MATH 1210 Solutions to Assignment 1  Fall 2012

1. (a) Use mathematical induction to prove that
P2+ 774102 +132 4+ (6n+1)% = (2n + 1)(12n% + 9n + 1), n> 1.

(b) You were able to prove that the sum of the terms on the left side of the equation in part (a)
is given by the formula on the right because we gave the formula to you. Suppose now that
the formula is not given to you, but you have to find it. Do so using sigma notation.

(a) When n = 1 the left side is 12 442 + 72 = 66, and the formula gives (3)(12+9+1) = 66. Thus,

the formula is correct for n = 1. Suppose that the formula is valid for some integer k; that is,
P+42 474102+ 132+ + 6k + 1)? = (2k + 1) (12k* + 9k + 1).

We must now prove that the formula is correct for k + 1; that is, we must prove that

24424724102 +132 4+ 6+ D)+ 12 =2k + D) + 112k + D2 +9(k + 1) + 1]
= (2k + 3)(12k? + 33k + 22) = 24k 4 102k? + 143k + 66.

The summation on the left is

=[124+4* +7* +10% + 13% + - - - + (6k + 1)*] + (6k + 4)* + (6k + 7)?
= (2k + 1)(12k* 4 9k + 1) + (36k? + 48k + 16) + (36k> + 84k + 49)
= (24K3 + 30k? 4 11k + 1) + (72Kk% + 132k + 65)
= 24k> 4 102k? 4 143k + 66.

P +42 + 74102 +13% 4 -+ (6k + 7)?

Thus, the formula is correct for £ + 1, and by the principle of mathematical induction, it is valid
for all n > 1.
(b) When we write the summation in sigma notation, we get

2n—+1 2n—+1 2n—+1 2n—+1 2n—+1

D Bi-22=) (97-12i+4)=9 ) *-12) i+4 > 1
i=1 i=1 i=1 i=1 i=1

[(Qn—{— 1)(2n+2)(4n + 3)] 1 [(Qn + 1)2(2n+ 2)]

5 +4(2n+1)

=32n+1)(n+1)(4n+3)—6(2n+1)(2n+2) +4(2n+ 1)
= (2n+ 1)[3(n+1)(4n +3) — 6(2n +2) + 4]
= (2n+1)(12n® +21n +9 — 12n — 12 + 4)
= (2n+1)(12n° + 9n + 1).



2. Prove that 3" + 7" — 2 is divisible by 8 for all n > 1.

When n = 1, 3" + 7" — 2 = 8, which is divisible by 8. The result is therefore valid for n = 1.
Suppose that 3% + 7% — 2 is divisible by 8. We must now show that 31 4+ 75+ — 2 is divisible by
8. We write that

3Pl 7kl 9 —3.3v 7. 7" —2=33"+7" -2 3.7 +6+7-7" -2
=33 4+ 7" —2)+ 4.7 4 =33"+7F—2) +4(7F +1).

Now 3* 4+ 7% — 2 is divisible by 8. Furthermore, 7" + 1 is always an even integer, and is therefore
divisible by 2. Hence, 4(7* + 1) is divisible by 8. It follows that the right side of the equation is
divisible by 8, and therefore so also must be 3¥+1 4 75¥+1 — 2 The result is valid for k& + 1, and by
the principle of mathematical induction, it is valid for all n > 1.

3. (a) Use mathematical induction to prove that n? > 2n + 1 for all n > 3.
(b) Use the result in part (a) to prove that 2" > n? for n > 5.

(a) Certainly 32 > 2(3) + 1, so that the result is true for n = 3. Suppose that k? > 2k + 1 for some
integer k. We must now show that (k+1)2 > 2(k+ 1) + 1 = 2k + 3. Now,

(k+1)2 =k +2k+1>2k+1)+2k+1=4k+2=(2k+3)+ (2k — 1) > 2k + 3.
Thus, the result is valid for k£ + 1, and is therefore correct for all n > 3 (by the principle of

mathematical induction).

(b) Certainly, 2° > 52, so that the inequality is valid for n = 5. Suppose that 2*¥ > k? for some
integer k. We must show that 281 > (k + 1)2. Now,

oF L — 9.9k > 2(k?) = 2k? = k% + k2
>k 42k 41 (by part (a))
= (k+ 1)

Consequently, the inequality is correct for k£ 4+ 1, and by the principle of mathematical induction,
it is valid for all n > 5.



4. Find a formula for
>
Lo 432 —1°
=1
Hint: See Exercise 34 in Section 1.2.

We write that

I 1 _1/2 /2 1 1 1
442 -1  (2i+1)(2i—1) 2i—1 2i+1 2\2i—1 2i+1)°

With this, we can write terms in the sum in the following form

n

1 1 «— 1 1
Z4i2—1:§;<2i—1_2i+1>

= :%[<1_%>+<%_%>+<%‘%>+

Most terms cancel and what remains is

n 1 1
2n—1 2n+1/)|°

42 -1 2 on+1) 2n+1"

i=1

5. Evaluate

(2 —1)°

j=m

for n > m. It is not necessary for you to simplify your result.

n n m—1

YEI-1)P=) (2 -12=> (2j-1)°
j=m j=1 j=1
m—1
= (42 —4j+1) - Z (452 —4j+1)

:423 42]—{—21—42]2—{-423—21
[n(n+1)(2n+1)] .y [n(n+1)
6 2

-4

]+n

)(2m — 1)] 4 [(m —21)(m)

]—(m—l).



6. Simplify each of the following complex expressions to Cartesian form:

it5(3 + 21)?
1—34

i%(1 4 24)(3 — 44)
3+2i

(a) (b)

i5(34+20)?  (—i)(5+12i)  (12—5)(1+i) 1T+7i 1T T,
e T e () 1¢  R  B L

©(1+2)(3—4i)  (—-1)(1—2i)(3+44) (—11+2i)(34+2i) —37—16i 37
() 3+2i B 3—2i - (3-20)(3+2i)) 13 13

7. Find all solutions for each of the following equations:

(a) 2224+324+15=0 (b) 224322-5=0

(a) Using the quadratic formula,

L —3+£4/0-120 -3+/-111 —-3£111i
N 4 N 4 N 4 '

(b) If we set w = 22, then
w? + 3w —5=0.

Solutions of this equation are

o 3EVITA 329
- : = :

2
Thus,
5  —3+Vv29 5  —3—v29
2= — or 7P = —
2 2
When we take square roots,
—3+/29 34+ V29
z2=d\—- or z=+\—".

2 2



