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STAT 305

Solutions

1. Page 226 numbers 2 and 3.

S has eight states

{555,55R,SRS,SRR,RSS, RSR, RRS, RRR}

Notice that the first two letters in state+1 must match the last two letters in statdoecause they refer to the same days.

For the states in the order above:

(08 02 0 0 0 0 0 0]

0 0 0406 0 O 0 0

0 0 0O 0 06 04 0 0

pP_ 0o 0 0O 0O 0 0 04 06
|06 0 0 O O 04 0 O
0 0 0406 0 O 0 0

0 0 0O 0 06 04 0 0

0 0 0 0 0 0 02 08

2. Page 226 number 5.

Notice thal {YL = ]_} is the same & {Xk = {]} and that any tim¥ | =0 we must hav¥ | ,,=1. Notice also that if two

consectiveY s are equal to 1 then both correspondngalues must be 1, not 2. Compute

P(Y,=1Y3=1,%3=1,¥, = 1,¥, = 0)
= P{_X4 == 1|_X3 == ]_.,_Xg == ]_.,_X]_ - ]_.J_XD :0}

and

= P(X,€1,2[Xs€ {1,2},X,=0,X, =1, X = 0)
1

If Y were a Markov chain these two probabilities would have had to be equalsswot a Markov Chain.

I saw a lot of answers that saitl (Y ,=1|Y ;=1) depends oX ;. This is not true. IA andB define events theld (A |B ) never

““depends" on some other event. However, in this problem
P (Y ,=1)Y ;=1)

does depend on the initial distribution of th& |, chain.

3. Page 228 number 14.
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If X |, is the coin you flip on the th toss (labelling the first toss with 0) then this is a two state Markov chain with

[6 4
P=15 5

seting@P? = & and ¢y + g = 1 gives

) = -6‘11 + -5&2

g = 1— (4]

which gives .gﬂzl = 5 or {¥; = 5/‘9 and kg = 4[9 Coin 1 is used 5/9 of the time.

Compute I"L and take out the 1,1 element to get 1111/2500=0.4444. | also accepted, though | think the English is fairly cl PE 1S
to get
11111/25000 which is approximately 0.44444.

4. Page 152 number 45.
We are told
B(X,|[Xpy=2)=0
and
Var(X,|X,-, = z) = B(X}X,_, =z) = gz’
Thus:
E(X,|[X,_1)=0
and
E(X;|Xa-1) = BX,_,
Now
E(Xn) =E {E(Xn IX —1)}
— E(0)
=0
and

Var(X,,) = E(X;)
= E{B(X2|Xa1)}
— ﬂE(Xi—J
= BVar(X,1)

Thus

Var(X,) = A" Var(Xy)
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Now starting fromX ,=x we know
2
Var(X,) = fzg

SO

Var(X,) = f"z;

5. Page 152 number 43.

First

E{Var(X|Y)} =E (E[{X — E(X|Y)}"|Y])
=E [{X - E(X|V)}?]
=E(X*) - 2B {XE(X|Y)} + E [{E(X|Y)}]

Also

Var{E(X|Y)} = E [{E(X|Y)}?] — [E{E(X|Y)}]
= B[{E(X|V)}] — {E(X)}’

Now the tricky bit. Remember th E{X |Y} is a function ofY and that
E(A(Y)X|Y) = A(Y)E(X]|Y)

for any functionA (Y ). Then

{E(X[Y)}* = E{XE(X|Y)|Y}

E [{B(X|Y)Y] = E{XE(X|Y)}
e {Var(X[V)} = E(X?) - E{XE(X|V))

Var{E(X|Y )} = E {XBE(X|Y)} — {E(X)}’

Add these together to get

E{Var(X|Y)} + Var{E(X|Y)} = E(X?) — {E(X)} = Var(X)

6. Page 156 number 65.

The probability that player 1 wins the tournament is just the probability s/h@wamsecutive games. S/he has probahplitgf winning a
given game so the probability of winning consecutive ip " .

There are two ways for player 2 to win the tournament. One way is for player 1 to be knocked out before the round where 1 and 2
meet. Given that this happens player 2 mustrwigames all against opponents numbered more than 2. Thus the conditional probabil

2 wins the tournament given s/he never has to plap 'is The other way for 2 to win is to beat play 1 when they meet and wirother
games against opponents numbered more than 2. Given that player 1 survives to the round where 1 and 2 are to play the probabi
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wins is thusp " “1(1p ).
In round 1 there ar€"2-1 possible opponents for player 1. There is 1 chanc? ifh that player 2 is the chosen opponent so the chance

players 1 and 2 are scheduled to meet in round 1 & 4UJ2Player 2 is scheduled to meet player 1 in round 2 if player 2 is assigned t
either of the slots in the pair whose winner plays the winner of player 1s first round pair. Thus the probability they are scheduled tc

round 2 is 2/(2 -1). In general the probability they are scheduled to meet in touisdX -1/(2" -1). Given that they are scheduled to me
in roundk the chance that player 1 survives to that roupdkis. This gives a total probability of

Z,zn {P"‘lp""{l p)+ (1 —p")p"}

This simplifies to
p " o+p D20 )" )2 -1)

(If p >1/2 the second term is actually negative.)
7. Page 150 number 31.

Condition onZ the number of sixes on the first roll. Then

E(N) = E(E(N|Z))

But

E{NlZ:Z}:l‘i‘mu—z

wherem =0 by convention. NowZ has a Binomial{ ,1/6) distribution so
T n 1 X 5 -z
E(N)=14+)% m,_ (—) (—)
(V) ; \z/ \6 6

Forn =1N has a Geometric(1/6) distributionsp,=6. Then

) 25
My :1+2%m1+%m2

giving
_%
T
Next
125 25 b
mg =1+ '2_116 133+3mm2 —|—3%m1
which makes
10566
= 1001

Similarly
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728256
4= 61061
and
3698650986
® 7 9839094711

Inpartblety ; be the number of throws made using die nurmbéFhenY ; is geometric E(Y.;) =0 and

1 N
ZYE :ZXE
1 i=1

so the desired expectation is 6
8. Page 227 number 10.

For P1 there is only the clas {]_., 2.’ 3} which is recurrent.
For Pg there is only the clas {]_., 2., 3., 4} which is recurrent.
For P3 the classes al {]_., 3} , {2} and {41 5} . The first and last are recurre {2} is transient.

For P4 the classes a {]_., 2} , {3} , {4} and {5} Classe: {]-: 2} and {3} are recurrent; the other two are transient.

9. Page 228 number 18.

The Markov ChairX |, is the remainder aftef | is divided by 13. The transition matrix is

1 1 1 1 1 1

06 EEEEE 100000
000 It E1gggo0p
000011 iiggy
000001 I T 1% 14y
0000001 I T% 11y
00000O0G: 2 2 & = 3

1900000011 IT1
T 19000000 1 1T
T T 19000000 LTI
T T 119000000011
6 s 6 6 8 8 0O 0000 0]

This matrix has columns which add to 1 so according to number 16 the stationary transition probabilities are all 1/13 which is the c
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10.

answer.
Page 228 number 19.

Page: 6

The state space for this chair {S S ; S F , F S < FF } whereS= means, for instance that the current trial was a failure anc

one previous a success. Labelling the states in this order

08 02 0 0
p_| 0 0 0505
10505 0 0
0 0 05 05

The equation TP = 7 and 3~ m; = 1 become
my = 0.8m; + 0.5m3
mg = 027, + 0.5m3
m3 = 0.9m2 4 0.5m4
l=m+ms+ 73+ ma

From the first equation

0.21'71 = 0-5‘71'3
Substitute in the second equation to get
Mg = T3
Use this in the third equation to get
T = T4

All these in the final equation give

1 =m(5/2+1+1+1)

so that the solution is

( b 2 22 }
1171171111

Whenever the chain is in st&88 orFS the current trial is a success. This happens

5 2 7

TS TERET)

of the time.



