have a SLa(R)-equivariant identification

H -~ D, T+ spang 2(T) (10)

T -T2
z(1) = (1 _7_) . (11)
This construction gives rise to identifications
Y(C) = [To(N)\H] ~ [[o(N)\D*]. (12)

Note here we are viewing the quotients as orbifolds.

where

2.2. Special cycles. We begin by recalling the construction of special cycles, following [DY19] or
[BY09]. For a point (¢: E — E') € Xy(N)(S), for some base scheme S, let

End(p) = {z € End(E) | pozop™! € End(E')} (13)
and define
L, == {a €End(p) | o+ of = 0}, (14)
where a' is the Rosati dual. We may equip L, with the positive definite quadratic form
Qo(a) = deg(a) = —a?. (15)

Definition 2.1. For m € Z, let Z(m) denote the moduli stack whose S points, for a base scheme
S, are given by

Z(m)(S) :={(p: E— E',a)} (16)
where a € L, satisfies the following conditions:
(a) Qy(a) =mN; and

b) the composition oo ™1
¥

is an isogeny from E' to E.
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Remark 2.2. (i) More generally, in [DY19, BY09] one finds a definition for cycles Z(m, )
parametrized by m € ;7% and r € Z/2NZ satisfying r? = —4Nm (mod 4N); for m € Z, the
moduli problem for Z(m) described above coincides with Z(m, ug) in the notation of loc. cit.

(ii) If o € L, satisfies condition (b) above, then @, () is divisible by N. Moreover, if one omits
this condition, the resulting moduli problem does not define a divisor on Xy (V).

There is a natural forgetful map Z(m) — Xp(V), which allows us to view Z(m) as a cycle on
Xo(N) (which, abusing notation, we denote by the same symbol).

Lemma 2.3. The cycle Z(m) is a divisor on Xo(N). Moreover, it is equal to the flat closure of its
generic fibre Z(m) = Z(m) q.

Proof. We begin by showing that Z(m) is a divisor. This is clear on the generic fibre, so it will
suffice to verify this claim in an étale neighbourhood of a point in characteristic p. To this end, let

z € Z(m)(F,), lying above the point z € Xo(N)(F,), and let R, (resp. R,) denote the complete
étale local rings of z and x respectively. Thus we have a surjection

R, — R, =R,/J (17)

for some ideal J that we would like to show is principal. By Nakayama’s lemma, it will suffice to
show that I = J/m.J is principal, where m is the maximal ideal of R,. Note that I? = 0, so that
the surjection
A:=R,/mJ = R, (18)

is a square-zero infinitesimal extension.

Let ¢: & — & denote the universal diagram over R, and ¢a: Ea — &) (vesp. ¢.: Er, — &)
its base change to A (resp. R.).

By assumption, we have an action «, € End(g,) such that

Si=a,0p, " (19)
is an isogeny £ — Er,. Moreover, the ideal I C A is, by definition, the largest ideal such that ¢

deforms to a homomorphism in Hom(é’g/[, Eayr)-
Now we apply Grothendieck-Messing theory. Consider the Hodge exact sequences

0— F(EY) = Hip(EY) — Lie(Ey) — 0 and 0 — F(Ea) — Hip(Ea) — Lie(E4) — 0 (20)

for £, and €4 respectively. Since the map A — R, is a square-zero thickening, the homomorphism
§: & — Egr, induces a canonical A-linear map

Hip(Eh) = Hip(Ea); (21)
composing this with the maps in the Hodge exact sequences above, we obtain a map
5: F(E))) — Lie(E4). (22)
Then Grothendieck-Messing theory implies that for any intermediate ring B with
A— B—R, (23)

the homomorphism 0 lifts to an element of Hom (%, £p) if and only if §® B = 0. This immediately
implies that the ideal I is given by the vanishing locus of &, and since F (&) and Lie(€4) are free
A-modules of rank 1, it follows that I is principal, as required.

It remains to show that Z(m) is horizontal, i.e. does not contain any irreducible components in

finite characteristic. Let p be a prime, and suppose z € Z(m)(F,) corresponds to (¢: E — E’, a)
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as before. If p splits in Q(a) = Q(v/—mN), then E and E’ are necessarily ordinary; if p is non-
split, then E and E’ are both supersingular. However, every irreducible component of Xy(N)(F,)
contains both ordinary and supersingular points, hence such a component cannot be contained in
the support of Z(m). O

We will also require a description of the complex points Z(m)(C). Consider the quadratic lattice

c::{(‘c‘ bfg) ‘a,b,cez} cv (24)

where V = M,(Q)"=Y, with quadratic form Q(z) = N det x.
Now given x = (‘cl be) € L with x # 0, let

Df = {zeD" | (z,2) = 0}. (25)

If Q(z) < 0, then D} is empty. Otherwise, D} = {z(7,)} consists of exactly one point, where
T, € H is the root of the equation
er? + 2at — b/N (26)

with positive imaginary part.

Lemma 2.4. We have identifications

Z(m)(C) —=—— |To(NM)\ [] D&
zeL

!

Vo(N)(C) ——————— [[o(N)\H]

Proof. Given z = (‘z be) € L, let 7 =7, as above. Then the corresponding point of Yy(N)(C) is

the diagram

o, B =C/A, 25 E. =C/An, (28)
where ¢, is multiplication by N, and A, = Z+Zr for 7 € H. Define an endomorphism « € End ()
by

alz+A;) =z(Na+ Ner) + A (29)
It is straightforward to check that « satisfies the conditions in Definition 2.1, and every such
endomorphism arises in this way. O

Next, we turn our attention to O-cycles. Consider the vector space Sym,(Q) equipped with
bilinear form

(2,y) = tr(zy).
With respect to this form, the dual of the lattice Sym,(Z) is given by
a b/2
Sym,(Z)¥ = {(W / ) la,b,c € Z}.
Now suppose

T (tﬂ *) € Symy(Z) (30)
* t22
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and assume for the moment that det T = 0.

Definition 2.5. Let Z(T') denote the moduli stack whose S points parametrize tuples

Z(T)(S) = {(¢: E— E',o1,02)} (31)
where
(a) a; € Ly, fori=1,2;
(b) the moment matriz
1 —a? -1 (g + agaq)
T — (Z(cv: D)) = 1 2
</9(0é1,062) (2<a17a])) (_é (a10[2+a2a1) _ag

satisfies
Tgo(ala 042) = ]\/vT7
(c) and finally, that a; o o=t € Hom(E', E) fori=1,2.

To describe the geometric points of this stack, we first recall the following representability cri-
terion. Working more generally for the moment, let V/Q, be any quadratic space of dimension
m = 3, with corresponding bilinear form (-,-). Fix a basis {vi,v2,v3} and let A € Sym,(Qy)
denote the moment matrix, i.e. A;; = (v;,v;). We define the determinant of V to be the class
det(V) := det(A) € Q/ /(Q(ZX’Q7 which is independent of the choice of basis. Define the character

xvie(x) = (z, (=)™ V2 det V), = (2, — det V). (32)

For a given choice of determinant det(V) € Q;/ QZ ’2, there are exactly two non-isomorphic qua-
dratic spaces Vf, distinguished by their Hasse invariants.
Now if T' € Sym,(Qy) is non-degenerate, we have that T is represented by V; if and only if

ee(V) = ee(T) xv.e(det T') (33)

[Kud97, Prop. 1.3]; here (V) is the Hasse invariant of V, cf. [Lam05, p.118], and &(T) is the Hasse
invariant of the quadratic space Q2 whose quadratic form is given by 7' in the standard basis.
Returning to the quadratic space V as in (6), define the difference set Diff (T, V) to be

Diff (T, V) = {/ finite prime | T is not represented by V;}; (34)
one can check that €,(V) = (—1,—N),, so that using (33), we have
Diff (T, V) = {€ | €¢(T) = —(— det(T), —N),}. (35)

Note that when T' > 0, we must have Diff (T, V) # 0; to see this, recall the product formulas

H €U(T) =1= H (7 det(T)v *N)U (36)

v<00 v<o0o
for the Hasse invariants and the Hilbert symbols. On the other hand, if 7 > 0 then e, (T) =1
and (—detT,—N)s = —1. Hence there must be at least one finite place ¢ for which €,(T) =

—(—det(T), —N),; in other words, Diff (T, V) # ) in this case.
Now suppose that T' € Sym,(Z)" is non-degenerate. The following lemma determines the support
of Z(T) in terms of Diff(T, V).
Lemma 2.6. Suppose T is non-degenerate.
(1) If T is not positive definite, or if T > 0 and #Diff (T, V) > 2, then Z(T) = 0.
(2) If T > 0 and Diff(T, V) = {p}, then Z(T) is supported in the supersingular locus in the
special fibre Xo(N)r,. In particular, Z(T) — Xo(N) determines a zero cycle.
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Proof. Suppose we have a geometric point z € Z(T)(F) for an algebraically closed field F, corre-
sponding to a tuple ¢: E — E’. Let V,, = End(¢)"=" ®z Q, equipped with the quadratic form
x +— N~ldegz. By assumption, we have that Vi, represents T'. However, V,, is positive definite, so
if T is not positive definite, we obtain a contradiction; thus Z(T') = () if T' is not positive definite. t
f Assuming that 7" > 0 and continuing, we note that dim V,, > 3, so the characteristic of F is non-
zero and E, E' are supersingular elliptic curves. Setting p = char(F), we may identify V,, = Bir=0,
where B is the rational quaternion algebra ramified at p and oo, equipped with the quadratic form
N~!nm, where nm(z) is the reduced norm. It follows that for ¢ # p, the space Vo,¢ is isometric to
Ve, and so Diff (T, V) C {p}.

Finally, note that det(V,,) = det(V,) and €,(V,,) = —€,(V,). Hence, applying the repre-
sentability criterion (33), we conclude that p € Diff (T, V). As we have already seen that any geo-
metric point of Z(7T') is in the supersingular locus, we have concluded the proof of the lemma. O

2.3. Classes in arithmetic Chow groups. Let
—_— 2 —_—
CHs (X) = P CHE () (37)
n=0

denote the arithmetic Chow ring, as originally constructed by Gillet and Soulé, see e.g. [Sou92]. A
discussion extending the construction to the case of Deligne-Mumford stacks of dimension two can
be found in [KRY06, §2].

Roughly, a class in @ﬁ(% ) is represented by an arithmetic cycle (£, g), where Z is a codimension
n cycle on X, with R-coefficients, and gz is a Green current for Z(C), i.e. gz is a current on X (C)
of degree (n — 1,n — 1) for which there exists a smooth form w such that

dd®gz +dzc) = W], (38)

holds; here [w] is the current defined by integration against w. The rational arithmetic cycles are
those of the form CTR/(f) = (divf,i.[—log|f|?]), where f € Q(W)* for a codimension n — 1 integral
subscheme ¢: W < X, together with classes of the form (0,91 + dn'); by definition, the arithmetic
Chow group éﬁﬁ(év ) is the quotient of the space of arithmetic cycles by the R-subspace spanned
by the rational cycles.

Note that if n = 2, for dimension reasons Z(C) = 0 and Green’s equation (38) is devoid of
content; in particular, there is nothing linking Z and ¢ in this case.

We will also require a generalization of these Chow groups due to Kiithn and Burgos-Kramer-
Kiihn. For a cusp P of X((N), let P denote its flat closure in Xy(N), and let S = Y~ P denote the
cuspidal divisor. In [BGKKO07], the authors present an abstract framework that allows for more
general kinds of Green objects in the theory of arithmetic Chow groups. One of the examples they
present utilizes “pre-log-log forms” relative to a fixed normal crossing divisor. In our case, we take
this fixed divisor to be the cuspidal divisor S, and denote by

CHE(X, Dpre) = @ CHg (X, Dpre) (39)

the corresponding Chow ring; here the notation ‘Dp,.” indicates the use of the Gillet complex of
pre-log-log forms in the construction, as defined in [BGKKO07, §7]. In particular, there is a natural
map

CH"™(X) — CH™(X, Do), (40)
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an intersection product
CHE (X, Dpre) X CHE(X, Dpre) = CHE(X, Dpre) (21, Za) = Z1 - Zs, (41)
and a degree map
deg: CHE (X, Dpre) — R. (42)

For convenience, we will often abbreviate
(21,2,) =deg (21-2:), 21,2 € CH'(X, Dyo) (43)

for the intersection pairing, which recovers the intersection pairing defined in [Kiith01]. We will not
require precise formulas for any of the aforementioned structures; the interested reader may consult
[BGKKO07, §7] for a complete discussion.

Remark 2.7. Strictly speaking, the constructions in [BGKKO07] and [Kiih01] only apply to schemes,
and not Deligne-Mumford stacks. In our case, this technicality is essentially immaterial. Indeed,
we have identifications

X(C) = [[o(N)\H"] ~ [{£1}\Xo(N)] (44)
as orbifolds, where H* = H U {cusps}, the space Xo(NV) is the Riemann surface T'o(N)\H*, and
{£1} acts trivially on X((N). Hence the analytic constructions of [BGKKO07] can be carried out
on Xo(N); the only difference is that in numerical formulas, we include a factor of 1/2 to reflect
the presence of the group {£1}.

2.4. Arithmetic special divisors. Here we recall the special divisors defined in [DY19], which
include certain additional boundary components. For v € Ry and m € Z, let

%53/2(74777710), if m < 0and — Nm is a square

g(m,v) = ¢ 34%, ifm=0 (45)
0, otherwise,
where, for s € R,
oo
Bs(r) = / e "'t dt. (46)
1
The modified special cycle is defined to be
Z*(m,v) := Z(m) + g(m,v)S. (47)
where S = > P is the cuspidal divisor. Note that by definition, Z(m) = 0 when m < 0.
P cusps
We now describe Green functions for these cycles, following [Kud97]. First, for z € V and z € D,
let
2
R(z,z) :=— |<x,€>| (48)
(€. €)

where { € z is any non-zero vector; note that the definition is clearly independent of . For v € R+,
and m # 0, we define Kudla’s Green function

o — 4T r,z)v dt
fmo)= 3 [ el (19)

zel
Q(z)=m
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which is a smooth function on Yy(N)(C) — Z(m)(C). The behaviour of these functions near the
cusps was determined by Du and Yang. In particular, [DY19, Theorem 5.1] implies that £(m, v) is
a Green function for Z*(m,v), and so we obtain a class

Z(m,v) = (Z*(m,v), &(m,v)) € CHL(X) (50)

The case m = 0 requires a bit more notation. First, let pun: Eun — El,,, denote the universal

diagram over X = Xy(INV), where m: &, — X is a generalized elliptic curve, and let

WN = Ty (Qéun/X) (51)

denote the Hodge bundle; sections of this bundle correspond to modular forms of weight one. This
bundle can be metrized on Yy(N) = Vo(N)(C) as follows: at a point 7 € H* ~ D, corresponding
to the diagram ¢, : E; — E. as in (28), the metric || - ||» at 7 is determined by the formula

ldz|? = 2vme P v,  T=u+iv (52)

where dz is the coordinate differential with respect to the uniformization E, = C/(Z + Zr), and
~ = —T"(1) is the Euler-Mascheroni constant. This metric is logarithmically singular at the cusps;
this metrized line bundle induces a class in the generalized arithmetic Chow group, which we also
denote by

On € CHY(X, Dpre). (53)

Following [DY19], we will need a slight modification to this bundle. Recall that for a prime p|N,
the fibre X, at p decomposes into two irreducible components Xz? and X°, where XI? (resp. X;O)
is the component that contains the reduction of the cusp Py (resp. Po) mod p. We then define

Q= —20N — Z.)/{;? + (0,log N), (54)
p|N

where 2?19 = (X2,0) € CH!(X) is the corresponding class.

Remark 2.8. The class @ can be identified as (the class of) the dual of the Hodge bundle of the
product &, x &, over Xo(IN) with an appropriately scaled metric; see [How20, §2.2] for details.

Next, define

o — 4TV T,z dt
o) = Y /1 oo (55)

zEL
Q(z)=0
z#0

which is a smooth function on Yy(N). As shown in [DY19], it is a Green function for the divisor
g(0,v)S, with log — log singularities at the boundaries, which therefore determines a class

(9(0,v)8,£(0,v)) € CHL (X, Dpre). (56)

It turns out that the linear combination @ + (g(0,v)S,£(0,v)), in fact lands in éﬁ]}@(X), the usual
Gillet-Soulé Chow group, see [DY19, Proposition 6.6].
Finally, we set

Z2(0,v) == &+ (g(0,0)S,£(0,v)) — (0,logv) € CHL(X) (57)
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2.5. Arithmetic special cycles in codimension two. In this section, we will attach an arith-
metic cycle ZA(T7 v) for every T' € Sym,(Z)Y and v € Sym,(R)~q.

We begin with the case that T is positive definite. As in Lemma 2.6, if the cycle Z(T') is non-zero,
it is supported in the fibre &}, for a prime p. We may then define
Z(T,v) := (Z(T),0) € CH(X); (58)
note that this class is independent of v.

Next, suppose T is non-degenerate and of signature (1,1) or (0,2), so that Z(T) = . In this
case, we define a purely archimedean class via the construction of [GS19]. We briefly recall the
construction in the case at hand. Suppose © = (z1,23) € VD%Q is a linearly independent pair of
vectors, and consider the Schwartz form

v(z) € SVE) @ AV(H) (59)
defined in [GS19]. Explicitly, we have
v(z) = 1°(z)e 2T QE1TQE2) (60)
where
vo(x) = ¢%(x) dp (61)
with

2
Yo(z, ) = <‘71r +2) (R(xi,7) +2Q(rci>>> e BRI, = () (62)
i=1

and
_duNdv

02
for 7 = u 4 iv € H; here we are abusing notation and writing R(x,7) = R(z, [z,]) under the
identification H* ~ D as in (10).

Next, we set

du (63)

U(x,7) = /1Oo VO (Vtx,T) % (64)

If the components of = span a space of signature (1,1) or (0,2), then ¥(z,-) is a smooth function
on H.
Finally, for T' € Sym,(Q) of signature (1,1) or (0,2), and v € Sym,(R)~, we choose a € GLy(R)
with v = a - *a and set
U(T,v,7) = Z U(za,T) (65)

zeL?
T(z)=T

and

E(T,v) :=U(T, v, 7)dp(r). (66)
The sum converges absolutely to a I'g(N)-invariant function on H, and Z(7,v) defines a smooth
form on Yy(NV).

Lemma 2.9. The form Z(T,v) is absolutely integrable on Xo(N), i.e.

/ |U(T, v, 7)|dp(r) < .
Xo(N)
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Proof. We first claim that it suffices to prove that for any © = (z1,22) € Q(T), the form ¥(za, 7)du(7)
is absolutely integrable on H; indeed, if this is the case, we would have

/XO(N)\I/(T,v,T)dM(T) :/FO(N)\H zj; U(za,7) | du(t) = Z / (za,7)du(r), (67)

2 xzeQ(T)
T(x)=T mod T'g(N)

where we use the fact that the stabilizer of x in T'o(N) is {£1}, which acts trivially on H; since
there are finitely many I'o(N) orbits, the lemma would follow by Fubini.
To show the integrability of ¥(za, ), fix a matrix k € SO(2) such that

zak = (x1,x2)ak = (y1,y2) (68)
for a tuple y = (y1,y2) € ViZ such that

)= (" 5,): (69)

with 01,2 € R* and 61 < 0. It follows from [GS19] that ¥(za,7) = ¥(y, 7). Furthermore, we have

V(yy,m) =Y(y,77) (70)

for v € GL2(R), acting diagonally on V;Z. Hence, in the integral over H, we may act by an
appropriate choice of v and assume without loss of generality that

1 (1 1 1
w=lalf () ettt (4 ) ()

where the sign in the matrix defining ys is — if T is of signature (1,1), and + if T is of signature
(0,2).
First, suppose T has signature (0,2). In this case, we have

1 6
Ry = Rr) =D g2 Rym R = g (72)

Setting ¢ = § min(|d1], |02|) and writing 7 = u + iv, we then have

c
27 (R; + Rg) > 2 (|T\2 +|1- 7'2|2)

% (u® +0* + (1 —u?)? 4+ 20%(1 + u?) +v*)

C
= (v® + (1/2 — u?)? + 3/4 + 20*(1 + u?) + v*)
>c(3/4-v7% + 0 4 2u?).

This estimate easily implies that the integrals

—2mt(R1+R2 dt 1 —2n(R1+R2
/ / 2nt(R1+R2) Y du( ) / 27T(R1 +R2)e 2n(R1+R )d,LL(T) (73)

o dt R,
tR; .6—27rt(R1+R2)7d T :/ 7%6—%(1%1“%2)(1 - 74
AK( ) ) = | S () (74)

are finite. So the integral (67) is absolutely convergent, which in turn implies the statement of the
lemma. The case of signature (1, 1) is analogous. O

and
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The preceding lemma implies that =(7',v) defines a current on Xo(N) so in this case we obtain
a class

Z(T,v) = (0,2(T,v)) € CHZ(X). (75)
Next, we suppose T has rank 1. We begin with the following simple observation:
Lemma 2.10. Suppose rank(T') = 1. Then there exists t € Z and an element v € GLy(Z) such
that
T:t’)’(ot)'7~ (76)
Moreover, the integer t is uniquely determined by T, and is invariant upon replacing T by toTo

with o € GLy(Z).

Proof. For the existence, write T' = (;}2 ";f), so that m? = 4tqt,. If t; = 0, then we may take

~v = Id and t = t5. Otherwise, write —m/2t; = a/c where a and c are relatively prime, and choose
b, d such that ad — bc = 1; then v = (g Z) satisfies '9Ty = (©,) for some ¢, as required.
To show that ¢ is uniquely determined, suppose that we have v € GLy(Z) with

D r=(") (77)
Then 7 is of the form (&%) € GLa(Z), hence d = +1, which in turn implies that ¢ = ¢. O
Following [KRY06], we make the following definition.

Definition 2.11. Suppose T is of rank 1, and let v € Sym,(R)so. Let t be as in Lemma 2.10.
Define

~ ~ =N detv —
Z(T7U) = Z(taUO) W (0710g < v > 52*(1&,1}@)(@)) S CH2(X7Dpre)7 (78)
where
vg := t " tr(Tw) € Rso, (79)
the cycle Z*(t,v0)(C) is the complex points of the modified cycle (47), and @ 1is the class defined in
(54).

We observe two invariance properties, which both follow immediately from definitions: the first
is the identity

Z('4Ty,v) = Z(T, 1!
For the second invariance property, suppose 6 = (!
Z((0)),00'0) =Z((°,),v) (81)

for any ¢ € Z and v € Sym,(R)s.
It remains to define the constant term.

v), v € GLa(Z). (80)
1) € SLy(R); then

Definition 2.12. When T = 0, we set

Z(0,0) =@ + (0,logdetv-[Q]) € CH2(X,Dpre), (82)
where Q = A 4nd [Q) is the current given by integration against Q.

27ry2 )
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2.6. The main theorem. We begin by briefly reviewing the theory of Siegel Eisenstein series,
mostly to fix notation; for details, see [KRY06, §8], for example. Let

Sp, = {g € GLy, | g <1r 1’") 9= (h 17") } (83)

viewed as an algebraic group over Q.

For a place v < oo, let G,, denote the metaplectic cover of Sp,.(Q,); as a set, we have
Grv = Sp,(Q,) x C' with multiplication given by the normalized Leray cocycle (see [KRY06,
§8.5]). Similarly, G, 4 = Mp,.(A) denote the metaplectic cover of Sp,.(A), which can be realized as
a restricted direct product of the G, ,. There is a unique splitting Sp,.(Q) — G, » whose image we
denote by G, q. Let P, = M, N, denote the standard Siegel parabolic of Sp,.; here

M, = {m(a) - (a ta—l) ‘ ae GLT} and N, = {n(b) - (1 ll)) ’ be Symr}. (84)

We denote by ]STVA,MTA and NTA, the inverse images of P.(A), M,(A), and N,(A) under the
covering map G, — Sp,(A).
Given the quadratic space V as in (6), we may define a character yy on Py by the formula
xv ([m(a)n(b),€)) = € (det(a), — det V), = e (deta, —N), , (85)
where (-,-)4 is the global Hilbert symbol and € € C!. Similarly, for s € C, we define a character
|- ]° on Py by
pl” = |det(a)lz,  p=[m(a)n(b),e]. (86)
Consider the degenerate principal series representation
Ir(‘SvXV) = {(I) GT,A — C smooth | (I)(pgv S) = XV(p)|p|S+p<I)(ga 8) for all g &< Gr,Avp S pr,A}v (87)
r+1

with G, a acting by right translation; here p = . This representation factors as a restriced direct

2
product
!
I.(s,xv) = ® I (8, Xv,0)- (88)
v<00
where

Lw(s,xv0) == {®: G, — C smooth | ®(pg,s) = xv.(p)|p|5T"®(g,s) for all g € G,,,p € Pm,},

is the local analogue of I,.(s, xy).

For each finite prime p, let K, = Sp,(Z,) and let K, denote its inverse image in G, ,. Similarly,
let Ko =~ U(r) denote the standard maximal compact subgroup of Sp,(R), let K., denote its
inverse image in G, ~, and set K c Gy a to be the inverse image of K Hp K,.

We say that a section ® € I.(s,xy) (resp. ®, € I, ,(s,xv0)) is standard if its restriction to
K (resp. f(@) is independent of s. Note that by the Cartan decomposition, a standard section is
determined by its value at any fixed s € C.

In this paper, we will primarily be concerned with following standard sections for r = 1, 2.

Definition 2.13. Let L be the lattice described in (24). We define a standard section
P (5) = Duzoo®y, (5) € I, Xv) (89)

as follows:
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o At the place 0o, we set ®F  (s) = @i/ozo(s), the standard section of scalar Ko -type det®?.

More precisely, there exists a character 5% of Ko whose square descends to the determinant
map on U(r), cf. [KRY06, §8.5.6]. Then @ﬁoo(s) is the standard section determined by the
relation ®F (k, s) = 3 (k)? for all k € Ko,

o Forv < oo, let @ﬁv(g,s) be the local standard section attached to the lattice L™ via the

Rallis map; more precisely, @ﬁv 18 determined by the relation

3—r—1
OE,(g,50) = (@v(9)65) (0, so="p— (90)
where wy ,, is the Weil representation acting on S(VI), and ©5 is the characteristic function

of L7.

Our primary interest is in the case r = 2, though we will have to consider the case r = 1 as well.
For Re(s) > 3/2 and g € Gaa, let

E(g,5,®5) = > ®5(yg,9) (91)
YEP2,0\G2,0

denote the corresponding Eisenstein series; by the general theory of Eisenstein series, this series
admits a meromorphic continuation to s € C. Moreover, E(g, s, ®%) is incoherent in the sense of
[Kud97], and hence E(g,0, ®5) = 0.

It will be convenient to introduce “classical” coordinates as follows. Let

Hy = {7 =u+iv € Symy(C) | v > 0} (92)
denote the Siegel upper half-space; for 7 = u + iv € Hy, choose any matrix a € GLy(R) with
det(a) > 0 and v = a - ‘a, and write

g'r,oo - [n(u)m(a)a ]-] S G2,oo7 gr = (g‘r,ooa la . ) S GZ,A~ (93)
Define
E(r,s,®%) = det(v)*/*E(g,, s, %), (94)

which is a (non-holomorphic) Siegel modular form of scalar weight 3/2. We write its g-expansion
as

E(r,s,®5)= Y Cr(v,s®5)q" (95)
TeSym,(Q)

with qT _ e27r7itr(T'u).

Theorem 2.14. For every T € Sym,(Q), we have

— = d
deg Z(T,v) = Cd—CT(v, 5,®5) . (96)
S s
Here C' = W is the constant given in the introduction. In particular, we have an identity of
q-erpansions

> deg Z(T,v)q" = C E'(1,0,9%). (97)
T

This theorem will be proved in Section 4.
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3. LOCAL SPECIAL CYCLES AND WHITTAKER FUNCTIONALS

In this section, we study local analogues of the special cycles, defined in terms of deformations of
p-divisible groups. A result of Gross-Keating computes the degrees of these cycles, which we relate
to derivatives of Whittaker functionals.

3.1. Degrees of local special cycles. Fix a prime p, let F = Fp be an algebraic closure of Iy,
W = W (F) the ring of Witt vectors and Wg = W ®z Q its field of fractions. Denote by Nilp,, the
category of local W-algebras such that p is nilpotent.

Let X denote the (unique, up to isomorphism) supersingular p-divisible group of height 2 and
dimension 1 over F. Then End(X) is the maximal order in the division quaternion algebra over Qy;
we denote the main involution by z — z*, and the reduced norm by nm(x).

Fix a uniformizer w. Let ¢ € End(X) be an isogeny of degree N. By composing with an
automorphism of X, we may assume without loss of generality that

{id, ptN
Sp:

98
@, p|N. 58)

With this setup in place, we recall the relevant Rapoport-Zink space: let M = My () denote
the moduli space (over Nilp, ) of diagrams (¢: X — X’) where X and X’ are deformations of X and
@ is an isogeny lifting ¢ € End(X). We denote by M, the moduli space parametrizing deformations
of X alone, which is isomorphic to Spf(W[t]); note that for p{ N, we have ¢ = id, and so M, (n
is isomorphic to Mg.

Definition 3.1 (Local special cycles). (i) Fory € End(X)"=0, let Z(y) denote the moduli prob-
lem (over Nilp, ) parametrizing tuples {(¢: X1 — X2,0)} where
e X, and Xs are deformations of X;
e ¢ is an isogeny lifting ¢;
e § € Hom(Xy, X1) is an isogeny lifting y o o~ 1.
Note that if the last condition holds, then 6 o ¢ is an element of End(¢) lifting y.
(ii) If y = (y1,y2) is a linearly independent pair of elements in End(X)!"=C, then we set

Z(y) = Z(y1) Xm Z(y2) (99)
to be the intersection.

For a pair of vectors f1, fo € End(X), let (f1, fo) = f1 - f4 + fo - fi denote the bilinear form
attached to the quadratic form Q(f) = nm(f). We set
1
2

(Fr.fr) (frofo)
<< 1 fa) <f2,f2>) ' (100)

r=0

T(flva) =

Proposition 3.2 (Gross-Keating). Suppose y1,y2 € End(X)?
vectors, and let §; = y; 0 o~ ! fori=1,2. Let

T =T(81,8) (101)

18 a linearly independent pair of

and let 0 < a1 < ag < ag denote the Gross-Keating invariants of the matriz diag(N,T). Then
vy(T) = deg Z(y) (102)

only depends on T', and is given by the following explicit formulas.
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If a1 = ay (mod 2), then

a1—1 (a1+a2—2)/2
vp(T) = Z (i +1)(ay +az + a3z — 3i)p' + Z (a1 4+ 1)(2a1 + as + a3 — 4i)p’ (103)
i=0 i=a;
1
al; (ag — ag + 1)plrte2)/? (104)
and if a1 # az (mod 2), then
a1—1 ) (a1+a271)/2 .
w(T) =Y (i+1)(a1+az+as—30p'+ > (a1+1)(2a1 +ag+as—4i)p’.  (105)
i=0 i=as

Proof. Given any f € End(X), let Z(f)ax denote the locus on Mg x My on which f deforms to
an isogeny f: X; — X5 where X; and X5 are deformations of X. Then the deformation locus Z(y)
coincides with the triple intersection Z(¢)ak - Z(01)ck + Z(62)arx on My x M.

Note that for i = 1,2,

(0i0) =09 T () = (o™ 1) - (=) + (=9~ i) = —tr(y;) = 0 (106)
Therefore, the restriction of the quadratic form Q(z) = deg(x) to span{¢p, d1,d2} is represented by

the matrix diag(N,T) with respect to the basis {p,d1,02}. The desired formula is then [GK93,
Proposition 5.4]. O

3.2. Local Whittaker functionals and special cycles. The main point of this section is to
express the local intersection number, defined in the previous section, in terms of Whittaker func-
tionals. Recall that for a standard section @, € Is,(s,xv,p) and T € Sym,(Q,), the Whittaker
functional is defined to be

Wrp(g,s,®,) = / ®(wy, 'n(b)g, s) hp(—tr(Th)) db (107)
Sme(Qp)
where
o w,=[(y, "),1] €Gy;
e for b € Sym,(Q,), we write n(b) = [(1}),1];
e Y,: Q, = C is the standard additive character that is trivial on Z,
e and db is the additive Haar measure on Sym,(Q,) that is self-dual with respect to the

pairing (bl, bg) — ’(/)p(t’/‘(blbg)).
In addition to the section <I>5 = <I>§p as in Definition 2.13, we also need the following auxilliary
section. Let
Vi = (Bp)" =" (108)
denote the space of traceless elements of the division quaternion algebra B, over Q,. We equip
V¢ with the quadratic form Q" (x) = nm(x), the reduced norm of z. Note that the quadratic
character X; = Xvra,p associated to V' is given by

Xp(@) = (2, 1) (109)
Let L)* = Op NV, where O, is the maximal order; finally, we define the local section
D1 %(s) € Iop(s, X) (110)

to be the standard section attached to (L;a)@Q. The main result of this section is:
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Proposition 3.3. Suppose y1,y2 € End(X)"=C are linearly independent vectors, and let &; =
yiop " and

T :=T(01,02) = N T(y1,92) (111)
as in (100). Then

ra 2 L
WY e .

deg Z(y) - logp = 2c¢ (
g (y) g P 'Yp(v) WNT,p(e7 0’ (I);a)

¢, = (1> « {er Lo eIV (113)

where

p—1 1, if pf N.
and v,(V;?) and v,(V) are the local Weil indices, cf. e.g. [KRY06, §8.5.3].

Remark 3.4. If p is odd, it follows from [RR93, Appendix A] that v,(V;*)? = 1 and ~,(V,)? =
(_lvp)P'
Proof for p{ N. First, we observe the following general fact: for a lattice L over Zg, let L €

I;(s, xr) denote the section corresponding to (the characteristic function of) the lattice L®2. Then,
for T' € Sym,(Zy), we have

1
WT,Z(easv(I)ZL) = ’Y(VE)Q ’ [Lv : L]_l ) |2|52 (X, TvL)|X=p’S (114)

where V = Lg,, and LV is the dual lattice, cf. [KRY06, Lemma 5.7.1]. Here (X, T, L) is the
representation density polynomial, as in [Yan98, Yan04].

Now we return our situation, and consider the case p{ N. In this case, the result is contained in
[Yan04]. Indeed, note that if 0 < a; < az < a3 are the Gross-Keating invariants of diag(N, NT),
which are also the Gross-Keating invariants of diag(1,T), then a; = 0, cf. [Yan04, Appendix B].

Since N is a p-adic unit, carefully tracing through the contructions in [Yan04] shows that

Oép(X,T, ‘C) = ap(Xv NTv Lg) (115)

where

LY = {(i ba) ca,b,c€ Zp}, Q(z) = det ().

Thus, [Yan04, Proposition 5.7] gives

_ap-1(ag + a3 — 4i)p?, ifas =0 (mod 2),

QLT Ly)lxor = —(1 - po) sl a2 mod)

Zogig%_ (az +az — 4i)p* — %pT, ifas =1 (mod 2)
= —(1=p (D). (116)

On the other hand, [Yan04, Proposition 5.7] gives

ap(1, NT, L) = 2(p + 1); (117)
combining these identities with (114) and Proposition 3.2 yields the proposition for p{ N. The case
p|N will be dealt at the end of this section after some preparation. O

In the remainder of the section, we suppose p|N; in particular, p is odd. We have

, - {(“ p”’) | abce Zp} . Q(2) = Ndet(z). (118)

Cc —a
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The Gram matrix of £,, with respect to the Z,-basis {( 1 Nﬁl) , (1 N_l) , (1 4 )} is

1
S = ~1 (119)
-N

1

In particular, [£¥ : £]7! = p~! and hence

Wrp(e, s, ®p) =v(Vp)? - p~ (X, T, L (120)

)}X:pfs'

Our first step is a formula for the representation density o, (X, T, £), using the explicit formulas in
[Yan98]. Recall that for a general T' € Sym,(Z,) and lattice L, Yang decomposes the representation
density as

Oép(X,T,L):1+R1(X,T,L)+R2(X,T,L) (121)
for some explicit polynomials Ry (X, T, L) and Ro(X,T, L), defined in [Yan98, §7].

In our case, we compute o, (X, T, £) via comparison to the representation density o, (X, T, L),

where Lo = M(Z,)"=° with quadratic form Q(z) = det x.

Lemma 3.5. Suppose p|N and let T € Symy(Zy). Then

X
Ozp(X,T,ﬁ) = X2 (pa(X,NT,LO) + (X —p) (Rl(X,NT,LO)—i- ;—p)) , (122)
where Ry (X, NT, Ly) is the polynomial defined in [Yan98, Theorem 7.1]

Sketch of proof. In [Yan98, §7], the representation density is expressed in terms of polynomi-
als Ry1(X,T,L) and Ro(X,T, L), which are further decomposed in terms of explicit polynomials
L (X, T,L) withi=1,2and j = 1,...,8. Unwinding the definitions of these polynomials, one can
verify explicitly that

I;(X,T,8) = X 'I, j(X,NT, Sp)
I2,j(X7T7$):pX7212,j(X7NT7‘S’0), ,7:17»7
Ls(X,T,S8) = pX %I 8(X,NT,Sp) — 1.

The lemma then follows from [Yan98, Theorem 7.1].

Explicit formulas for «(X, NT, Lg) and Ry(X, NT, Ly) are as follows:

Proposition 3.6 ([Kit83], [Yan98, §8]). Suppose p|N and T is GLy(Z,)-equivalent to (Elpa cap? )
Let M = N/p € Z) and define

(—Mea,p)p, ifbis odd

+ +
vy = (—Meq, vy =
o= 1Py ! {(—eleg,p)p, if b is even.

(i) If a is odd, then

- a _ at1
ap(X,NT, L) = (1—=pX%) ¢ > p"X*+(f X)) 4p= Y (g X)*
0<k<atl a+1<k<b+1
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and
a+1

Ri(X,NT,Lo)=(1-p~2) > pX*4p>(1-plofX) > (gX)
O<k<efl a+1<k<b41

(ii) If a is even, then

ap(X,NT,Ly) = (1 - p2X?) Z PR g g X2k
0<0<a/2

and
Ri(X,T,Lo) = —1+(1-p'X?) Y pFX?* 4up*/2x"+2,
0<k<a/2

Proposition 3.7. Suppose that p|N and p € Diff (T, V), i.e. T is not represented by V,. Then

p
ﬂ . O[;(:LT, L) = I/p(T).

Here v,(T) = deg(Z(y)) s the intersection multiplicity given explicitly in Proposition 3.2, for any
tuple y = (y1,y2) with T(y1,y2) = NT.

Proof. This follows from a straightforward, though tedious, computation using Lemma 3.5 and
Proposition 3.6. O

We can now conclude the proof of Proposition 3.3:

Proof of Proposition 3.3 for p|N: Using (114) and [Yan98, Proposition 8.7], one has the formula
Wirp(e,0,20%) = 7,(V;4)* - p~2 - 2(p+1) = 2p~*(p + 1). (123)
On the other hand, combining (114) and Proposition 3.7, we have

pp—2 1) vp(T) - logp. (124)

From this, the proposition follows. U

Wf,p(e’qu)g) = ’Y(VP)Q p o' (1,T,L) - (—logp) = 'Vp(vp)2 (

4. PROOF OF THE MAIN THEOREM

4.1. Positive definite 7. Suppose T is positive definite. Our strategy in this case closely mirrors
that of [KRY06]. We begin by recalling the following well-known facts about the Fourier coefficients
of Siegel Eisenstein series, see e.g. [Kud97, §1]:

Proposition 4.1. Suppose T' € Sym,.(Q) is non-degenerate, that V is a quadratic space over Q of
dimension r + 1, and ® = ®,P, € I.(s, xv) is a factorizable section. Then:

(Z) ET(ga S, (I)) = vaoc WT,v(gvv S, cbv)
(i) Suppose ®,, is in the image of the Rallis map and that V,, does not represent T at some place
v. Then W (e, 0,®,) = 0.

g
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For our purposes, we will also require certain auxiliary sections. Fix a prime p, let B() denote
the rational quaternion algebra ramified exactly at p and oo, and let V®) ¢ B®) denote the subset
of traceless elements. We equip V() with the quadratic form Q(z) = nm(z), the reduced norm.
We fix an order O®) c B®) as follows: if p { N, then we take O?) to be an Eichler order of level
N. If p|N, we take O®) to be an Eichler order of level N/p. In any case, let

L® .— 0@ AP (125)
denote the set of trace-zero elements.
Finally, we set
o) (s) € I(s, ¥ (126)
to be the global standard section associated to (L®)®2; here ¥’ = xy-») is the character y/(z) =
(713 m)A'
Lemma 4.2. Suppose T € Symy(Z)V, fix a prime p as above, and let q # p.
(i) If g1 N, then

2
V(P))
W e,s,®P) = ’Yq(iq Wr.o(e, s, ®5).
NT’(I( q ) (’Yq(vq) qu( q)
(it) Suppose q|N. Then at s =0, we have
2
V(p))
Wara(e.0,0®) = (Ve )} y o g8y,
NT7q( q ) ( ’Yq(Vq) T7q( q)
Proof. Recall that
Wr (e, s, <I>§) =7,(Vy)? - | det Lylq - ag(X, T, Ly)| x=p-s (127)

and similarly for Wy 4(e, s, @,(Jp)).
If ¢4 N, then we have identifications £, ~ (My(Z,)!"=0, N det(z)), and LY ~ (My(Z4)'"=0, det(z))
as quadratic spaces. By [Yan98, Proposition 8.6], we have
ag(X,T,Lg) = ag(X,N7'T,L®)) = (X, NT, LP)) (128)

from which the first part of the lemma follows.
When ¢|N, we have that

Lo = {(q“c _ba) la,b,ce zq}, Q(x) = det(z). (129)
By [Yan98, Corollary 8.5], we have
a(X,NT,LP) = (X, NT, L) + (¢ — ¢*) Ri(X, NT, Lo) + 1 — ¢*, (130)
and so, comparing with Lemma 3.5, taking X = 1 in both formulas gives
a(1,NT,LP)) = qa(1,T, L,). (131)
Observing that |det £, = ¢~! and |det Lflp)|q = ¢~ 2, the second part of the lemma follows
immediately. O
Corollary 4.3. Suppose Diff(T') = {p}. Then

vp(T) - logp )

Er(g,,0,0%) - ¢7 T =
T(gv7 )q 2Cp

Ent(gr,0,0®) . g~ NT
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Proof. By Proposition 4.1, we have

Wrp(e,0,85) =0, (132)
and so
Er(g7,0,9%) = Wi, (€,0,85) - Wro0(9r,0,85) - [[ Wrule,0,®7). (133)
o
At the infinite place, we have that ®% = @%2 = <I>(£). The corresponding Whittaker functionals

are given explicitly by the formula
Wi .00 (97,0, 8%/2) = —2v/2(27)% det(v)*/ 47, (134)

cf. [KRY06, Theorem 5.2.7(i)], for any non-degenerate T € Sym,(Q). Thus, in our case we find
Wroo(9-,0,95) 7

= . (135)
WNT,OO(gTa 07 q)(og)) qNT
Combining this identity with Lemma 4.2 and Proposition 3.3, we find
- 10 v
E'_/r(gT?O? (I)L)q = Y2 OBP (H ’Y > H WNTU(gT)O (I)(p)) T
v<oc v<00 (136)

10 v _
ep (H ’Y,y > ENT(gTaov(I)(p))q NT'

It remains to show that the product involving Weil indices equals 1. For any quadratic space V,
the product formula [], - 7,(V) = 1 holds; thus

v (V)2 ) (V)z

- : (137)
2 2
LS ey = 5w
By [KRY06, p. 330], we have 700 (V)? = —1 = 75 (V)2 50 the ratio above is one, and the corollary
is proved. O

The next step in our proof is to apply the Siegel-Weil formula for the positive definite space V@),
Let H®) = O(V ), viewed as an algebraic group over Q. If

o®) € S(VP) @g Ay)®?) (138)
is the characteristic function of (L(P) @y 2)892, we define the theta integral
Hoe®) = [ Ohe)dn,  geGy (19)
[H®)]

here ©(g, h, o)) is the usual theta function, and dh is the left Haar measure on [H®)] = H®)(Q)\H® (A)
normalized so the total volume is 1.
Then the Siegel-Weil formula implies that for any non-degenerate T', we have

Er(g,0,8P) = 2I7(g,¢®). (140)

The computation of I7(g, o)) is given in [KRY06, §5.3]; we review the computation here. Note
that O(V(®)) ~ SO(VP)) x 15, and since ) is the characteristic function of a lattice, it is pa (A f)-
invariant. The measure dh decomposes as dh; x dc where the volume of p2(Q)\p2(A) with respect
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to dc is equal to 1/2; fixing a gauge form w on SO(V(®) as in [KRY06, p. 126], we obtain a
decomposition dh; =[] dhi .

There is a surjective map B® — SO(V®)), where an element of B®) acts by conjugation on
VP Let K®) ¢ SO(VP)(A;) denote the image of (O®))* under this map, and write

SOV (ag) = [[sSOV®)(@) - by - K. (141)
J

Let T; = SO(V®)(Q) N h;K®h ' Then [KRY06, Proposition 5.3.6] implies that for g =
(9007 67 A )7

v<o00

1 -
I1(g, ") = 507.50(900: #%)) vol (K(”),dhl,f) > Pnity) (142)
J QUT,V®
yemf}d FJ )
where
Orclgoesi) = | (g )P (BT L - o) ot ne (143)
SO(V®)(R)

and x € Q(T, V®)) is fixed.
The volume appearing in (142) can be computed following [KRY06, Lemma 5.3.9]; we sketch the
argument here.

Lemma 4.4. Suppose Diff (T')) = {p}. Then

24

O, (97, 2)) VOUK®) dha g) =~ | [T+ )7 | - det(0)*/* 4" (144)
b q|N
q#p

Proof. Suppose v < oo and ¢, € S ((Vv(q))Q) is any Schwartz function, and define the local orbital
integral

Oru(go, 90) = / w(g)pu(h~"20) dhy (145)
SO(V(@)(Qy)

where 29 € Q(T, V@) is a fixed tuple in (V(@)? with T(z¢) = T. Then there is a non-zero constant
dy = d, (V@ dhy ) such that
OT,'U (gva <)0'U) = d, WT,U (gva 0, q)(@v))- (146)

By [KRY06, Proposition 5.3.3], this constant only depends on the local measure dh; ,, and not on
T, and moreover

II dv=1 (147)

v<o0o
Now arguing as in [KRY06, Lemma 5.3.9], we have that for a finite prime g,
(1—-q7?), qtNp
Vol(K(P) dhyg) = dg - (V)P - 12132 - (L +9) M (1 —q72), alN, g #p (148)
p3(p+1), q=p.
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Thus, we have
OT,OO(gT,oov Sp(og)) : VOI(K(p)v dhl,f)

= Wr,(9r,00,0, (biéz) < H ’Yv(v(p))2|2|2/2> < H (1- q2)>

v<0o0o q<oo

p72(p+1) —1
X( 1—p2 ) ql:[V(qH)
qF#p

1
— 3/2y . (p)y—2 o—3/2 -1_ - -1
Wr o900, 0,922 - (1 (V) 2272) €)= | [T + 1)
q|N
q#p

Finally, we recall that v, (V(9)? = —1, see [KRY06, eqn. (5.3.71)] and ¢(2) = 7?/6, and
Wr,00(gr, 0, @3%) = —2v/2(27)* det(v)*/*q", (149)

cf. [KRY06, Theorem 5.2.7(i)]; this proves the desired formula. O

Recall that we had written the Fourier expansion of the Eisenstein series E(7,s, ®%) as

E(r,s,®%) = ZCT (v, s, ®%)q (150)

Combining Corollary 4.3 and Lemma 4.4 (replacing T by NT in the latter lemma) we obtain
the following result.

Corollary 4.5. Suppose T > 0 and Diff(T) = {p}. Then C}(0,®*) = C4(0,v, ®*) is independent
of v, and is given by the formula

Cp(0,9%) = v(Tlogp- |12 [+ |- | D D ¢P(hj'a) (151)
q|N J zeQ(NT,V®)
modF

Proof. By Corollary 4.3 and applying definitions, we have

T) -1
Ch(0,®%) = W ~det(v) "4 Enp(gr,0,8®)) . ¢~ NT (152)
4
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where ¢, = z%} if p|N and ¢, = p%l otherwise. Now combining the Siegel-Weil formula, cf. (140),

the factorization (142), and Lemma 4.4, we have

ENT(gT7 07 (b(p)) = 2INT(gT7 07 q)(p))

= Ot (oo @) vol (KD ani ) | S 3 6@ (y)
i yEQ(T,V(p))

mod T'; (153)
— Mid 3/4 NT @) (-1
q|N q J yeq(T,v®)
mod I';
The corollary follows immediately. O

Finally, we prove the main identity in the positive definite case:
Theorem 4.6. Suppose T > 0. Then

[n(a+1)

deg Z(T) = ol

-C7(0, %) (154)
Proof. First, suppose #Diff(T)) > 1. By Lemma 2.6, the left hand side vanishes, and by Proposi-
tion 4.1, the right hand side vanishes, establishing the result in this case.

We may therefore suppose Diff(T') = {p} for some prime p. Recall that there is an identification®

X(F,)* ~ [B@)*\(B(P)*(Af)/(?@X)}. (155)

—

Now suppose p: E — E' € X(F,)** is a geometric point corresponding to the coset [b] = bO®)
as above. Then the lattice L(y), defined in (14), is identified with the lattice

X

b L@ = (bf(\wb*) NV ® (156)

where L®) = V® N O®) as above.
Tracing through definitions, we have an identification

Z(T)(F,) ~ [B@)vX\C(T)] (157)
where

e(T) = {(y, b)) € (VIV)? x B (a) [OW)

ye (- L2, T(y) = NT} . (158)

1Brieﬂy, the right hand side is interpreted as the set of invertible right O()-modules. This latter set is in bijection
with X (Fp)** as follows. Fix a base point (mo: Eg — E}) € X(Fp)**. Then, given a point 7: E — E' € X (Fp)*°,
the corresponding O(?) module is Hom(mg, 7). See e.g. [Rib90, §3] for details.
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As described in Section 3, the (arithmetic) degree of the local ring of Z(T') at each geometric point
is the same, and is given by v,(T) log p. Hence

— log |Oz(7,-|
2€Z(T)(Fp)
= v,(T)logp - # [B(p)’X\C(T)} : (160)

where on the right hand side, we have the “stacky” cardinality, i.e. the number of orbits, with each
orbit weighted by the reciprocal of the order of the corresponding stabilizer group.
To determine this cardinality, let H®) = SO(V()), and recall that there is an exact sequence
1 VA B®),x < s H® 1 (161)
where b € BP):* acts on V(P) by conjugation, and Z ~ G,, is the centre. Since Z(A;) = Z(Q) -
(Z(Af) N ((’)(P))X), we have a bijection

B(p)VX\B(p%X(Af)/a(;)X PN H(p)(Q)\H(p)(Af)/K(”) (162)

where K(P) was, by definition, the image of ((&5)X in H®P)(Af). As in (141), we choose repre-
sentatives {hy} for this double coset space, and set T'; = H®(Q) N th(p)hj_l. Moreover, since
the components of y span a two dimensional subspace of V(®), it follows that the stablilizer of any
point (y, [b]) is equal to Z(Q) N Owx = {£1}. Thus

#B0em] = 3% Y 1=32 ¥ «Puily (163)

J yeh;-L® J yeQNT,V®)
T(y)=NT mod T
modTI;

—

where, as we recall, o € S(V(®)(A;)?) is the characteristic function of (L())2. The theorem
follows from a comparison with Corollary 4.5. O

4.2. T of signature (1,1) or (0,2). Recall that when T is non-degenerate but not positive definite,
the class Z(T,v) is purely archimedean:

Z(T,v) = (0,E(T,v)) € CHA(Xy(N)) (164)
where Z(T,v) is defined in (66). In this case, the arithmetic degree is given by
— 1
deg Z(T,v) = f/ =(T,v). (165)
2 Jx©

The computation of this integral was carried out in [GS19] in the case of compact Shimura varieties.
A crucial step in the argument is the application of the Siegel-Weil formula to relate the integral of
a certain theta function (attached to the Schwartz form denoted by v(x) in loc. cit.) to a special
value of the corresponding Eisenstein series.

In our case, the fact that V contains isotropic vectors implies that the relevant theta integrals do
not necessarily converge for arbitrary Schwartz functions; however, as we prove below, the particular
Schwartz form relevant to our setting does lead to a convergent theta integral, and work of Kudla
and Rallis [KR94] implies that the Siegel-Weil formula holds for this Schwartz form. With this
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fact established, the arguments of [GS19] carry through verbatim and yield a computation of the
integral (165).
To state things more precisely, recall the explicit expression
V(N = ¥(\) dp (166)

where
2
1
V(A z) = <_7r + ZZ(R()\i,Z) + 2@(&‘))) ™ 2T L RO+, A= (A, A) € VR, (167)
i=1

and de A d
dy =% yg y (168)

with z = z + iy € HE.
For future use, we fix the basepoint i € H and abbreviate

P(A) = (A, 0) (169)

so that ¢ € S(V2) is a Schwartz function.

This Schwartz function gives rise to a theta function that, at least for the moment, is best
described adelically. Let H = O(V), and let w denote the action of Go s x H(A) on S(VZ(A)) via
the Weil representation. Recall that the action of H(A) is the linear action; more precisely, for
he H(A) , A= (A, ) € V(A)? and ¢ € S(V(A)?), we have

(L)) = (h - X) = (B A B Ay). (170)

Returning to our Schwartz function ¢, we consider the adelic Schwartz function ¢4 = ¢ ® 15,
where 15 € S(V(Af)?) is the characteristic function of £? = (£ ®z Z)?. Then the corresponding
theta series is

@(glv hv ¢A) = Z W(g/, h)gbA()‘) (171)
AeV?
Lemma 4.7. As a function of h, the theta function ©(g’, h, ¢) is left H(Q) invariant, is absolutely
convergent, and descends to a rapidly decreasing function on H(Q)\H(A).

Proof. The left invariance is immediate from definitions. To prove the convergence and rapid
decrease, we make use of the “mixed model” of the Weil representation. In general, suppose V is a
quadratic space of Witt rank r, decomposed as

il
V=Vi ®Vyr (172)

where V,,;, is anisotropic and V., is isomorphic to r copies of the hyperbolic plane. Fix a standard
basis

L T T A Vi (173)
for V., where (v[,v) =1 for ¢« = 1,...,r, and all other inner products are zero. Setting V' =
span{v},...,v.}, the given basis yields an identification (V')* ~ Mj, .(Q) for any positive integer
k by the map

A= (ay) € My, (Q) +— (Zauv;,...za,ﬂ.v;> . (174)
i=1 i=1

Similarly, setting V" = span{v{,...,v!}, we may identify (V")¥ ~ M .(Q) in the same way.
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For G’ = Mp,, the mixed model of the Weil representation @ is an action G/, x O(V)(A) on
S(V(A)?) =~ S(Van(A)?)®S(Mz . (A))®S(Ms,.(A)). The two models are related by an intertwining
map

~

S(V(A)Q) - S(Van(A)2) & S(MZ,T‘(A)) ® S(MZ,T(A))a P = 5/0\3 (175)
where, by definition,

S\ A, B) = / o\ + X + B)(trAX)dX, (176)
M - (A)

where ¢: A — C is the standard additive character that is trivial on Q and Z, and we identify
V'(A)? ~ My .(A) ~ V" (A)? as above.
With this setup in place, we have the following criterion due to Kudla-Rallis: let ¢ € V(A)? and
suppose that
p(z,A,B) =0 whenever rank([A B]) < r. (177)

Then the proof of [KR94, Proposition 5.3.1] implies that ©(¢’, h, ) is absolutely convergent and
rapidly decreasing as a function of h € H(Q)\H(A).

Returning to the case at hand, note that the Witt rank of V is » = 1, and we have an orthogonal
basis

e=("_1), A=), o= (5MN) (178)
with V., = Qe and V' = Qfy, and V’ = Qf>. Applying the criterion above, it will suffice to show
that

~

#(Aan,0,0) = / d(are + 1 f1,a2e + 22 f1) day dzo (179)
(z1,22)ER2

vanishes for all Ay, = (ae, aze) € Van(R)?, for the Schwartz function ¢ defined in (169).
We compute

N a N\ N(z? +4a?)
o= (0 ). 5) = 2 -
and Q(ae + xf1) = —Na?. Unwinding definitions, we find that
—~ 1
o(Aan,0,0) = ¢=2mN(ai+a3) / ( + N(z2 + x%)) e~ (@i +ad) drq dzs, (181)
R2 s
and a straightforward calculus exercise shows that the integral vanishes, as required. O

Corollary 4.8 ([KR94]). Let ®4 € I»(s,xy) denote the standard section attached to ¢, and let
E(g,s,9,) denote the corresponding Siegel Eisenstein series. Then

2/ (g, h, du)dh = E(g,0,By) (182)
(H]

where dh is the Haar measure on [H] = H(Q)\H(A) giving total volume 1. O

Remark 4.9. Strictly speaking, [KR94] asserts that the two sides are proportional; the constant of
proportionality is shown to be 2 in [GQT14, Theorem 7.3(ii)], see also the references therein.

Theorem 4.10. Suppose T is of signature (1,1) or (0,2). Then

[n(@+1)

deg Z(T,v) = o

Ch(v,0, d*).
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Proof. By definition, the degree is
1

&%aﬂwzéwE@m) (183)

With the Siegel-Weil formula for the Schwartz function ¢,, Corollary 4.8, in hand, the proof of
[GS19, Theorem 5.10] goes through verbatim; in our setting, this formula reads:

/ﬁ 2(T,v) = vol(X(C),dQ) Cp(v,0, %) (184)
X(C)

where df) = idudv /v2. The volume is given explicitly by the well-known formula

vol(X(C), dQ) = 1/ dudy _ 1 M (185)
’ 2 o (N)\H 271"[)2 2 6 ’

where the factor % emerges from the action of the group {£1}, cf. Remark 2.7. The theorem follows
immediately. O

4.3. T of rank one. Here, we follow [KRY06, §5.8]; see also [GS19, §5.2] for a more general
discussion. We will make use of Eisenstein series in genus one and two, see Section 2.6 for the
notation.

We begin with the observation that there is an embedding

1 0
b b
n: Gia = Gaa, {(i d) ,z] — 0 “ 1 2 (186)
c d
which induces a map
n*: Ir(s, xv) = (s + 5, xv) (187)

via pullback. By the same formula, we have an embedding 1, : G1,, — G2, at each place v, inducing
a pullback 7 : Io,o (s, xv) = Tiw(s + 3, Xv)-

Lemma 4.11 ([GS19, Lemma 5.4]). Suppose

T:<Ot>. (188)

with t # 0. Then for any ® € Ir(x,s) and g € Go s, we have
Er(g,s,®) = Wi(e, s+ %7 (n*or(g)) ®) + Wr(g,s, D) (189)

Let’s compute these Whittaker functionals more explicitly, in the case that
= 9F € I(x.s) (190)
is the incoherent section from Definition 2.13 above. We begin with a simple lemma:

Lemma 4.12. Suppose V, is a local quadratic space of dimension m, and 1,9y € S(V,). Let
02 = 01 @ @) € S(V,?), and let ®2(s) € Iz(s,xv) and ®\(s) € I1,(s,xv) denote the standard
sections corresponding to o and ¢ respectively. Then

" ®@a(s) = ¢1(0) - P (s + 3) (191)
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Proof. Let w; denote the Weil representation on S(V®%) for i = 1,2. A direct calculation, using the
explicit formulas in e.g. [KRY06, Lemma 8.6.5], yields the identity

w2 (1(9)) 2] (V) = 1(v) - [wi(9)eh] ('), v = (v1,0)) € V2 (192)

for every g € G1 4.
On the other hand, if go = n(B)m(A)k € G, then by definition,

_m=3
Do(g2,8) = [det(A)[*™ 7 - [wa(g2)p2] (0) (193)
and for g1 = n(b)m(a)k, we have
®(g1,5) = |det(a)]* "7 - [wi(g1)#}] (0) (194)
The lemma follows easily. O

Turning to the archimedean place, suppose
v=(",) € Symy(R)>o, (195)

and let g, oo € G2,00 denote the corresponding group element as in (93). Let @Z’/fo € I oo(s, xv)

and @?/fo € I1,00(s,xy) denote the weight 3/2 sections in genus 2 and 1, respectively. Then a
straightforward computation, cf. [GS19, p. 956], yields

(7 0 1(gu.0)) @3 (5) = 1271 (191, 00) V2 (5 4+ 1/2)) - (196)

Now consider the global standard sections ®% € I1(s,xy) and ®5 € Iy(s,xy) as in Defini-
tion 2.13.
Then the above discussion implies that for v = diag(vy,v2) as above, and setting

v = (gv,oovev~-~) S G2,A7 Guvy = (gvz,ome:”') € GLA (197)
we have
* s/2 4
0B (g0, ) = 07 RE (g5 + ) (198)
and hence
* s/2+3/4
Wi (e,s+ 3, [n"or(gy)] ®5) = U1/ M, (gusr s + 3, ©F). (199)
We now turn to the second term in (189); to this end, recall the identities
1
Wrp(e,s,95) =v,(V)? - [L) : L]+ |23 - 0p(X, T, L) x—p-s (200)
and )
Wep(e,s +5,@F) = xvp(=1) - 3(V) - [Ly : L] 72 - 0p (X, 1, L) [ x =, (201)
cf. [KRY06, Lemma 5.7.1]. Here
L) ={z eV, | (z,y) € Zyforally e L} (202)

is the dual lattice with respect to the bilinear form (z,y) with (z,z) = 2Q(z) = 2N det(z), so,
recalling that N is odd and squarefree, we have

p, ifpl2N
LY L) = 203
S {1, otherwise. (203)

For our fixed integer t # 0, write
4Nt = Ad (204)
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where —d is a fundamental discriminant. Let y_4 denote the quadratic Dirichlet character attached
to the field kq := Q(v—d).
Lemma 4.13. Suppose T = (°,).
(i) If pt N , then
Wr.p(e, s, Qﬁp)
Wt,p(ev -5+ %a q)fp>

_ (=25+2)  Lyp(s,x-d) o
= VP(V) XVJ)(_l) |2|p gp(25+2) ’ Lp(l 5, X—d) ’ ‘C|127 g (205)

where (p(s) = (1 —p~*)~1 and Ly(s,x-a) = (1 — x—a(p)p~*) " as usual.
(i) If p|N, then

Wiy (e, 5, 95,) Gls— 1) Ly(s.xa) -1
: : ==V —1)2F B 2 N[, 2 206
Wigle,—s 1 Loty — PV ey T e IVl (206)

Proof. Suppose p1 N, and let (0, a) denote the Gross-Keating invariants of the matrix diag(—N, ) €
Symy(Qp), cf. [Yan04, Appendix BJ; note that if p # 2, then a = ord,,(¢). Using [Yan04, Proposition
B4], one can check that

o=l aodd,
ordy(c) = {a2 a even (207)
29

where ¢ is as in (204). In light of (114), it suffices to prove the identity

aP(Xv Tv C) ’ ; CP(_2S + 2) . LP(S’ X*d) . |C|2371 (208)
aP(X_17 ta ‘C‘) X=p—s CP(2S + 2) Lp(l -5 X—d) b ’

which amounts to an explicit computation using formulas due to Yang. Indeed, by [Yan04, Propo-
sition C2], we have

T _ky2k
ap(X,t,L) 2ZoP X2, a odd, (200)
1-— 72X2 - a a
(-r ) S iop FXH 4 (x—a(p) —p ' X)Tlp2 XL even.
On the other hand, taking the limit ag — oo in [Yan04, Theorem 5.7], we have
a1
ap(X, T7 E) Zkio kazkv a Odd7 (210)
1—p2X-2 a_ a
s S A PP 4 pEX (1= xa(p)X) 7, aeven.
The desired relation follows easily from an explicit computation.
For (ii), suppose that p|N, so that in particular p # 2.
Write a = ord,(t). Then a direct computation using [Yan98, Proposition 3.1] gives
a+1
_ - Xetl a1
(X, t, L) =14+ 1—-p "X (pp_ng_1> +x—a(p)p” = X (211)
when a is odd, and
_ 1 pEXt -1 —9_1yatl

when a is even.
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Consider the case that a is odd, which in turn implies that ord,(c) = "’;1. Then taking b — oo
in the formulas in Proposition 3.6 and applying Lemma 3.5 gives

a+1

X2 P2 Xa+1_1 3 3
Xﬁpa(KT’f’): <pX21 (p—p HX?—p'X —1)
a+1
pz Xt 142 -1 X+p
P (pTIX? 4 (va(p) —p DX — 1) + . (213
1—X—d(p)X( p (x—alp) =p7") ) o (213)

note that in this case, x_a(p) = (—Nt,p), = vy in the notation of Proposition 3.6.
From this, a straightforward computation shows that

X, T 1-p X 1—x- XN .
Oé( 71)£) — < p > . ( X d(p)p )pra+2, (214)
ap(X—1,t, L) 1—-pX 1—x—a(p)X
and the lemma follows. A similar computation establishes the case of even a. O

Finally, we have the archimedean counterpart to the previous lemma:

Lemma 4.14. Suppose T = (°,) and v = (" ,,). Let

s+1

= L(&H), ifd>0,

Loo(8,X—q) = |d|® - . 215
(8,x—a) = 1d| {w—zr(;), ifd <0, (215)
Then
%
WT,OO (gv757¢)2,oo) _ U78/2+3/4k(—2i> (1 — 8) ) LOO(S)X—d) ) Coo(_25+2)
Wi oo (gyg,—s+%,<1>foo) ' I+s) Loo(l=5x-d) Cu(25+2) (216)

x 2STINTsTD
Recall here we are writing 4Nt = c¢*d, where d is a fundamental discriminant.

Proof. By [KRY06, Proposition 5.7.7], we have?

3
WT,oo (gva S, CI)22700>

—s/243/4, . 2
—3 — 243/ (—i) (217)
Wt,oo (g’U27s - 57@12,00)

=% PR

On the other hand, we may apply [KRY04, Proposition 14.1] to see

3 —s s —
Wi oo (gvz, s — %»‘I’f,oo> 1 I'( 2+3)F(§ +1) Lot>0
L = (e (218)
Wise (92— + 5,07 ) T8l <o,
The lemma follows from a little algebra. O

2Note that there is an error in the statement of [KRY06, Proposition 5.7.7]: the factor V2 on the right hand side
of the equation in that proposition should be 2.
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Corollary 4.15. Suppose T = (Y,) and v = ("",,). Then

it s (51 A=25+2)
it o () A2 (T

s+1) A(2s+2) (219)

X Wi(gu,, —5 + %a (I)f)

where A(s) =[], <., Cu(s) and
Gp(s = 1)Gp(25 +2)

Bp(s) = — . 220
P T G (25 +2) (220

Proof. Combining Lemma 4.13 and Lemma 4.14, we have

L s 3 1 p—
WT(QM&(I?) :vf (= QZ)N*HEM
Wt(gvza —5+ 2 q)f) A(25 + 2)
N (221)
(H Yo (V)xvp(—=1)[2[p[Nlp 2) ) Hﬂp(S)
p<oo pIN

here we used the functional equation A(s,x_q4) = A(1 — s,x—_q) for the completed L-function

A(S) X—d) = vaoo L’U(s’ X—d)'
On the other hand, the product formula gives

T[T 5 0)p(=1) = 3 ) 7 (<1, =Nk = =70 (V) (222)
p<oo
y [KRY06, p. 330], we have v (V) = —i, and the corollary follows easily. O

Corollary 4.16. Suppose T = (Y,) and v = ("",,). Then
3/4ET(gva O @2 ) =2 W (gvz, 2 (I)E)
(223)

40 (2) p—1
1 2 1 Wi(gu., &, ®).
+ ogvy +2+ A(2) +p|ZNp+1 ogp t(g 27 99 1)

Proof. This follows immediately from the previous corollary, and equations (189) and (199).
O

Our next step is to compare this expression with the arithmetic heights of special divisors, as
computed in [DY19]. Recall that we have written the Eisenstein in “classical” coordinates as

E(7,s,®5) = det(v)~ 4E (97,5, ®5) ZCT v, 5,5 7. (224)

Proposition 4.17. Suppose T = (°,) and v = (" ,,). Then

[Ln+1)

UZ(t,v2),0n) + logvy deg Z(t) = — 0

Cr(v,0,®3), (225)

where (ZA(t,vg),(.AuN> = d/e\g(Z(t,vg) W) 1s the intersection pairing, as in Section 2.3
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Proof. This follows from combining Corollary 4.16 with [DY 19, Theorem 1.3]. Let

Epy(1,8) = Ai(s)E(r,s — L, 05),  Ay(s) ::—%A(Zs) [T —p2) | NeF2 (226)
p|N

denote the normalized genus 1 Eisenstein series in [DY19] (note that the variable s is shifted by
1/2 here, as compared to loc. cit.). Then for 75 = ug + ive € H, Theorem 1.3 of loc. cit. states

@(N) ’ <§(tﬁv2)a@N>q§ = gl/DY,t(T% 1) - Z
pIN

Pi 1 logp . SDy7t(7'2, 1) (227)

Al
:Al(l) E/(7-2727(I)£) 1( ) 7prllogp Et(7—27%7q)1£)

Ai(1)
(228)
Now
1
A =—— 2 - S 2 _
(1) =~ =A@ [ = N () (229)
p|N p|N
and
A1) p 20'(2) | 3 2p~? p
ST L rogp=14+ 2 P e N S | 2
() Zp_logp + Q) +20g +Z T2 51 ogp (230)
p|N p|N
20/(2) p—1
=1 1 . 231
R T 3T 8P (231)
pIN
Thus for 7 = (™ ;,), we have ¢f, = ¢ and, comparing with Corollary 4.16, we find
3 p(N) = ~ T
9 . e 232
(U2)4 Al(l) < ( ,U2)7WN>q ( )
c 2A/ c
= 2W{(gry, 5, PT) +2¢ 1+ +Z logp Wi(gr,, 5, ®7)  (233)
% c c
=, *Ep(g-,0,95) — logv - Wi(gry, 3, 7). (234)
Finally, [DY19, Theorem 1.3] asserts that
1 1 Al(l) _3
—deg(Z(t))¢., = ——=& 1) = vy T Wilgus, 5, OF 235
2 eg( ( ))qu SD(N) DY,t(7—27 ) QD(N) Uy (g 27 99 ) ( )
O
We arrive at the main theorem for T of rank 1.
Theorem 4.18. Suppose rank(T) = 1. Then
_ p+1
degZ(T,v) = MC/T(’U,O,(I)ﬁ) (236)

24
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Proof. Tt follows from definitions that for any v € GL2(Z), we have
Coyriq (v, 5,®5) = Cp("yvy, s, ®5). (237)

As Z(T,v) satisfies the same invariance, cf. (80), we may use Lemma 2.10 to assume that 7' = (° ‘)
Furthermore, given any v € Sym,(R), one can find a matrix § = (! 1) € GL2(R) such that 60’6 is
diagonal, and we have

Clo y(8u'0. s, ) =C(o (.5, o) and  Z((°,),00'0) = Z((°,),v). (238)
t ¢
Thus we may assume T'= (Y ,) and v = (" ,, ). In this case, we have, by definition,
Z(T,v) = —2Z(t,v2) - On + (0,logvidz()) (239)
cf. Definition 2.11. The theorem follows from the previous proposition. O

4.4. T = 0. Our first task is computing the constant term FEy(g, s, ®5). To this end, for g € Ga s,
we abbreviate

B(g,s) :=Wo(e;s+ 5,0 0r(9)®5),  Bulg,s) :=Wou (e, + 5, (" 07(9))®5,)  (240)
where W, is the Whittaker functional in genus 1, and n* is the map defined in (187). Arguing as
in [KRYO06, §5.9], for g € G 4, we have

Eo(g,s,®5) = Wo(g,5,®5)+ Y B(m(y)g,s) + 5(g,5). (241)
Y€l \SL2(Z)

For v € Sym,(R)>o, take g = g, € Ga.a as in (93).
For the first term, [KRY06, (5.9.3)] gives®

Loy o328 = 1(x(2s 1) —s/2+3/4
Wo,00(9vs 8, Py o) = —2 T 1)u(2512) det(v) (242)

where (o (s) = 7%/?T'(5/2), and
25 —1)
W, (I)[: — 12 3/2 Cp( 2 24
0,17(6737 2,p) | ‘p Cp(zs 4 2)7(]},’0) ( 3)
for pt N.
When p|N, we may take a,b — oo in Proposition 3.6, apply Lemma 3.5 and simplify to find

Gp(2s—1) pt1+4pstt
W07p(€7 > (I)g’p) B CZEQS + 2) . 1<Jr ps—1 )’Y(Vp)2- (244)

Combining these identities with the fact that v, (V)? = —1, and applying the product formula
[[o<oo70(V) =1, we have

_s/24+3/4 (s—1A(2s—1)

Wo(gw, s, (I)zﬁ) = det(v) (s +1)A(25+2)

- A(s), (245)
where

14 pstt
A@s) =[] »" Tyt (246)
p|N

3Note that the power of 2 appearing on the right hand side of [KRY06, (5.9.3)] is misstated.
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Note that A(0) =1 and

l-p
A(0) = log p, 247
0= oo (247
pIN
and so
1 A(-1) 1—p
/ Ly _ 3/4 [ L _ —
W5(gy,0,®5) = (detv) 5 log det v + 2 4A(—1) ElN 1_'_plogp . (248)
p

Next, we consider the middle term in (241). For any v € SLo(Z) and prime p, we have

r(m(y))®5, = 5 ; (249)
hence Lemma 4.12 gives
" (r(m(y)®5,(s)) = %, (s + 3) » (250)

which is in particular independent of y. Thus we have
1
Bp(m(v),s) = Wy ple, s+ 3 dE), v € SLao(Z). (251)

Applying (201) and taking a — oo in (209) for pt N, or (211) and (212) for p| N, a short computation
gives

(28 +2)71, pt N
B,(m(7),8) = xv.p(= 1) (V) |21/, (25 + 1 252
p(m(7), ) p (=D (V) [2[,77G( ) p320,(5)L, pIN (252)
for all v € SLo(Z).
At the infinite place, the proof of [KRY06, Proposition 5.9.2] gives
. (25 +1
Boc(m(1)g1:5) = V27 (V) det(0)/253/4Q, (. )= 22 L1 (253)

G+ 1)Cu(25+2)
where v = (25) and Q,(c,d) = (c,d) - v - *(c,d). Consider the series
G(s,v) = > Qu(c,d)™* (254)
(% %)erm\SL2(2)

for Re(s) > 0. Note that

€(28)G(s,v) = Z(s,v) (255)
where
Z(s,v) = Y. Qu(mn)* (256)
m,n€”Z

(m,n)#(0,0)
is the Epstein zeta function attached to the positive definite quadratic form determined by v. By

[Sie80, §1.5], the series Z(s,v) extends meromorphically to s € C, with only a simple pole at s = 1;
in particular, Z(s,v) is holomorphic at s = % Since ((2s) has a pole at s = 3, it follows that
G(s,v) vanishes at s = 3.

The preceding discussion implies that

WGFW%LNZ)B(WL(W)%?S) = det(v)*/>3/ DA + D) G(s+ 1,v)- B(s) (257)
where
B(s) = [[pe-22 w22 o5%)

Gp(s)

p|N
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Notice that
Oﬁ%lB<S) = 09(N) (259)

where go(N) is the number of prime divisors of N, and hence the sum (257) vanishes at s = 0 to
order at least og(N) + 1.
Finally, by definition we have that

(g, 5) = det(v)"/2+3/4, (260)
To summarize the discussion, we obtain:

Proposition 4.19. Let Cy(v, s, ®5) = det(v) 3/*Ey(gv, s, ®5). Then

C(v,0 <I>£):logdetv+2—4Al(_1) —Zl_plogp (261)
o A(-1) l+p =0
p|IN
O
Corollary 4.20.
— p+1
deg Z(0,v) = <H”N2(4)> - Ch(v,0, ®5). (262)
Proof. Recall that by definition,
Z(0,0) =& - @+ (0,logdet v - [Q]), (263)
where
B=-20n— > X)+(0,logN), (264)
p|N

cf. (54), and we set Q = d;;\y‘éy.

The arithmetic degree (n,Wn) = d/e\g@N -wy was computed independently by Kithn [Kiih01]
and Bost; adjusting for the normalization of the metric (52), which differs by a multiplicative
constant from the normalization of [Kiih0O1], and a factor of 2 because our degree is ‘stacky’, the
result is

On, BN = S 265
(©n, &) 24 2 A(-D) (265)
Next, let Wy denote the Atkin-Lehner involution on Xy(N), and note that W3 (0y) = @y and

W (2?;3) = )/(';?O, so that

[n(+1) (1-4e).

~ Y * A~ * P ~ P oo L. r P oo
(@On - X)) = (WRON, WEAY) = (@n - %) = S (@n, ) + A7) (266)
On the other hand, we have
X + X = (Xo(N)g, ., 0) = div(p) + (0,2logp) = (0, 2logp) € CH!(X); (267)

here we view p as a rational function on Xy(N), and so its arithmetic divisor (Tl;(p) = (X, ,—logp?)
vanishes in CH!(X).
Thus

(@, &) = (0,logn)) = > (@n, Xy — (0,logp)) = 0. (268)
p|N p|N
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Finally, we note that

(X7, (0,1og N)) = {(0,log N), (0,log N)) = 0 (269)
and <2?£, Xg} =0 if p # q. Moreover, by [DY19, Lemma 7.2], we have
S0 S [Iyn@+1)p—1
X0, x0) = == log p; 2
< P> p> 24 p+1 0g p; (70)

again, this formula differs from loc. cit. by a factor of 2, because we are using the ‘stacky’ degree.
Putting everything together, we find that

S0 sov g1 +4a) A(=1) 1—p
5,0) = 4EN, & X0, X0 = N T gy - 1 .(en
(©,0) = 4(0n, On) + Y (R, BY) = ZA T - L rileer | @)
p|N p|N
Finally, we observe that
— log det dx Nd q+1
deg(0,logdet v - []) = M/ A 2y = logdetwv - M, (272)
2 [FO(N)\H] 27Ty 24
and the theorem follows. O

5. COMPARISON OF TWO EISENSTEIN SERIES

In addition to the lattice £, there is another lattice which naturally parameterizes the modular
curve Xo(N) over C. Tt is

p— — a b . — —_ — 2 —
L_{A_(Nc a).a,b,cEZ}, Q(A) = det A = —a” — Nbc.
We set V = L®z Q. Our aim in this section is to compare the incoherent Eisenstein series attached
to L with the Eisenstein series E(7,s, ®%) appearing in our main theorem.

For r = 1,2, let ®%(s) = @y<ou®L,(s) be the incoherent standard section in I,.(s, x’) with

(IDTLm = <I>§/02<> and, for v < oo, the component @ﬁv is the standard section attached to L, via the

Rallis map, cf. Definition 2.13; here the character x’ is given by x’(z) = (=1, z)a.

We will also require some auxilliary sections. For each prime ¢ dividing N let L) denote the
quadratic lattice defined in (125); recall that by definition, LW is the set of traceless elements in
an Eichler order of level N/{¢ contained in the definite quaternion algebra ramified exactly at ¢ and
00, and the quadratic form is the reduced norm.

For r = 1,2, let @54)(5) € I.(s,x’) denote the section with @552”(3) = (Di/ozo(s), and for v < oo,
the local section @&f%(s) is the standard section associated to L. Note that this section is coherent,
in the sense of [Kud97].

Finally, for ¢|N, we set

o) _ga_( @ by . _ 2
L ={A= ((N/E)c —a) ca,b,ceZ}, Q(A)=det A= —a"— (N/)bc. (273)
In the same manner as above, we obtain an incoherent section ®;° (©) with @fff;éz) = q)f/fo and

sp,(£)
o 7

where at finite places, @i{i;“) is the standard section associated to L

For convenience, we write

V=L®Q V=L;Q VO=LOg;Q and V»O=1[POg,Q (274)
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Our first step is a comparison of Whittaker functionals in genus two.

Proposition 5.1. Suppose T € Sym,(Z)" .

(i) If g1 N, then
Wr.q4(e, s, @iq) - Wit q(e, s, <I>£jq) B WNT,q(e,s,@é’le)
Yq(V)? Yq(V)? 7q(v(£))2

with the last identity holding for any ¢|N.
(ii) If q|N, then

Wrq(e,0,85,)  Wyrgle,0,85,)  Wyrg(e,0,85))
Yq(V)? Yq(V)? Y(V9)2
with the last identity holding for £ # q.
(iii) If q|N, then

W’ll“,q(e70’(b§,q) WZ/\/T,q(eaO,q)é,q)

Vq(V)Q a Vq(v)2
o a=1 Warg(e,0,0) | 3¢—1 Wire(e,0.2) 2 Wyrg(e, 0,257 b
" 2gr )T (@) 2q—1) (V)2 @1 (V) &4

(i) Let 7 € Hy and gr.oo € G200 as in (93). Then for any ® € I (s, X5), we have

WT,oo(gN’r,ooa S, (I)) = N_s+%WNT,oo(gT,oov S, é)
(v) Globally, we have

_3 {41
N gW’Z/“(gNT’()?(pé:):WI/VT(gTaan)g)+ Zmlogg WNT(QT,O,(I)g)
LN

2
$ W 30y _ CAGIAN
+é|N< €+1 NT(gT7O 2 ) 62_1 (gTvoa 2 ) ng

Proof. For any primes ¢,q with ¢ # ¢, the lattices L, and L((f) are isometric. Hence parts (i) and
(1) of the proposition follow immediately from Lemma 4.2.

To prove (#i4), we work at the level of representation densities. First, a direct computation using
Lemma 3.5 and (130) gives

(X —q)a(X,NT,Lg) + (¢* =) X*o(X, T, L) = (X = 1) [P X, NT, LY) + (q — 1)(X — q)] (275)
where, changing notation slightly, we let L) = My(Z,)"=" with quadratic form Q(z) = detz. On
the other hand, [Yan98, Corollary 8.4] 1mphes that

1—¢q 1+4+¢q
Pag(X,NT, L2) = (2> ag(X, NT, L) + ( . ) ag(X,NT,Ly) + ¢* — 1. (276)

Substituting this into (275) and rearranging gives

1 —
(X;‘ ) ag(X,NT,Ly) — ¢X?0o(X, T, Ly) = (X21> [aq(X, NT, L) —2(X +1)| . (277)
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Differentiating with respect to X and substituting X = 1, we have

1,NT, L) — a,(1, NT, L
041, NT, L) — qoiy (1,7 ) = St BT 0 — ol LT B

+2q0g(1,T, L) — 2. (278)

2
To manipulate this expression further, we take X = 1 in (275) and (276), which yields the relations
aq(1,NT, L) = qaq(1,T, Ly) (279)
and we can rewrite (276) as
2
_ q 0 1 1

2= 2q27_104q(1,NT, L))+ (q+1) ag(1,NT, L) — (_1> ag(1,NT, L,). (280)

Substituting these identities back into (278) gives

q—1 3qg—1
ol (1, NT, Lg) — qoly(1,T, Ly) = T 1)04,1(1, NT,L\) + maq(l, NT, L,)
o (251)
_ q27_1aq(1,NT, Ld).

Finally, applying (114), we obtain (%ii).
To prove (iv), we first observe that for any b € Sym,(R), we have

wn(b) gnr = wn(b) m(VN)g, = wm(VN)n(N~1b)g, = m(vVN-1) wn(N~1b)g,, (282)

where the notation is as in (84). Thus, for any ® € I5 (s, X5 ), we have

Wr,00(gnr, 8, ®) :/ (I)(wn(b)gNﬂs)e—QwitrTb db
bESym,(R)

:/ S(m(VN-)wn(N"1b)g,,,s)e 2Tl dp

beSym, (R)

— XV,oo(Nfl)Nfsf% / @(’LU’I’L(Nﬁlb)g.,., S) 672m‘trTb db (283)
beSym, (R)

=N"*"3. N3 / ®(wn(b)g,, s) e 2"NUT g
Sym, (R)

- N_s+%WNT,OO(gT7 S, CI))7

where in the second-to-last line, we used the fact that xy o (VN™!) = (VN1 —N)y = 1, and
applied the change of variables b — Nb.

To prove (v), recall that the local Weil indices, for any quadratic space W over Q, satisfy the
product formula Hq<oo ~v¢(W) = 1. Thus, applying part (i) - (iv) of the proposition, we have

N_% W’}(QNT7 07 (I>§)

%o(V)>2

{41
= WJIVT(97707‘I)£)+ 22 1 Yoo (V)

oy =1

-1 0 (12 (V)Y 2 o (V)2
+%V:<2(€+1)WNT(9T7O7(I)2 )( 'VOO(V) ) _£<£271)WNT(97,0,(I>2 )(700(]))) logf

(284)

log ¢ | Wnr(gr,0,®5) <
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Note that Vi, =~ Voo ~ VP and by [KRY06, p. 330], we have Yoo (V) = —i = =750 (V). Thus

() - (3

and the proposition follows. O

To investigate the degenerate terms, we require the genus one analogue of Proposition 5.1.
Proposition 5.2. For the lattice L, let V = L ® Q, and for a prime q < oo, define
cq(V) = xv,o(=1)7q(V).

We define cg(V), cg(V®) and cy(VP©) in a similar way.
Lett € Z. Then

(i) Suppose g1 N and g < co. Then
Wt7q(e,s,¢fq) - WNt,q(e,s,fbfq) WNt’q(e7s7<I>§2)

V) (V) (V)

with the last identity holding for any ¢|N.
(#i) Suppose q|N. Then

Y4
Wigle, 2, 0f ) Wiegle, 1, %) Wiiqle, 3, @)

1
—_— = q§ =q
cq(V) cq(V) cq(V®)
with the last identity holding for all £ # q.
(#ii) Suppose q|N. Then

1
2

_%Wt/,q( ’Q’q)ﬁ ) _ W]/Vt,q( a;aq)L )
¢q(V) (V)
Q+1 WNt,q( 721(1)1 q) N (]—1 WNt,q( ’2,(p(q)) . 2 WNt q( ,2,@?’2;((1)) o
2q—1) (V) 2g+1) cg(V@) P—1 ¢ (Vr) g4d

() Let T = u+iv € H and g; oo = [n(u)m(y/v),1] € G1,o denote the corresponding group
element. Then for any ® € I1 o (s, X5, ), we have

Wt,oo(gNT,om S, (I)) = N_%—'F%WNt,oo(gT,ooa S, (I))
(v) Globally,

_ log ¢ 1
N 3/4WZ(9NT7%7¢‘1C):W]/Vt(gTaqu)L)—" 71 WNt<gT7§?(I)f)
(N
/-1 Y 2 sp,(£
+Z< EHWNt(gT,Q,@”) A (gﬂw@”()))loge

Proof. First, suppose that ¢ t N. The representation density aq(X,t, £,) was computed previously,
cf. (209). On the other hand, we have that for any ¢|N, the quadratic spaces L, and L((f) are both
isometric to (Mz(Z,)""=°, det). Applying [Yan98, Proposition 8.3], a short computation reveals

aQ(Xat7£q) :O‘q(XaNtan) :Oéq(X,Nt,L[(f)). (286)



A GENUS TWO ARITHMETIC SIEGEL-WEIL FORMULA ON X (N) 41

Finally, applying the identity (201), which relates the representation densities to Whittaker func-
tionals, yields (7).

When ¢|N, the representation density a,(X,t,£,) can be computed explicitly using [Yan98,
Theorem 3.1]; the result is recorded in equations (211) and (212) above. Comparing these formulas
with the explicit formulas in Corollary 8.2 and Proposition 8.3 of [Yan98], we find

ag(X,t, L) =1— X1+ X o, (X,Nt, L,) (287)
Evaluating at X =1 gives
ag(1,t,L,) = ag(1,Nt, L) = a,(1,Nt, L) (288)

for ¢ # ¢, and hence, applying (201) again gives part (i) of the proposition.
To prove (iii) we differentiate (287) and evaluate at X = 1, which yields

ag(1,t, L) = ay(1,Nt, Ly) — ag(1, Nt, L) + 1. (289)

By [Yan98, Corollary 8.2}, we have aq(X, Nt, L) +04(X, Nt, qu)) = 2; substituting this identity
above, we conclude that

1 1
alh(1,t,L,) = af(1,Nt,L,) — §aq(1,Nt,Lq) + iaq(l,Nt,L((f)). (290)

On the other hand, the same corollary implies that

2 or ag(1,Nt,Ly)  a,(1,Nt, L{?)
Thus
o (1,t,L,) — ol (1, Nt, L) = — ¢+l (1, Nt, L )+L1a (1, Nt, L)
q S q q bl bl 2(q_1) q bl ) q 2(q+1> q ) bl q
% 0 (292)
+ q27_10[‘Z(17Nt’Lq)'

Another appeal to (201) gives part (4ii) of the proposition.
Part (iv) follows in the same way as the proof of Proposition 5.1(iv).
Finally, we observe that for any quadratic space W, the constants ¢,(1V) satisfy the product

formula [ 4<oo ¢q(W) = 1. Combining this observation with the preceding parts of the proposition,
a short computation yields
_3 1 log ¢ 1 Coo (V)
NW’T*(I)[,:W/ Tl‘I)L W T*(DL >
2 t(g 1y ) Nt(g727 1)+ elNg_l Nt(ga2a 1) Coo(v)
+Z<_HW (g0} (b(e))cooﬁ/(’”)) oo
= 2(£+1) Nt\dr, 5, P Coo(V) g
2 1 sp,(£) COO(VSP’K)
—_— Loith= 1]
+ < 62_1WNt(gTa2a 1 ) Coo(v) Ogé
Since Voo o Vi ~ VP we have co (V) = Coo(V) oo (VP (D). Moreover, we have
Xv,00(—1) = (=1, =1)oo = =1 = Xp©) oo(—1) and  yeo(V) = =700 (V) (293)

cf. [KRY06, p. 330]. Thus coo(V¢) = —cs(V), and the proposition follows.
O
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For a section ® € I»(s,x’), let E(g,s,®) =Y, Er(g,s,®) denote the Fourier expansion of the
corresponding Eisenstein series, as in Section 2.6.

Proposition 5.3. Let 7 € Hy. Then for any T € Sym,(Z)" we have

: -1
N5 (gnr,0,85) = Eng(gr,0,05) + Y - Enr(g-0, 85" ) log L. (294)
o 20+ 1)
Proof. We note that in general, if 7 = u + iv € Hs, we have
Er(gr,s,®) = TR (g, 5, ). (295)

Thus, we may assume that 7 = év for v € Sym,(R)~¢, and write g, = g, in the remainder of the
proof.
Now suppose T' is non-degenerate. Then for any section ® € I(s,x’), we have

ET(gaSa(D) :WT(9757¢))3 (296)

cf. Proposition 4.1. On the other hand, recall that Eisenstein series E(g, s, ®%) and E(g, s, @;p’(f))
are incoherent, in the sense of [Kud97], and so they vanish at s = 0. In particular,

Wxr(9s,0,85) =0  and  Wyr(ge,0, ) = 0. (297)

Thus, the proposition follows from Proposition 5.1(v) in this case.
Next, suppose that 7" has rank 1. By Lemma 2.10, we may choose v € GL2(Z) that T =ty ()~
for some t £ 0. Since

ET(9787¢) = Et»y(o t),y(g,S,(I)) = E(O )(m(’}/)gvsv(b) (298)

t

for any section ® € I5(s,x’), we may assume without loss of generality that 7= (°,). Similarly,
replacing v with §v'6 for an appropriate choice of § = (1 1) € GLa(R), we may further assume that

v=("0v) (299)

is diagonal.
For 7 = 1 or 2, let ®* denote any one of the sections ®%, &L, 3 or @379 Note that in all

3
cases, &y . = @7 . In this case, combining Lemma 4.11, Lemma 4.12 and (196), we find
843
Er(gu, 5,05) = 07 Wy (guyy 5+ 3, ®F) + Wr(gy, 5, B5). (300)
In particular,
) -3 1 L 3 ar=3p 1 HL
N 4Wt(ng27 27(1)1 ) +uf N 4Wt(9NU27 27(1)1)

+ N7 2Wh(g,0,85). (301)
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Applying (300), Proposition 5.1 and Proposition 5.2, a short computation gives
-1

_3 YA
N2 Eh(gne, 0, 85) — ENp(gs,0, D5) — % WENT(gv,O, ) 1og ¢

f+1 3
= Ziloge {UfWNt(gU27%7(I>%)+WNT(9’UaOa (I)é)}
2 2(0-1)

2 3 ; s
- 2_1 {Uf Wi(Gos: 3, 97) + W (90,0, q)zp’([))} log ¢
I

“—71 L _ L sn([)

=0

where the last line follows since the sections ®% and ®5" @ are incoherent, so the Eisenstein series

E(g,s, ®%) and E(g, s, @;p’(z)) vanish at s = 0. This proves the proposition in the case that T" has
rank 1.

Finally, suppose T' = 0. Recall that for any section ®5 € I5(s, x), an argument along the lines of
[KRY06, §5.9] (see also [KR88, Lemma 2.4]) gives

Eo(g,s,®) = ®(g,5) + B(g, s, ®) + Wo(g, s, ®) (302)
where
B(g.s,®)= Y B(m(y)g.s ) (303)
V€T \SL2(2)
with
B(g,s,®) =Wy (e,s+ 3,(n" o r(g)) ) . (304)
A similar argument to the proof of the Proposition 4.19 shows that
B(g,,0,®%) = B(g,,0, ") =0 (305)
and
ord,—oB(g,, s, ®L) > 2. (306)
Moreover, if ®} is any of the sections ®4§, &L <I>y) or 37 ’(e), the definitions imply the formula
@5 (g, 5) = det(v) 3 F (307)
Thus, we find
1
E}(gne, 0, ®5) = N2 det(v) 7 <log]\7 + 5 log det v) + W (gnw, 0, D5), (308)
and
1
Ef (90,0, DF) = det(v) (2 log det v) + W (g0, 0, ®5); (309)

in addition, since ®% and ®*»(¥) are incoherent, we have

Eo(gv,0,®%) = Eo(gu,0,5) = 0 (310)
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SO
Wo(g, 0, 8") = Wy (gu, 0, 87 (9) = — det(v)1. (311)
Thus, Proposition 5.1 implies that
—2 L / L (-1 (0)
N™2 Ej(gnu, 0, 95) — Ej(gy,0,25) = mEo(gv, 0,®5”) log ¢ (312)

N

3 +1
= det(v)* log N + Zmlogﬁ Wo(gs, 0, ®L)

(N
sp,(6) (-1 3
Z 62 ng O @ )logé ; m logf . det('l})4 (313)
3 41 2 (-1

= det(v)1 1- - log ¢ 314

¢ 4<Z 20—1) TP 1 2(£+1)> o8 (314)
=0.

This implies the proposition for the case T' = 0. O

Remark 5.4. The preceding proposition can be phrased in more classical language, as follows, cf.
Section 2.6. If ®} is one of the sections ®%, &% or <I>(2£), and 7 € Hy, we set

E(r,s,®%) = det(v) 1 E(g,, s, ®%). (315)
Let
To(4N) = {(é g) €Sp,(Z) | C=0 (mod 4N)} (316)

denote the usual congruence subgroup. Then it can be verified that E(7, s, ®3) transforms like a
Siegel modular form of scalar weight 3/2 and level I'g(4N) with character x(v) = sgndet(d), see
[KRY06, §8.5.6] for a more precise formulation.

Let Ms (T'o(4N)) denote the space of (non-holomorphic) Siegel modular forms of scalar weight
3/2 and level T'g(4N) and character x, and consider the Hecke operator

Uy: M3 (To(4N)) = M; (To(4N)) (317)
given by
Un(F)(1) = > Flap(ty) =N ZF N7l + N7tu) (318)
w€ESym, (Z/NZ)

Then the previous proposition can be rewritten in classical terms as the identity

1

! —
/ Ly _ / L )
E'(1,0,®5) = Uy E(T,o,<1>2)+z§w2(£+ E(1,0,@)log ¢ | . (319)

1)
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