Chapter 9. Arc Length and Surface Area

In which

We apply integration to study the lengths of curves and the area of surfaces.

9.1 Arc Length (Text 547-553)
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o let Ax = x; — x;_1 be the same for all 7

=S VI+f(e) Aa
=1

e for some z;_1 < ¢; < x; by the M. V. Th.

e take the limit as Az — 0

sz/ab\/w(ff(x))?dx

e notice that for the limit (integral) to exist we need some
hypothesis on the integrand

— continuity of f/ will do

Example 9.1.1 Find the circumference of a circle.
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Example 9.1.2 Find the length along the curve y = \/z
fromx =0tox=9.

dy 1

de ~ 2z
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e this is not an easy integral

e substitute 2 = 4ux; 2tdt = 4dx

t =2z
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6 V241 tdt
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e now the substitution is ¢t = tan 6

e the integral that results is /sec3 0do
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e alternate method — interchange the roles of = and y

e Find the length of 2 = 32 from y =0 to y = 3

d
o _,
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3 dz\? 3
L:/ 1+(d—y> dyz/ V1+4y?dy
0 0

e substitute 2y = tan 6 to give /8603 0do

Example 9.1.3 Find the length along the curve y = Inx
fromx=1tox=e.

dy _ 1

de =z

e 2
L:/ 1+(@) dx

1 \/ dx

e 1 e /-9 1
:/\/I—F—de:/ de
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——dt
t2—1

e substitute ¢t = 22 + 1 to give /

9.2 Arc Length of Parametric Curves (Text 663—665)

e approximate length by straight lines

L~ Z V(Az;)? + (Ay;)?

yi = g(ti) = Ay; = ¢'(d;)At by MVTh.

L~ Z V(I (ci) + (g'(di)2At
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= () (3)

e requires
— f'(t), ¢'(t) continuous for a <t < 3
— the curve is traversed once

e gives old formula if parameter is x

Example 9.2.1 The circumference of a circle.
e parametric equations of a circle

r=acost,y=asint; 0<t< 27

/Qﬂ\/ —)2dt
= V/(—asint)? + (acost)? dt

27
:/ adt = at
0

27
=27a

0

Example 9.2.2 Find the length of the curve

r=t?—t; y=t>+tfromt=—-1/2tot=23/2.

3/2
L= V@t —1)2 + (2t +1)2 dt
—1/2

\/8t2 2dt =2 \/ 20)2 + 1 dt

—1/2 —1/2

e to do this integral substitute tan = 2¢

e recall /secﬁ = In|secf + tan 6|
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Example 9.2.3 Find the length of the curve
x=4cos®t; y = 4sin’t.

27
L= / \/[12 cos? t(—sint)]2 + [12sin? t(cos t)]? dt
0

2m
= 12/ | costsint| dt
0

.2
sin“ t

=12 x4
< (%5)

[!] « What happens if we ignore the absolute value signs?

w/2
=24
0

9.3 Arc Length of Polar Curves (Text 682—683)

e length of a sector of a circle

Ar
As

e compare length along the curve with length along the
arc of a circle

(As)? = (Ar)? + (rA6)?

— ((%)2 +7"2> (AB)?
s:[,/(j_g)lrzde

B8
:/ (F(0))* + (£(6)) do
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e formula can also be obtained from

() ()

e using
T =rcost
y=rsinf

Example 9.3.1 Find the circumference of a circle.
e circle, centre (0,0), radius a is r = a

e circumference

2
C = V02 + a2 db

0

2
:a/ df
0

2m

= ab
0

= 27ma

Example 9.3.2 Find the arclength of one leaf of
7 = sin 26.

o review sketch (example 8.7.4)

— one leaf is swept out when 0 < 0 <

ol

T
s = / V/(2cos26)2 + (sin 260)2 db
0

e this integral is not easy to do
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9.4 Surface Area (Text 554-560)

e approximate the surface using cylinders
— radius of the cylinder is f(c¢;)
— height of cylinder is length along the curve

e for Az, length is

1+ (f’(ci))2 Ax  =As

Sa Y 2mfle)/1+ (f(c)) => 2nf(c)A

S=27r/abf() 1+ (f"(z) d:r—27r/f

=y
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e rotation about the y-axis
— radius of the cylinder is z

— length along the curve as above

S:27T-/abx\/1+ (f/(x))2dx:27r/abxds

Example 9.4.1 Find the surface area of a sphere.

a2 — 12

—27r/ yv 1+ (y)2dx

=2. 271'/ Va2 —x2\/1+ 2\/W>2

—ir [ ﬁ(m) o

= 47m/ dx = 47a>
0
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Example 9.4.2 Find the surface area of a cone.

Y
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&V

s/md
e () [
ol ()3

=7ry/r2 4+ h?

Example 9.4.3 Find the surface area of the object formed
when y = 2%/2 from x = 1 to « = 9 is revolved about the
y-axis.

S = 27r/19m/1+ ((@3/2))? da (%/m)

9 3 2
:277/ /1 + (—x1/2> dx
1 2
o [ 9
:27T/ zA/1+4+ -2 dx
1 4
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e by first formula with x < y

z = y2/3
x|y = 232
1] 1
9 27

Example 9.4.4 Find the volume and surface area of the

1
infinitely long horn formed when — is rotated about the
x

z-axis from x = 1 to x = oo.

e Conclusion:

v

7(04+1)=m

The horn can be filled with 7 units of paint.
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S = 27T/ yv/ 1+ (y)?de
1

2
<1 -1
N WEH
1 X x
1 441
:27r/ —\/x j dx
1 X X

e this integral need not be evaluated

e notice

= lim mMR—0=00
R—o0

. / 1 Jzt+1
e by comparison - —
1 x

e Conclusion: The surface cannot be painted!

9.5 Surface Area and Parametric Curves (665—666)

S:/wads

e for rotation about the z-axis

o for parametric x = f(¢), y = g(¢), just showed

dz\” dy 2
ds_ﬂa) ()

e needs f’, ¢’ continuous and g > 0
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® summary

— for rotation about the x-axis

s dr\? dy 2
s= [l (5) 0 (B

—for rotation about the y-axis

§ 2 2
dx dy
= 2 — — | dt
o / ”\/<dt> +(dt)

Example 9.5.1 The surface area of a sphere.
e parametric equations of a semicircle

r=acost,y=asint; 0<t<m
e rotate about the z-axis to get a sphere

e ds = a dt for the circle
S:/ 27ryds:27r/ (asint) a dt
0 0

s
= 4ra?
0

= 2ma’(— cost)

Example 9.5.2 The surface area of & = et —t, y = 4e?/2,

0 <t <1, revolved about the z-axis.

1
S = 277/ 4et/2\/(et —1)2 + (2et/2)2 dt
0

1
:877/ et/2\/e2t — 2et 4+ 1+ det dt
0
1
:877/ et/2\/(et +1)2 dt
0

1
:87T/ e3t2 pet/2 gt = .
0
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Example 9.5.3 The surface area of z = et —t, y = 4e?/2,

0 <t <1, revolved about the y-axis.

S — 27r/01(et —0)y/(et — 1) 4 (261/2)2 e

1
:27r/ (e' — t)V/e2t — 2t + 1 + det dt
0
1
:27r/ (e —t)(e' + 1) dt
0

1
:27r/ (e® —tel 4 et —t)dt = ...
0



