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To the Student

These notes are an exact copy of the slides used in lectures. Of course there is a good deal of
explanation, and annotation as we go along. But these notes should save you some writing during
the class and give you more time to listen.

The ideal way to use these notes is to read ahead and be prepared for the lecture. The narrow
format was chosen to give you room for your own notes. As you work through a lecture or a
problem, you can look back at what was said earlier to clarify a point. If you think of a question,
please ask it! Any question is valuable and good questions make a real contribution to the class.

Previous versions of these notes were hand written. This version was written using TEX, a
type setting program for computers. Canvas, a graphics program, and Mathematica, a symbolic
mathematics program, were used to create the diagrams.

Feedback about the notes is very important to me. I would like to thank the many students
who have taken Calculus using these notes and who have made helpful comments and suggestions.
In fact the idea of printed notes evolved from requests from students to make the hand written
slides available. Naturally I want to correct any errors. Additional ideas are very welcome.

In the end, calculus is learned by doing calculus, and not by reading, or watching someone
else do it. You can practice alone or in small groups (explaining calculus to each other is a good
idea). All of you have at least a C in a first course in Calculus, so you know what is involved in
mastering the subject. This course builds on the previous one and you may have to review old
material. Keep up the good work!
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Chapter 1. L’Hopital’s Rule

In which

We find that indeterminants can (sometimes) be determined

1.1 Indeterminant forms

sinx

m
z—0 X

g2 oo

. 1
lim xsin — oo x 0
T—00 x

lim (sect — tant)
t—(mw/2)~
lim 2V 0°

r—0t

1\*
lim (—) oo’
z—0t \ T

1 xT
lim <1 + —>
T

r—00

e when form is indeterminant

— cannot tell what the limit is (or even if it exists)

— next two examples show any outcome is possible

Example 1.1.1 For any constant k,

. kx <0)
lim — -
x—0 I 0

=limk=%

x—0



2 Chapter 1. L’Hopital’s Rule

0
Example 1.1.2 xli:&% (6)

1.2 The rule

fla) o f(@)

r—at g(.T) o z—at g/(.T)

e requires  f, g diffble on (a,b); ¢'(z) # 0 on (a,b)

!
lim f,(x) exists or is & oo
z—at g (Z‘)
either lim+ f(z) = lim+ g(x)=0
[]
or lim f(z) = o0 and lim g(z) = +oo

1 The form must be indeterminant

| 1
E le 1.2.1 1 ==
omple 121 I T T s

e result is clear by quotient rule for limits
e applying I’Hopital gives

2 -1 . 2z

im = lim
z—0t + 5 z—0+t 1

=0

e the form is not indeterminant

H| — I’'Hopital cannot be used



1.3 Examples of the various forms 3

e variants
lim
x—b—

lim, fora<c<b

r—c

a = —oo and/or b = co

e the proof is easy in the following situation
fla)=g(a) =0, g'(a)#0
/" and ¢’ exist and continuous at a

e in this case

f(z) = fla)
f(@) T —a _ f'(a) f'(@)
e—at g(x)  a—at g(@) —gla)  g'(a) a—at g'(2)

1.3 Examples of the various forms

Example 1.3.1

. sinz ( 0 >
lim -
x—0 X 0

[!] Question: Can the geometric proof of this limit given in
136.150 be avoided using 'Hopital?
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Example 1.3.2

x (e%)
lim — —
Jim = (=)
= lim — (by H)
T—00 €
=0
Example 1.3.3
. 1
lim 2 sin — (00 x 0)
T—00 x
sin —
= lim x (01" = }im —, setting t = —

1
= lim (cos—) =cos0=1
T

Tr—00

Example 1.3.4

lim (sect — tant) (00 — 00)

t—(r/2)~

. 1 sint
= lim —_— =
t—(x/2)- \ cost cost

. 1 —sint
lim —
t—(n/2)— cost

—cost

= lim -
t—(n/2)- —sint

=0

)

(by H)

)
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Example 1.3.5 Evaluate lim zV® (0°).

rz—0

1
elet y=xzV*, thenlny=+zlnz= _ney

(1/va)

lim 1 . Inz (oo)

im lIny = lim ——— —

z—0t 4 r—0Tt (1/\/5) o0
1

= lim —% (by H)

c—ot —1
23/2

=— lim 222 =0
z—0t

lim 2V* = lim y=e"=1
r—0t r—0t

T

z—0

1 x
Example 1.3.6 Evaluate lim <—) (o09).

1 x
olety = <—>
x

1
Iny=xzln—
x

=—zlnz

. Inz ( —oo)

— lim -
z—0t 1 o0
(2)
1
=~ = (v H)
22
= lim =0
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T— 00

1 x
olety:(l—&—;)

1
Iny=zln <1—|— —)
x

1 xr
Example 1.3.7  lim <1 + —) (1°°)
z

0
e “substitution” gives 0 so apply L’Hopital

ln<1—|—%> ' m

lim ———% = lim
r—00

1.4 Further examples

In(2z —
Example 1.4.1 Evaluate lim n(2e —3)

SN
g
1
8
PR
8|~
N

Inl1=0

r—2 12 — 4

(z:3)
limln@x_g):lim 20—-3) 2

z—2 x?2—4 z—2 2x 4

(

0

)
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1/3 _ 1
Example 1.4.2 Evaluate lim ro_—- <9)

wa1x2/3—1 0
1 1
23 -1 533_2/3 3 1
I mr =My —. =23
2713 2
3 3

Example 1.4.3 Evaluate lirr}) roome (O — 0).
xr—

3 0
. x—sinx . 1—cosx 1-1
lim = lim
x—0 x3 x—0 3{E2 0
_ sinx 9
z—0 61 0
. Ccosx
= hi% 6 (by H)
1
6

T

E le 1.4.4 Evaluate li — .
xample vauaejcln;ﬁ_4 po—

x I 8—x(r+2) 0

im — = lim —————~ —
o2t 22 —4 -2 Lot 22 -4 0
. —2xr —2 6 3

= lim ————=—-=——

z—2+ 2x 4 2

8—a(zx+2) (x—2)(-x—4) —-xz-4

e note = =

x2 -4 (x —2)(x+2) x+2

I 8 T I —x—4 3
~-so lim ——— — = lim = ——

=2t 22 —4 x—2 o2t x+2 2

(without L’Hopital)
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Chapter 2. Parametric Equations and Polars

In which

We study other ways to describe curves.

2.1 Etch-a-sketch

O

x = f(t)
x = f(t)
y=g(t)

e parametric equations
e t is the “parameter”
e as ¢ changes the point (z,y) = (f(¢), g(t)) moves

— traces out a curve
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Example 2.1.1 What curve has the parametric equations:

r=t+1
y=2t—>57

e in a simple case can eliminate the parameter

t=x—-1
y=2t—-5=2x—-1)-5
y=2x—-"7

e the point moves on the line y =2z — 7

e visualize the movement as t changes

Example 2.1.2 Find parametric equations for the line
through the points (1,2) and (7, 16).

e slope %
e parametric equations x =3t +c; y =7t +d
— if = increases by 3, then y increases by 7
e for t =0, (¢,d) is on the line e.g. (¢,d) = (1,2)
—line: x=3t+ 1, y="Tt+2

e t =2 puts (7,16) on the line



2.1 Etch-a-sketch 11

Example 2.1.3 Identify the carve z =2 — 1, y =t + 1.
e climinate the parameter
t=y—1
r=t?—-1=(y—-1)2%2-1=9>-2y
e this is a parabola
e do we get the entire parabola?
—yes if —0o <t < 0o then —oo < y < 00

e visualize how the point moves as the parameter changes

Example 2.1.4 Identify the curve x = cost, y = sint,
0<t<m.

° 1.2 + y2 =1
e this is a circle
e do we get the entire circle?

e visualize how the point moves as the parameter changes
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4

Example 2.1.5 Involute: path traced by a point at the
end of a string which has been wound around a circle and

is then unwound while being held taut (so that the string
is extended as a tangent to the circle).

e’
R

<
Seo

>
=y
.
)

e to find the point P

e coordinates of T: (rcos@,rsin6)

e drop perpendicular from T to axis

e label the point where it meets the axis R

e draw horizontal line from P to the perpendicular
e label the point where they meet S
e angle PT'S = 0. Why?

o |TP| =rf. Why?
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o |SP| =rfsinf
o |ST| =r6fcosb
x = |OR|+ |SP| =rcosf + rfsinf

y=|RT|—|ST| =rsin@ — rf cos

2.2 Tangents to Parametric Curves
e parametric curve
z=f(t); y=g(t)
e assume the curve is
y=F(x)
e examples of this; eliminated the parameter ¢
e general conditions where possible

f/ cont., f'(t) # 0 on a t-interval

¢/(t) = F'(f(1))f'(t) (Chain Rule)

g(t) _dy dv_ dy
frt)  dt’dt  dx

F(f(1) = F'(x) =

dy
dy _ at
dac_d_a?

dt
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d d
Example 2.2.1 What happens if d—z — 0 and d—f 407

y=t? z=t at t=0

e curve is y = 22

e describe the situation in words

d d
Example 2.2.2 What happens if d_:lz # 0 and d—f =07

at t=0

ecurveisxr =y

e describe the situation in words

Example 2.2.3 An example of what can happen if both
2’ and y are 0.

e both derivatives are 0; the curve stops

— may start again in a different direction

=2, o =3t
e both derivatives are 0 at ¢t =0

e curve is z = y?/3



2.2 Tangents to Parametric Curves
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Example 2.2.4 Find the slope of the tangent to the para-
metric curve z =2 — ¢; y =t +t when t = 2.

dzx
— =21
dt
dy
< =92t +1
at T
dy  2t+1
de  2t—1
dy 5
S t=2)=-2| =25
ope (t =2) iz, "3

d2
Example 2.2.5 Find d_g for the above curve.
x

Py _d (dy)
dz?  dt \dz dx

d (2t+1 1
Cdt\2t—-1) (2t—1)

(2t —1)2— (2t +1)2
(2t —1)3

—4
(2t — 1)3
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Example 2.2.6 Sketch the curve, incorporating informa-
tion from the derivatives discussed in the above examples.

t<—1/2|-1/2<t<1/2|1/2<t
de/dt =2t —1
dy/dt =2t + 1
X
Y
curve

e some points

t |z |y
—1/2| 3/4 |—1/4
0 0 0

1/2 |—1/4]| 3/4
e concavity

shape y

sign d2y —4
T e
S w2 (2t — 1)3
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Example 2.2.7 Sketch « = 4cos®t, y = 4sin®t. (This is
called an astroid and has equation x2/3 + y2/3 = 42/3,

d

d—f = 12cos® t(—sint)
d

d—g: = 12sin? t(cost)

dy  12sin”t(cost)

= ——F———~ = —tant
dx  12cos?t(—sint) an
Py sec?t _ 1
dz?  12cos?t(—sint)  12costt(sint)

O<t<Z|F<t<m|m<t<3|3F <t<2r

curve

e some points

e concavity

shape y

. d%y
sS1gn E
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4

2.3 Polar Coordinates

)
7 §

(r,0) polar
(z,y) rectangular

e cach (r,0) determines a unique (z,y)

r? = g2 4 o2
tan@zg
T

e cach (z,y) corresponds to many (r, )

r Yy
0
x e
x = 1rcost
y=rsind



2.4 Curves in Polar Coordinates
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Y
A

T T
3,=); (3,2 —
(3,7); 3,27+ )
(=3, 7+ %), etc.

3

/4

C

2.4 Curves in Polar Coordinates
Example 2.4.1 Give the polar equation for a circle cen-
tred at the origin, with radius 3.
e obviously r» = 3 is the equation
e converting between polar and rectangular
r=3=a2+y2=3 ora® +y>=9
22+ =9=1r2=9 orr=43

e r = —3 is also the equation of this circle!

Example 2.4.2 Describe the curve r = 6.
e conversion to rectangular is no help
VT = tan ()
x
e think what happens
— r increases with 6
e this is a spiral

— the “spiral of Archimedes”
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a .

N2

Example 2.4.3 Identify the polar equation r = —6 cos 6.

e multiply by r

r2 = —6rcosd
e replace r, 6 by z, y

2% 4+ y? = —6ux; 224+ 6x+y2=0
e complete the square

(z+3)2+y*=9

e a circle, centre (—3,0), radius 3

e how to sketch this from the polar form?

shape r

d
sign a_ 6sin 6

do

e some values

0 |r:—60059

0 —6
/2 0

T 6
3m/2 0
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Example 2.4.4 Sketch r = sin 26.

shape r

v

d
sign d—; = 2 cos 20

e some values

0 |r=sin20

0 0
/4 1
3n/4 -1
5m/4 1
/A -1

{

1,37/4)



22 Chapter 2.

Parametric Equations and Polars

Example 2

shape r

dr

o

sign

4.5 Sketch 7% = sin 26 .

2 cos 260
2r

e some values

0 ‘r = ++/sin 26
0 0
/4 +1
5/4 +1
Y
4 /
/.
/
/
/
/ E
/
/
/
/
Example 2.4.6 Sketch r =1 — sin 6.
shape r

sin—rffcose
S h

e some values

0

r=1-—siné

0
/2
™
3m/2
2m

1

0
1
2
1
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2.5 Tangents to Polar Curves

e parametric equations, parameter

x =rcosf, y=rsinf
dr
= 9 /:—
r=r(0), r 7
dy
dy 4o _ rcos@ +r'sinf
dr dx " —rsind + 17/ cosf
do

. dz
(provided o7 #0)

Example 2.5.1 Find the equation of the line tangent to
the curve r = sin26 at 0 = 7 /4.

r =sin26cosf, y=sin20sinf

dy sin 260 cos 0 + 2 cos 20 sin 6

dr ~ —sin20sinf + 2cos 20 cos

dy _ /240
dzlo_p/y  —1(1/v2)+0

r=y=1/V2
y—(1/v2)

e tangent line =——— = —1

r— (1/V2)
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Example 2.5.2 Find where the curve r = sin 26 has hor-
izontal tangents and where it has vertical tangents.

y =sin20sinf, r = sin 26 cos

% = sin 26 cos 0 + 2 cos 20 sin

= 2sin 6 cos f cos § + 2(cos? § — sin? 6) sin 6
= 25in (2 cos? @ + —sin? §)

Z—z = —sin26sinf + 2 cos 20 cos b

= —25in 6 cos fsin § + 2(cos? § — sin® 6) cos 6

= 2cos f(—2sin? 6 + cos? 6)

e horizontal tangents

dy dx
— where 0= 0 and ¥

#0

o dy/df =0 on 0 <6 <27 (enough in this case)
—when sinf=0=60=0,7
— when 2cos?0 = sin? 0 = tanf = +/2
—dx/df # 0 at these points

e horizontal tangents at

0 =0, m and where tanf = +2

e vertical tangents

d d
fwhered—:;:Oandd—Z#O
dx

0@20

— when cos§ =0= 0 =7/2,37/2
— when 2sin? 0 = cos? § = tan = +1/v/2
—dy/df # 0 at these points

e vertical tangents at

0 = /2, 3n/2 and where tanf = +1/1/2
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2.6 Tangents at the Origin (Pole)
e r =0 at the origin
e assume « is angle where r = 0 and ' # 0

dy  0Ocosf 4+ 1'sin6

= =t
dx —0sinf + ' cos 0 ana

e line through origin, slope tan « is

0=«

Example 2.6.1 Find tangents to the curve r = sin 26 at
the origin (pole).

e curve has horizontal and vertical tangents at the origin
— saw this before

er=0when § =0,7/2,7,37/20on 0<6 <27
r’ # 0 at these points

e tangents at the origin are

0=0,0=mn/2,0=m,0=31/2

Example 2.6.2 Find where the curve r = 1 — cosf has
horizontal and vertical tangents and describe the situation
at the origin.

y=(1—cosf)sinf, z=(1-cosf)cosf

% =sinfsind + (1 — cos ) cos
= (1 —cos?6) + (1 — cos ) cos 6
= (1—cos0)(1+ cosf)+ (1 —cosB)cosb
= (1 —cos0)(1+ 2cosb)

dx . .

0= sinf cos @ — (1 — cos @) sin f

=sinf(2cosf — 1)
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e dy/df =0 when cosf =1 or cos = —1/2
—when 6 =0,27/3,47/3

e dr/df =0 when sinf = 0 or cosf = 1/2
— when 6 =0,m,7/3,57/3

e horizontal tangents (dy/d6 =0, dx/db # 0)
— when 6 = 27/3,4n/3

e vertical tangents (dy/df # 0, dx/dO = 0)

— when 6 =7, 7/3,57/3

e at the origin, r =1 —cosf =0
cosf =1, sof=0
e when 6 =0, r =7' =dy/df = dx/df =0

lim dy — lim (1 —cos®)(1+ 2cosb)

9—0dxr 6—0 sinf(2cosf —1)

~ 3%im (1 - cos )
0—0  sind

=3 lim (Hoépital)

6—0 cos 0
=0




Chapter 3. Area and Integration

In which

We meet the other kind of calculus and learn the connection between areas and tangents.

3.1 Area

e start with the area of a rectangle as [ x w

e approximate other areas with rectangles

I\

e for functions f > 0

/




28  Chapter 3. Area and Integration

e typical approximating rectangle

\(ci,fm-))/

Ti — Ti-1 f(Ci)

e area = f(¢;)(x; — wi—1)

n

e area under the curve ~ Z fle)(xi —xi-1)
i=1

e simpler if x; — ;1 is always the same (= Azx)

n
e area ~ Z fle)Ax
i=1
z—0

e area = Ahm ;f(ci)A:v

3.2 The definite integral

DEFINITION

b n
/a fla)de = Alirgozlf(cz) Az

e this is area if f >0
e in case f 20, f(¢;) could be < 0 for some of the ¢;
e definite integral gives algebraic sums of areas

— above the r—axis counted +, below counted —



3.2 The definite integral

29

2
Example 3.2.1 Find / 4x dz from the definition.
1

e area (using elementary geometry)

— area of triangle

1 1

— area of rectangle
bh=(2-1)4=4
e total area

4+2=6

2 n
4xdr = lim 4c; Ax
/1 Az—0 z:zl

e show the limit exists and find its value

e divide the interval into n equal pieces.

)

3=

e length of each piece is % (Az =

i) X X2 Ti—1 €Z; Ty = 2

1 o1+2142 o144t 1y
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y =4z
4xi
4Ci
dx; q
Ar = %
} >
Ti—1 C; XT; x
A+5H 1+
e compare areas A
I\ ¢
43@
461'
dr;_q
\ \
> +——> —p
Ax Az Az
4.’1,‘i,1-A.’I,‘ < 4CZAZE < 4.’1)1A.’E
-1
® Ti—1—= 1 + !
n
e, =14 —
n
1
o Ax = —
n
— 1\ 1 1
4(1+’ )— < dei— <4(1+3)—
n n n)n

"4 4 . 2 "4 4
ZEJrF(Zfl) g/l 4xdx§;E+F



3.2 The definite integral

31

e to do the addition we need a formula

n

. n(n+1)
RS

j=1

e the formula can be established by rewriting
1+24+3+...+10
=(1+100+2+9)+3B+8)+4+7)+(5+6)

10
i_.lli

e a slightly different method is used for n odd
14+24+3+...4+9

=14+8)+2+7)+B+6)+(4+5+9

e a proof can also be given by mathematical induction

esetn=1

L 1141
> -1

j=1

e therefore the formula is true for n =1

e assume true for some n, prove for n + 1

n+1 n
2 J= i+t
j=1 j=1
1

= % + (n+1), by inductive hypothesis

~nn+1)+2(n+1)

B 2

(n+1)(n+2)

2

e this proves the formula with n replaced by n + 1

e the formula holds for all n by induction
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=0
4 (n—1)n
:4 _—
n? 2
2 -2
4y n . n
n

2 2 2
4+2(" zn)g/ 4xdm§4+2(—n Jgn)
n 1 n

2
e by the squeeze theorem / drdr =6
1

3.3 The definite integral and area

/’\//

y = f(x)
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y= h(fﬁ)/ﬂ
a b Ty
B
y = |h(z)]
A B
a b T

b
Area:/ |f]

e gives the area bounded by
— the curve y = f(x)

— the z-axis

—thelinesr=aand z=0b,a <b

Summary

e start with the intuitive idea of area

b
/h:A—B

b
/\h|:A+B

— this motivates the definition of definite integral

e give the definition of definite integral

— definition does not depend on intuitive idea of area

e define area in terms of integral
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3.4 Facts and miscellaneous information
b

. / f exists for (piecewise) continuous f on [a, b]
a

— piecewise continuous

L ]

L\

Example 3.4.1 (An integral which does not exist!)

0, if z is irrational
o let f(2) = { 1, if z is rational

— this is a “fringe”
e any interval contains rationals and irrationals

e for any Ax can choose a; rational and b; irrational
Zf(ai)A:c: 1 Zf(bi)A‘rZO

o AlirEOZf(ci)Ax does not exist

e for any constant ¢

/abcd:nc(ba)
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/abf/acf+/cbf

eclearifa<e<b

e we want this to be true for all values of a, b, and ¢

e therefore we need the following definitions

fr=e

IREA

e for k a constant

/abk;f:k/abf

/ab(f+g)=/abf+/abg

e both are to be read in the usual way

e they can be proved by looking at appropriate sums

b
ef>0,a<b = /fzo

— all terms in the sums are

positive

b b
e f<ga<b = /fS/g

— from the above since g —

b
em<f<M a<b = m(b—a)g/ f<M(b-a)

b
— from the above since / mdx =m(b— a)

f=0
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< /ablf(:v)l dz

—|f(@)] < f(z) < |f(2)]

o /|f \dx</f dx</|f )| dz
g/abmx)dx

ea<b= x) dz

(z)dx

3.5 Functions defined by integrals
xT
D / f(t)dt is a function of =
a
— the algebraic sum of the area from a to x
e for continuous f, the function / f(t)dt is

— continuous on [a, b]

— differentiable on (a,b)

Example 3.5.1 Continuity of f is needed for
differentiability of / f(t)dt.

a

-1, -1<z<0
oletf(m):{ 1 O<a<l
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N

e not differentiable at x = 0

3.6 The Fundamental Theorems of Calculus
e two theorems
e differentiation and integration are “inverse processes”

— “cancel” each another (in some sense)

Fundamental Theorem: First Form

i / " f(t) dt = fa)

e hypothesis: f is continuous on [a, b]

e important to understand what this says

— proof (later) will also help

. /;f(t)dt

— gives “area” accumulated from a to x

/’x\//yf(t)
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o first form says

— rate of change of area accumulation is equal to the
value (height) of the function

o this makes sense
— the bigger the function, the greater the area

e recall “area” means algebraic sum of area, area above
axis counted positive, area below axis counted negative

Example 3.6.1

f(x)
14 — -
(:

_ ([ rwa).

-1 S

when f is cont.)

3

2 x

) / () dt
i

Example 3.6.2 Logarithm.

e Inx can be defined as an integral

T dt
lnx:/ —
1t

e fundamental theorem gives

ilnars—i zﬂ—l
dx dr )yt oz

e this is an alternate way to develop logs and exponents

— start with In, define e® as inverse of In
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SHE

1
/ Inx

Fundamental Theorem: Second Form

/—dm— (b) — F(a)

dF
e hypothesis: — continuous on [a, b]

dx
b
= F(b) — F(a)

a

oso/—dxf x)

e notation F(x)

b
= F(b) - Fa)

a

[!] Example 3.6.3 Continuity is important.

1
e — is not defined at z =0
x
— becomes infinite as approach 0

e blind application of fundamental theorem

/1da:_ 1
L2z

e this is clearly wrong (Why?)

1 =—1—(——1)=-2

e the integral does not exist
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3.7 The Mean Value Theorem for Integrals
e assume f is continuous on [a, b]

e then there exists a ¢ in [a, b] such that

b
/ f(z)do = (b= a)(c).

\/

Proof .

e the continuous function has a largest value f(L) = M
and a smallest value f(I) = m on the closed interval [a, b]

o therefore, for all z in [a, b],
fy=m < f(z) <M = f(L).

em< f<M a<b
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e divide by b — a

fy=m< 1

b
/ f@)de < M = f(L).

e apply the Intermediate Value Theorem

— says that for some c in [a, b],

b
10 = s [ f@rdo

3.8 Proofs of Fundamental Theorems

First form:
o let A(x):/ F(8)dt

e then A'(z) = Alim0 Alz+ Aszz — Al)

x+Ax x
A + Az) — A(z) = / F(#)dt— / (1) dt

_ /:er f

e by the mean value theorem for integrals

rz+Azx
[ = sona

for some ¢ between z and = + Ax

~

a T c z + Az

A(z)

\ 4
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- g 102

= lim f(c¢)

Az—0

= lim f(c)

cC—X

= f(z) (f is cont.)

Second Form:
erecall ' =G' = F=G+C

e the first form says

F'(z) = % /w F'(t)dt

e therefore

e to find C, set x = a

F(a) :/GF’(t)dt+C:0+C
Flz) = / CF@)dt+ Fla)

F(b) = /b F'(t)dt + F(a)

/b F'(t)dt = F(b) — F(a)
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3.9 Examples

Example 3.9.1 Find / 353 ds.
2

/353 ds = 254 (= F(s); F'(s) = 3s%)

o
(o3
w
&
w
QL
®
I
|
»
=~

Example 3.9.2

3
/ (x4 3z 4 5) dx
1

3 2

27 1 3
= 252
9+2+5 3 )

15

Example 3.9.3 Find/ |2z + 6| dz.
-5

e kind of thing needed for areas

22 + 6] = 2246 if2x4+6>0 ie x> —-3;
“1-(22+6) if20+6<0 ie z<-3.

15 -3 15
/ |2x+6|dx:/ f(2x+6)da:+/ (22 + 6) dx

—5 -5 -3
-3

+ (22 + 6x)
-5 -3
—[(9 — 18) — (25 — 30)] + 225 + 90 — (9 — 18)

15
—(x? + 6x)
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Example 3.9.4 Find the area bounded y = 22 — 4 and

the r—axis. ,
A= [

e need the limits of integration

sign y = (¢ — 2)(a +2)

2
= / (2? — 4)dx
-2
3 2
-+
3 -2
8 -8
B 58[?8”
16 16
3 6’ 0= 3

Example 3.9.5 Find the area between
y =23 4+ 222 — z — 2 and the z-axis.

sign y = (x — 1)(z + 1)(z + 2)
1

A:/ |23 + 227 —x — 2| dx
-2

—1 1
—‘/ (23 +22% —x — 2)dx +‘/ (2% 4 222 —x — 2) dx
-2 ~1
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Example 3.9.6 Find the area between y = sinx, the z—
axis, x = —7/3, and x = 7/3.

e sign y

us
3
A= / | sin x| dz
I
3

0 5
:/ sinxdx—l—/ sinx dx
-z 0
3
:2/ sin x dx
0
5 1
=2(—cosz)| =2[-=-+4+1=1
0 2

2

Example 3.9.7 Find F'(3) if F(z) = / °_ds.
1

s+5
2
x
F’ =
(2) poa
32 9
F'(3 = -
(3) 3+5 8
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d (" dt
Example 3.9.8 Find —

dz J,, 5+t
Todt

—_

o then f'(z) = Tt (Fundamental Theorem)

bx dt
/C = F(oa)

/br at / dt_ /“ dt
we DAt St ). 54td

= —f(ax) + f(bx)

3.10 Antiderivatives and indefinite integrals

Theorem. If F'(z) = G'(x) on some interval I, then
F(z) = G(x) + C on I, where C' is constant.

Y,

p

xf
L\

N
fy
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o if F'(z) = f(z) on an interval T

— then F' is an antiderivative of f on I.

Example 3.10.1

3
? is an antiderivative for x>

3
T
3 + 17 is also an antiderivative for z2

e any constant is an antiderivative of 0

e the Theorem says that any two antiderivatives differ
only by a constant (on some interval)

— a constant C' is the most general antiderivative of 0

3
x
Y + C'is the most general antiderivative for z2

e write

/f(:r)dsc:F(x)JrC — F'(z) = f(2)

. /f(:c) dx is the indefinite integral of f(x)
— it is the most general antiderivative of f(x)

° / is the integral sign
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dF

e ( [ s dm) — f)

d
° / and — “cancel”
dx

e indefinite integration is the “inverse” of differentiation

— the reason for the name “antidifferentiation”

e the fundamental theorem says

/abf(x) do = (/f(x) dx)

e explains similar notation for two entirely different ideas

b
a

e we can ignore the constant of integration

—let F=G+C

Example 3.10.2

checking

Example 3.10.3

3
/5x2dx:5/m2dx:5(%>+0
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General Rules:

; errl
/x dx:r+1+C’ (r#-1)

/kf(x)dx:k/f(z)dx

/f(x)+g(x)dx:/f(x) da:+/g(x) do

Example 3.10.4
|
——dz
Va+1

1

e know (\/E)/:m

1
[ ] tr‘y (2\/.’1} + 1)’2\/1'1“

1
® SO /4dx:2\/x+1+0
z+1

3.11 Applications

Example 3.11.1 Find f(z) if f/(z) = 2> — 2 + 2 and
f(1) = 3. (An initial value problem.)

3 2

f(x):/(:cQ—x+2)dx:%—%+2x+0
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Example 3.11.2 A ball is thrown upwards at 1 m/sec
from the top of a 100 m high building. When does it hit
the ground and how fast is it going then? When does it
reach its highest point and how high is it then? (Acceler-
ation due to gravity is 9.8 m/sec’.)

d2
a="2 =98

dt
v:/adt:/79.8dt:79.8t+0

e when t =0, v =v(0) = vy = C, the initial velocity
v = —9.8t 4+ vy

e in this case vy = 1

v=-98t+1

—9.8t2
5=/vdt=/(—9.8t+1)dt: 5 +t+sp

® s is the position when ¢t =0

e in this case, so = 100

s=—4.9t> +t + 100

—14 /1 —4(—4.9)100

e s =0 whent= 2(—1.9)

-1 —+/1961
The ball hits the ground when t = WQG ~ 4.6
sec. ’
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Its velocity then is v & —9.8(4.6) + 1 ~ —44 m/sec.
— note that v < 0; the ball is going down
e the highest point occurs when v =0

—when —9.8t+1=0

1
The ball is highest when ¢t = 98 sec.

2
-9. 1 1
Highest point reached is 08 (—) + — + 100 m.

2 9.8 9.8

Example 3.11.3 Find the first time after 3 o’clock when

the hands of a watch are together.

YOES
%3
>

e 0, — the angle the minute hand makes with noon

e 0, — the angle the hour hand makes with noon

do,,

= 1 rev/hr = 27 radians/hr
d@h 1 21 .
=1 rev/hr = 5 radians/hr

/27rdt—27rt+C

:—t—|—Ch
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Cm =0; Crp, = = (t =0 at 3 o’clock)

vl 3

2w s
0 7t; Oy, 12t+2

2T s
Solve 27t = —t + —
olve 27 9 —|—2

11 T
or (= )t=2
7T(12> 2

3
t= I hours

The hands are together at 3/11 hours = 180/11 min
past 3 o’clock.



Chapter 4. Integration by Substitution

In which

We learn that integration is not the neat algorithm that differentiation is and that special
methods abound.

MEMORIZE!

1
de™ = (r 4+ 1)a" dx dlnz = = dz
T

de® = e* dx da® =a*Inadx
dsinz = cosx dx dcosx = —sinx dx
dtanz = sec? xz dx decotx = —csc? xdx
dsecr =secrtanxdr dcscx = —cscxcotxdx
711: a . 711: 1
dtan —:ﬁdx dsin™' — = ——dz
a x°+a a a? — 12

1

e note: arctanz = tan~! x; arcsinz = sin"' z; etc.

4.1 Substitution

e chain rule

e integrate both sides

[Flg()] +C = / F(g(a))) do = / F(g(z)) - ¢ (z) de

e gives substitution formula

/ F'(g(x)) - ¢'(z) di = F(g(x)) + C
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e let f = F’ or equivalently /f(u) du = F(u)+C

e when u = g(x), substitution becomes

/ F(9(2)) - g/ () de = / F(g(x)) dg(x)

(says we can replace ¢'(x)dz by dg(z) inside an integral)

e in the other notation

/f(u)z—udxz/f(u)du (=F(u)+C)

T

4.2 Examples

Example 4.2.1 T = /(2;10 +4) (2% + 42 +9)" dx

d
olet u=2a?+4z+9; duzﬁdxz@x—kll)dx

I:/u7du

(2z +4)

e check [($2 tdr+ 9)8]/ _ 8(a® + 42 +9)7
B 8

Example 4.2.2 I:/Smﬁdx

NZ3
olet u=+/z
1 d
othendu:mdaﬁ; \/—2:2du

Iz?/sinudu where u = vz

=2(—cosu) +C = —2cosyz +C

1
e check (—2cosy/x)" = —2(—sin \/5)2— =
T

<
B
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Int
Example 4.2.3 1—/ldt

elet u=1Int

1
e then du = n dt

ACE

o write F/ = f, u=g(x)

/:ﬂu(x —dw—/ f(u

1
Example 4.3.1 I :/ V2 —xdx
0

eletu=+v2—-2 (=2=2-—1u?)

T|u=
1
e then dr = —2u du 0

1
/ T 2—x dx
0

Js

2—x
1
V2
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1
:/ (2ut — 4u?) du

V2
o3,
(2-2)- (o) -

Alternate Method:

2 4
/mV?—xdm = gus — gug

2 4
=2~ x)%/? — 52— x)3/?

2 1

/01 V2 —xdr = {5(2 —x)%/% - %(2 - x)ﬂo

2 4 2 4
(22 _(Z95/2 _ Z93/2
(5 3) (5 3

me I+ /01(2u4 — 4u?) du

1 1
2 . 4 2 4
o/(2u474u2)du: “ub - —ud| =2 - =
0 5 3" ], 75 3

— don’t write something which is wrong!

r=1
o[ = / (2u* — 4u?) du is occasionally used
=0

— reminder to replace u by x before evaluation

o first method is usually easier and is preferable
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Ve gin(rl
Example 4.3.2 T :/ w dz.
1

x
d m| u=mlnz
olet u=rlnz du=mro; 1 —
) .’L" \/E Wn\/E—TF/Q
1 mlnl =0
1 7\'/2
I:—/ sin(u) du
T Jo
cos(u) /2

™ ™ s
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Chapter 5. Applications of Integration

In which

We use our knowledge of integration to find areas and volumes. We also learn how to average
functions.

5.1 Area

e area between a curve y = f(z) and the z-axis.

Y
A

AW/
VR

a

b
Area:/ |f(z)| dx

e area bounded by f(x) and g(x)

Y
A

S
[

b
Area = / (@) - g(a)] de
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e formula for area between curves
— follows from area between curve and z-axis
— just subtract

— draw a series of pictures which illustrates this

e area between f and g (fromatoc) = A+ C

aen=[r p= [
TV R o
cen=[gi D=y
C:(C+D)—D=/bcg—/bcf=/bcg—f
avo=[rgv [ams= 110
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e formula can also be obtained
— directly from the definition of the integral

)
A

\
8

Q
>

Ax S If(e) - gle)lAa
=1
A= 1im 37 [f(er) — glen)|Aa
i=1

b
- / (@) - ()| de

Example 5.1.1 Find the area bounded between

y =2 —2z and y = 6z — x°.
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4
A:/ |2? — 22 — (62 — x?)| da
0

4
= / r? — 2z — (62 — 2%) dx
0

4
= / (222 — 8z) dx
0

3 2 3 2

0

_‘2~438~42

Example 5.1.2 Find the area between

y=xand y = z'/5.

2

1
-2 -1 1 2

-1

-2

1
A= |z — /3| dx

-1

:/0(1;—:51/3)d1:+/1(x1/3—ac)dx

-1 0

0
‘/ (x —2'/3) dx
—1

1
+ / (x —2'/3) dz

0
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Example 5.1.3 Find the area between

y?=2r—2and y =2z — 5.

e to find where the curves intersect solve
(x—5)2=22-2
2?2 — 102 + 25 = 22 — 2
221224+ 27T=(x—3)(z—9)=0

r=3;, y=3—-5=-2

e note that 2z — 2 (= y?) > 0, s0 z > 1.

y?=2r—-2; y=4+21r-2

3 9
A:/ 2\/2x—2da:+/ V2xr —2—(x—5)dx
1 3

e interchange the roles of x and y

y? +2

e area between x = andz=y+5

4 2 2
A:/ y+5—<y i )dy
. 2

e this is clearly a better strategy
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5.2 Area for Parametric Curves

e for y above the z-axis

b
A:/ y dz

e if y is continuous and x is differentiable

f dx
A= — dt
/aydt

e essentially a change of variable

d
ogivesareaifyd—fEOandagﬂ

Example 5.2.1 Find the area bounded by
x =1t —t; y =t> 4+t and the r-axis.

e we sketched this earlier

ey=0whent=—-1landt=0

0 0
/ (2 +t)(2t — 1)dt = / (263 + 1% —t) dt

S|

4 3

A

2+3 2

[!] This “area” is below the z-axis. What’s going on?

dx
e y and i are < 0, curve is below axis, moving left

Example 5.2.2 Find the area bounded by
x =12 —t; y =12+t and the line z = 3/4.

e solve t2 —t = 3/4

2 —t—3/4=(t+1/2)(t -3/2)
t=—1/2,t=3/2
3/2
A= (t2 4 t)(2t — 1) dt
—1/2

e why is this the area wanted?

— look at the sketch and analyze the signs
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signy =2+t

dx
ign — =2t -1
sign ;

sign product

Example 5.2.3 Find the area bounded by
x =4cos’t; y=4sin’t.

e range of ¢ to get the curve; 0 <t <27
27
/ 4(sin® t)[12 cos® t(—sint)] dt
0

[!] e this integral does not give the area
e sign of integrand is negative
— counterclockwise around curve

— correct value, wrong sign

Example 5.2.4 Find the area of a circle.
e parametric equations: x =acosf, y = asinf

e circle is covered counterclockwise

27
A= —/ asinf(—asin ) db
0

1 2
= —a2/ (1 — cos26) df
2 Jo
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5.3 Area in Polar Coordinates

e area of a sector of a circle

Yy
4
r
" T
2
e area = T—AG i = %
2 w2 2r

Example 5.3.1 Find the area of a circle.
e equation of circle, centre (0,0), radius a, is r = a

® area

I
|
2
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Example 5.3.2 Find the area of one leaf of r = sin 26.

e review sketch (example 2.4.2)

0
— one leaf is swept out when 0 < 0 < 5

iy
1 12
A= —/ (sin 26)* do
2 Jo
— other choices are possible

i

2

1 T
A= 5/ (sin%’)2 do

Example 5.3.3 Find the area of r =1 — sin 6.
e review sketch (example 2.4.6)

— completely cover area when 0 < 6 < 27

1 27T
A:—/ (1 —sinf)?do
2 0

5.4 Volume
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o slice volume at z
— with a plane 1 to z-axis
— A(z) is cross-sectional area at x

— volume is “sum” of these areas

V:/abA(q;)dm

Example 5.4.1 Find the volume of a pyramid which is
4m high and has a square base 3m on each side.
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e by similar triangles

Example 5.4.2 Find the volume of a solid which has a
circular base of radius r and sections perpendicular to a

diameter which are equilateral triangles.

Az) = %2\/7’2 —22V3Vr2 — 22 = V30 -z

V= TA(J:)dsz/r\/g(TQ—xQ)dx
0

—r
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5.5 Solids of revolution by discs (and washers)

e revolution of f(x) about the z-axis

)
/

e cross section is a circle
A(z) = 7 [f(2)]?

e sum these “discs”

ver| " (f()? da

e disc method

Example 5.5.1 Find the volume of a sphere of radius a.

7(vVa? — 12)? = n(a® — 22)

o A(x)
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Example 5.5.2 A hole of radius 1 is bored along the axis
of a cone of height 2 and with radus of base 2. Find a
formula for the volume left in the cone.

Y

e cross section at x
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“washer”

e the cross section is a
e area of cross section is difference of area of two circles
— smaller of radius 1; A=n12 =7
— larger of radius x; A = w22
e total area at x

Alz) =7m2® — 7

o limitsx=1tox =2

2
V:/ mx? — wdx
1

Example 5.5.3 A ball of radius 10 is placed in a hemi-
sphere shaped bowl of radius 30. How much water is in
the bowl when the depth is h?

e revolution about the y-axis

— the sections are washers

— could put the bowl on its side
e big sphere equation

2?2 + (y — 30)2 = 302
e small sphere

22 + (y — 10)2 = 102
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e if h <20

h
Vi [ (60 - (5= 30) - (10° - (5 - 10)%) dy
0
o if h > 20

20
V= 7r/ (30% — (y — 30)%) — (102 — (y — 10)?) dy
0

h
+7 /20 (30% — (y — 30)%) dy

e this is an example of revolution of g(y) about y-axis

5.6 Volumes of revolutions by shells

e revolution of f(x) about y-axis

)
3

—  —
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e surface area of the cylinder: 27z f(x)
e thickness of the wall of the cylinder: dx
e volume of shell: 27z f(x) dzx

e volume by adding up the shells

b
V:27T/ xf(x) dx

e the shell method

Example 5.6.1 The hole through the cone with this
method.

e the shell method

b /—h
V=27T/ x(Tx—Fh) dx
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e of course this problem can be done without calculus

e volume of a cone is 1/3 volume of enclosing cylinder
L o
V(cone) = 37" h

e take full cone, subtract little top cone, cylindrical hole

1, 1 5 (ah 9 ah
Vf37rbh 37ra<b> ma“ | h 5

Example 5.6.2 Find the volume of a torus.

L

[ R——

e put y-axis through centre of hole
e formed by revolving (z — R)? + y? = r? about y-axis

y==x+/r2—(z— R)?

R+r
V:2ﬂ'/ x X 2y/r2— (x — R)? dx

R—r

elet u=z— R, then du=dzr; z=u+R

R+r
R—r
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V:47r/ (u+ R)Vr?2 —u? du

-7

:471'/ u\/r? —u? du + 47 R V1?2 —u? du

e the first integrand is an odd function
— the integral is 0

e the second integral represents the area of a semicircle

2
V= 477R% — 2722R

5.7 When to use discs and when to use shells

Example 5.7.1 Revolve y = 2 4+ sinz, (0 < =z < 3m)

about the x-axis, the y-axis, ,the line y = —1, and the
line z = —1. Describe the objects and find their volumes.
Y
A
> .

e about the z-axis

— the object looks like a table leg

— turned on a lathe between centres
e discs

— perpendicular to rotation axis

3
V:w/ (2 +sinx)? dz
0
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e about the y-axis
— the object looks like a checker
— turned on a lathe at the end
e shells

— around the rotation axis

37
V:2ﬂ'/ z (2 +sinz) dx
0

e about the line y = —1

— the object looks like a table leg

— turned on a lathe between centres
e discs

— perpendicular to rotation axis

— centred at —1, radius 1 + (sinz + 2)

3
V=7r/ (1+(2+sinx))? de
0

e about the line x = —1
— the object looks like a checker with a hole
— turned on a lathe at the end

o shells
— parallel to rotation axis

— centred at 1, radius is x + 1

3m
V:Qﬂ/ (x+1)(2+sinz) dz
0
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Example 5.7.2 Revolve z = 2+siny, (0 < y < 371) about
the z-axis and the y-axis. Describe the objects and find
their volumes.
e similar to the above example

—the roles of x and y are interchanged.
e Which uses discs and which shells?

— draw the pictures

— write down the integrals



Chapter 6. Inverse Trig Functions

In which

We review the definition of the inverse of a function and the formula for its derivative. We
then study the inverses of the trigonometric functions in detail.

6.1 Functions

e a function

e not a function

<
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Function:
e cach = determines a unique y
e two different 3’s cannot come from the same x

o let y = f(x1) and yo = f(x2)

Y1 # Y2 = T1 F T2

e domain (Dom(f)): set of inputs (z’s)
e range (Ran(f)): set of outputs (y’s)
e notation
f:A— B where Dom(f) = A, Ran(f) C B
(C — subset, Ran(f) is part of B)
— f “acts” on all of A
— f takes on values in B

— does not necessarily “hit” all of B

«— 9




[

6.2 Inverse of a Function
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6.2 Inverse of a Function

e function is a rule which associates a y with each x

e want to use the rule “backwards”

e want each y to determine an x

yl

this will not always work

e to get a function this way

— need each y to determine a unique x

o let y1 = f(x1)

and yo = f(x2)

T F T2 = Y1 F Yo

e a function with this property is one to one (1-1)

1-1

e has an inverse
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not 1-1

e does not have an inverse

e let f be 1-1

o the inverse is denoted by f~*

a=f7'(b) < fla)=b

Example 6.2.1 f(z) = 23
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~
L
—
g
|
8
Wl

Example 6.2.2 y=2x2,2>0

Y

oy =22 is not 1-1

ey=2a?2>0 isl-1

e y = \/x is the inverse of that function

\/
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o (Vb2 =b?
— true for all b for which both sides make sense
—all b in the domain of \/x
o Va2 =a?
H| — true only for a > 0. Why?
— but Va? is defined for all a!

— What is another notation for v a?2?

6.3 Derivatives of Inverse Functions
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y=[f""(x)

fly)=f

(@) ==

e differentiate both sides of the equation

e the method is more important than the formula

Example 6.3.1 Find (v/z)'.

y=+vz
y=u
Zyy’ =1
L, 1
Yy ===
2y 2y/x
(Va) = —
2V
6.4 Inverse sine
e y =sinz is not 1-1
Y
'y

ANEIVAN

\%

\/\ \/\\”
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. . T
y=9Sin x < y =sinz and —§§x§

v

ey =sin" 'z = Arcsin x

<

N
L
}

1

r <= z =Siny

y =sin~
dxr  dSiny
— = = cos
dy dy Y
dy 1 1
dr  dx/dy cosy
1
= (why is cosy >0 7)
1 —sin?y
_ 1
V1 — 22
—Sin_lx—# (-l<zx<l)
dz V1 -2
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6.5 Inverse cosine

e y = cosx is not 1-1

N/ NN

y=Coszr < y=coszand0<z <7

|

AN
\ x

1

e y =cos x = Arccos x

L T

v

1
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1

y=cos x <= z = Cosy
d_x_dCosy__Sin
dy —dy Y
dy 1 1
de  dx/dy  siny
1
= (why is siny >0 ?)
/1 —cos?y
_ 1
V122
d 1 1
%Cob 33:—\/17_—3727 (—1<l'<1)

6.6 Inverse tangent

e y =tanx is not 1-1

T ™
y=Tan z <= y =tanzx and —§<x<§

YA
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o y=tan ! = Arctan x

—
_ 9”

\

1

y=tan "z <= z =Tany
dxr  dTany 5
d—y:Ty:sec Y
dy 1 1
dr — dafdy  secy
_ 1
~ 1+tan?y
1
1422
—tan "tz = L
dx 1+ 22

6.7 Examples

Example 6.7.1

R (\/_
sin[sin 5

sin[sinfl(sc)] = g for all z in the domain of sin™

S
~—~
|
ols

1
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Example 6.7.2 sin~! [sin (%)} #+ %T (Why?)

Example 6.7.3

sin 260 = 2sin 6 cos 6

sin(2eos™!(2)) = 2sin(eos™!(2)) cos(cos™ ()

() (3)

Example 6.7.4 Plot f(x) = sin™!(sinz).

COS T COS T COS T

fll': = =
(@) V1-—sin?z Vecos?z |cosz|

1, ifcosz >0

)

- { —1, if cosz < 0.
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Example 6.7.5 Simplify tan(sin ™!

elet # =sin"!z (recall —7/2 < 0 < 7/2)

— then sinf = z (0 is an angle whose sin is )

1
x
0 .
0
\ x
A
1
x
1 — 22 _
x
1

tan(sin~ ' x) = L, lz| <1
V1—2a?
Example 6.7.6
d A 3 2
. [sin™" (2%)]
.. —1/.3 1 2
=2 [sin™ " (z%)] 3z

v1—26
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Example 6.7.7 Assume that b,ax — b > 0. Show that

/édx—itan’l M__Z)+C
ovar —b /b b '
/

2ta 1 Jax =10
2 otap /22"
Vb b
_2 1
Vb 1+ax—b ar —b b
b b

2 b

b Vb e
Vb oar 2var—b b xvar—b

6.8 Integration with inverse trig functions

2

Example 6.8.1 I:/ﬁdas

o let u = 23 why?

e then du = 322 dz
Izl/d_“
3] 24 u?

11 1 3
= —Arctani +C = —Arctanx— +C

T3V V2 32 V2

C—=T

ﬁy_ 1 1 3,
T 3v2 1+ (25/2) 2

1
e check | —=Arctan——
hﬂ’ V2

dzr

Example 6.8.2 I:/—
et +e "

o let u=2¢"

e then du = e* dx
/ et dr / e® dx
I = =
eat(er _|_e—x) (6m)2 + 1

d
= / % = Arctanu + C = Arctan e +C
U

e check [Arctan e*] = v =



Chapter 7. Techniques of Integration

In which

We study several more special methods of finding antiderivatives.

7.1 Integration by Parts
e product rule
d(uv) =udv+vdu

e integrate both sides

uv:/d(uv):/udv+/vdu

e rearrange

/udv:uvf/vdu

e to use
— split the integrand into “parts”
— one part is u, the other is dv

e to find v

— must be able to integrate dv

— integrate a “part”

e must also be able to find / vdu
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Example 7.1.1 I = /xsinxdm.

e possible choices for parts

(i) w=zsinz dv = dz
(i) w=sinz dv =zdx
(iii) w== dv = sinz dx

e which one to choose?

e can find v in each case

e must also be able to find / vdu

e the correct choice is (iii)

u=x dv = sinx dx
du = dz V= —COST
u v v du

I =x(—cosz) —/(— cos ) dx

= —xcosx—l—/cosxda:

= —gxcosx +sinz + C
e checking the result

(—zcosx +sinz) = —cosz — x(—sinz) + cosx

=xsinx
e differentiate polynomials, integrate sin and cos
— polynomials become simpler

— sin and cos don’t change in complexity
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e what about the other choices?

— choice (ii)

u =sinx dv =xdz
22
du = cosx dx vz;

U v v du
, z? z?
I= (Slna?)(?) —/7cosxdx

e the resulting polynomial is harder

o try case (i); it is even worse

Example 7.1.2 [ = /:Elnxdx.

e choices
(i) w=lnz dv =z dx
(i) wu==xa dv =Inzdx

e using (ii)
— simplifies, but requires / Inxdx

— can do this by parts (next example)

e using (i)
u=Inz dv =xdzx
1 2
du = —dz v="
T 2
vou v du

2 2
1
I = %lnx —/%de

2 1
= %lnx —i/xd:c

2
1
= %lnx —Zazz +C
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Example 7.1.3 I = /lnxda:.

u=Inx dv = dx
1
du = —dx v=2x
T
v U v du

1
I = xlnx—/x —dx
T

= xlnx—/dm

= zlnz — x+C

ecando I = / xInz dz (previous example) with this

u=2x dv =Inzdx
du = dz v=xlhxr —x
u v v du
I= z(zlnz —x) —/ (zlnz — x) dz
= 22lnz — a2 -1 +/xdx
22 2 2
2 = z2lnx — 22 —i—?—i—C ]:—lnm—Z—&—K

Example 7.14 [ = zeV® dz

1
e could do parts directly dv = eV dvz = V' dx
2\/x

e substitution simplifies

t=u

1
= — . = 2
dt NG dr; der=2tdt

I= /t%tztdt = 2/t3et dt = 2I,
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u=1t% du=3t*dt

dv=etdt; v=e¢el

I, =3t — 3/t2et dt
o effect?  t3 reduced to t2

e repeat this process twice more

e finally only need to integrate e

Example 7.1.5 I = /sin 3z sin 2z dx.

e parts (can also be evaluated using trig. identities)

u = sin 3z dv = sin 2z dx
du = 3cos 3z dx v=— COS22$
U v v du
I = sin3z (— c0522x> — / — (20522x 3cos3x dx

1
5 sin 3x cos 2x + ; /cos 2x cos 3x dx

o[ = /cos 2z cos3xdx is as difficult as the original

e there are two possible ways to proceed

— the correct one is done first

U = cos 3x dv = cos2x dx
in 2
du = —3sin3x dzx v = sm2 x

in 2 in 2
I = cos 3z (sm2 x) - / sm2 x(—3sin3x) dx

1 3
= 3 cos 3xrsin 2x + 5[
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1 3
I:fisini’.xcostJrgIl
1 3/1 3
= 5 sin 3x cos 2x + 3 (5 cos 3xrsin 2x + 51)

1 3 9
= 3 sin 3x cos 2x + 1 cos 3z sin 2x + ZI

e solve for 1

9 5 1 . 3 .
I — 117 7117 3 sin 3x cos 2x + Zcos3:vsm2x

4 1 3
1= 5 (—5 sin 3x cos 2x + Zcos3acsin2x> +C

e what happens if the wrong choice is made?

U = CcoS 2% dv = cos 3z dzx
du = —2sin 2z dz v = sm33x
sin 3x 2
I, = 2 =1
9 = COS m( 3 ) + 3

1 . 3/1 . 2
I =— 531n3:cc082x+ 5 (g cos 2z sin 3x + §I>

1 1
I =— §sin3x0082x+ 50082xsin3x+1

I1=1!

Example 7.1.6 [ = /sin2xdz.

u =sinx dv =sinx dz
du = cosx dx V= —COoSX
I:fcosxsinxf/(fcosx) cosz dx

:—cosxsinx+/0082xdx

e now what?

— effect is to change sin® z to cos®
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e don’t change cos? z to sin? 2 (Why not?)

o use cos?x =1 —sin’z

I:—cosxsinx+/(1 —sin’ z) dx
:—cosxsinx—i—/dx—l
2] = —cosxsinz +

I = coszsinz +C

N8
DN | =

Example 7.1.7 I = /sec3mdx.
U = secx dv = sec® zdx

du = secx tan x dx v=tanz

I =secxtanz — /tanx(secxtanzdx)

=secxrtanz — /secxtanzxdm

e use tan?x = sec?z — 1

Izsecmtanx—/sec?’a:dac—I—/secxdx

=secxtanx — I—i—/secxdm

2I:secxtanx+/secxdx

1 1
I =5 secztanx + §ln|secx+tanx\ +C
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7.2 Trigonometric Integrals

e for powers of sin and cos remember

sinx +cos?z =1

dsinx = cosz dx

dcosx = —sinx dz

Example 7.2.1 [ = /sin3 x cos* x dx

e use one of the sin’s to make d cos
I = /sin2 x cost z sinz dz

= —/sin2x cos*xdcosz

2 2 2

e let c =cosz; then sin“x =1—cos“z=1-c¢

I:7/(1702)c4dc:/(06704)dc

P cos’xz cosPx
= - +C =

5 7 5+C

/ sin™ x cos" x dx

e for above technique to work for m,n > 0
— at least one of m and n must be odd

e does not work for

/ sin? x cos® z dx

/ sin® z dz
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Example 7.2.2 /COS3 rdx

= /COS2£L' cosx dr

= /(1 —sin®z) dsinz

:/(1—32)d3

3
s
=s——+C
83+

sin® x

=sginx —

e if m and n both even;
— need more trig. identities (or use parts see later)

sin?x +cos’z =1
sin(x + y) = sinx cosy + cosx siny
sin 2x = 2sinx cos x
cos(z +y) = cosx cosy — sinzsiny
cos 2x = cos® x — sin’ x
=2cos’x —1=1-—2sin’z

1
sin®z = 5(1 — cos 21)

1
cos® & = 5(1 + cos 2x)

Example 7.2.3 I:/Sin2xdx

e use sin®z = (1 — cos 2z)
=2 [ cos2a)de = L@ — Lsinon) + €
=3 cos2z)dz = Z(z — 5 sin2z

e this example can also be done with “parts”
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Example 7.2.4 I = /sin4xda:

e use sin®z = (1 —cos2z) and cos®z = 3(1+ cos2z)

1— cos2z\2
1:/(¥) de

1
:Z/(1—2C082$+COS22I)d$

1 1 4
:Z/l—2cos2x+$d$

Example 7.2.5 I = /sinzxcos%cdx

e various ways to proceed
— reduce sin? and cos? by formulas

— use sin? z +cos? z = 1, reduce to previous examples

1-— 2z) (1 52 1 —cos?2
I:/( (:20s x) ( +c205 ) dm:/( ch .T)dx

I:/sinQ:c(l—sinza?) dxz/siandm—/sin4xdm

e for powers of sec and tan remember

tan?z + 1 = sec®z

dtanz = sec® z dx

dsecx = secx tanx dx

o need sec? to get dtan
— then even power of sec to reduce all to tan
e need sectan to get dsec

— then even power of tan to reduce all to sec
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Example 7.2.6 Easy powers of sec and tan, (m,n > 0).

/seczxtan”xdx = /tan"xdtanx

/sec ztanzdr = [ sec™ txdsecx (m >1)

sec? z(sec? x — 1) dsec

/sec x tan® J}d.’E—/SGC xtan® z dsecx

e when the “easy” method does not work
— odd powers of sec
— even powers of tan with odd powers of sec

e odd powers of sec can be done by parts

Example 7.2.7

/sec:ctaandw = /secx(secQ:c —1)dz

:/sec?’mdx—/secxdx

e for powers of csc and cot
e similar to sec and tan

e relevant formulas

1+ cot?z = csc? x
deotz = — csc? x dx

descx = —cscx cot x dx

e hard to do odd powers of csc

— includes even cot with odd csc
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7.3 Trig. substitutions

e handles Va2 — 22, Va2 + 22, V2 — a2

e some of these are easy

Example 7.3.1 I = /m\/ 1—22dx

e set u =1 — 22 then u?2 =1 — 22 and 2u du = —2z dz

e this substitution will not work for
/\/17x2 dx or /xQ\/lfxz dx

e When will it work?

Example 7.3.2 I = /x?’\/ 1—22dx
I= f/xQ\/lfxz (—x dx)

:—/(1—u2)uudu (w?=1-2%= 2% =1-u?

e to handle \/I:l

o rewrite [ ] as a square

e use the trig identities
1 —sin® 6 = cos® 6
tan?6 + 1 = sec? 6

sec?f —1 =tan? 60
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Example 7.3.3 Find the area of a circle of radius a.

oA:4/ Va2 — 22 dx
0

e to write a® — 22 as a square

1 —sin?0 = cos? 0
a? — a?sin? 0 = a2 cos? 0

e set x = asinf

a? — 22 = a® — (asin )% = a®(1 — sin* )

= a?cos? 0
z|sin"'(z/a) =0
a|l sin 'l =m7/2
dx = acos0 df 0| sin"'0=0
A= 4/ a? — x? dx
0
/2
= 4/ acos acos 6 df (Why is cos +ve?)
0

w/2
= 4a? / cos? 0 df
0
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1 7T‘/2
= 4a2§ / (1 + cos26) df
0

/2

Example 7.3.4 I = / %

o to create the “square” use tan?6 + 1 = sec?

e the 3 is factored out 222 4+ 3 = 3(tan? 6 + 1) = 3sec? ¢
e need 22? = 3tan? 6

o get V2x = v/3tan 6

V2dx = /3 sec2 0do

@ secZ 0 db

1
= ——
/\/3se(329\/§

= %/|sec€\d9

2x
e notice that the substitution is actually § = Arctan——

V3

T i
therefore —— < 0 < —
[ ) ererore 9 9

esosecld >0

1 1
I=— [ secldd =—In|sech+ tanb|+ C
\/5/ V2 | |
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e to change back to x

%)

tanf = @
V3
V3 4+ 222 Vor
V3
V3 + 222
secl) = ————
V3
2
I:Lln V34 2x +\/§x L
V2 V3 V3
e checking
PO R B (e
V2 V34222 +V2x V3 \2v3+4 222
1 1 2z + V2 (V3 + 222)
V2 V34222 + V2 V34 222
_ 1
N V34 222
dx
Example 7.3.5 I = _—
P N

x
o set x =asec (6 = Arcsec—)
a

e then dr = asecftanddb

e and 22 — a? = a® tan® 0

I:/ asecltanf

a?sec? 0 - al tan 0|

e assume tanf > 0 and 0 < 0 < 7/2

— depends on definition of arcsec (may require x > a)
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1 do
= —
a? | secl
1 in 6
= —2/0059d9: 51112 +C
a a
z N —
a
/ dx _i\/x2—a2+c
222 — a2 a2 T
dx
Example 736 I:/m

) 1\* 3
e complete the square x° +x + 1 = :c+§ —|—Z

1
eset u=x+ - then du=dz

du 2 2u
= ——= =— Arctan—+C
/u2+§ V3 V3

2(x + 3
Arctan (z 2)

2
Vg e g e

T dx

E le737 I= [ —5—"—
xample 7.3.7 /m2—2x+3

e compute d(z? — 22 + 3) = (2v — 2) dw

it 1 2¢ — 2 n 1
o write ==
22 —2x+3 2\a?2—-2x+3 22 —2x+3
e complete the square 12 — 2z +3 = (z — 1)% + 2
Izl/(2x—2)dw+/ dx

2) 22 —-2x+3 (x—1)2+2

1 1 r—1
= ZInlz? — 2z + 3| + — Arctan +C
2 | | V2 V2
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dx

3
Example 7.3.8 [ :/ _
P 1 VAdx — 22

Tl 2—r=u

eset u=2—x, du=—dzr 112-1=1
I -1 _du
1 V4 —u?
1
= [Arcsin%} .
2 1
T -7 T
- 12-(D| =3
6 6 3 V3

7.4 Partial Fractions

P(x)
o) ™

— where P(x), Q(z) are polynomials

e integrals of form /

e must be able to factor Q(x)
— linear terms e.g. ¢ —a
— quadratics with no linear factors
ax?® + bz + ¢ where b — 4ac < 0

e always possible in theory, may be difficult in practice

e first step — divide if possible

2
x 4dx.

€T —

Example 7.4.1 I:/

T +4
x—4|2?
2 —Ax
4x
4xr —16
16

16 z?
I= x+4+—4 dx:7+4x+161n\x—4|+6'
Z —



110 Chapter 7. Techniques of Integration

e second step
— factor denominator
— split up the fraction

dzx

e cannot divide

e factor

5—a® = (V5-2)(V5+u)

e partial fractions

1 A B

= +
5—22 V5—z 54z

e bring back to a common denominator

A L B AW5+z)+B(W5 - 1)
Vi—z Vita 5— x?

e cquate numerators

AWV5+2)+B(W5—2) =1

e polynomials are equal for all values of x
e coefficients of corresponding powers of x must be equal
e substitute z = v/5

AW+ V5)+ B(V5—V5) =1

1
2V5A = 1; A= ——
2v/5

e equating coefficients of x

A—B=0; A=B

1 1( Lo, )
5—22 2/5\vVb4+z 5—=x
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1:2\1/5< \/;im—'— \/;aia)

1
:—<ln|\/5+z|—ln|\/gfx|)+0

2v/5
- In VBt +C
2\/5 \/5—30
dzx
E le 743 1= .
xample /:U3+9x

23+ 9z = x(z +9)

1 _é Bx+C

z(x2+9) x+ 22+ 9

1 A(z* +9) + z(Bz + O)

x(z?2 4+ 9) x(z? +9)

A@?2 +9)+2(Bx+0C) =1

e set z = 0 (or equate the constant coefficients)
1
94 = 1; A=—
9
e equate the coefficients of x
C=0

o equate the coefficients of x2

1
A+B=0; B=-A=—g
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1 /dm /xdaz
== ptad el

9( x x24+9
L([e )
9 xr 2 249

1 1
=9 <ln|:c - 5111(%2 +9)> +K

3 —1
3 —1 _ é n E n C D n E
22(x—2)3 22 oz (z—-23 (z—-2)2 x-2

[A+ Bz](z —2)3 + [C + D(z — 2) + E(z — 2)%]2?
22 (x —2)3

[A+ Bz](x —2)3 + [C + D(z — 2) + E(z — 2)%]2?

=23-1
eset x =2

2 3 7
Cc(2)=2"-1; C = 1
eset x =0 1
A(=2)% = —1; A==
8

e coefficients of x

124 12 3

124-8B=0; B=
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o coefficients of z*

3
B+ E=0; F=-B=—-——
+ ’ 16

e coefficients of z°

A-6B+D—-4E =1

D=1+4E+6B—- A
12 18 15
16 16 8 4

[—l/d_x_Fi d_$_|_Z/ dx
8) 22 16) x  4) (z-2)3

S TR S
8 16 8(x —2)2

5 3
P2+ K
=2 16T

T dx

e 12 — z + 1 cannot be factored

— the partial fractions are done!

e notice d(z? —x +1) = (22 — 1) dw
1_1/ (22 —1)dx +1/ dz
S 2) (- +1)2 2/ (22 —2+1)2

= — Il + IQ

)
N =
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27

d
011:/—u' where u=22—z+1
U

o for I

— complete the square

1\2
xz—x+1—<x—§> +

]

V3

3
e set v = %tanG; dv = 756020&9

3 3 3
2 _ = — 2 = — 2
v +4 4(tan 0+1) 1 5¢¢ 0

3 sec2 0 d9

O ver

Q.E/d—ei/coﬁﬁdﬂ...
2 9 /) sec?f 33

sec? 9

& w|s
[[SN]

7.5 Reduction Formulas

Example 7.5.1 [ = /sin”xdw, n > 2.

e n = 2 done above

e use a similar technique

u=sin""lz dv = sinx dx

du = (n —1)(sin" 2 z) cos = dz V= —cosx

I = (sin” ' z)(—cosx)

- /(—Cosac)(n —1)sin" " ? zcosx dx
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= —sin" tzcosx + (n—1) /Sin”_2 x cos® x dx

e replace cos?z by 1 —sin’ x

I=—sin" 'zcosz

+(n—-1) [/ sin" 2z dr — /sin”xdm}

I+Mmn-1)I= —sin" 'zcosz + (n—1) /Sin"_Qacdx

n—1

. sin""“xzcosx n-—1 o
/sm":cdx: - + /sm” 2xdx
n n

1 1
sinxdr = —=sinzcosz + - [ dz

2 2

1 T

P 1 —_ C

2s1nxcosx+ 5 +
.. 3 1 . 2 2 .
sin xdx:—gsm xcosx—l—g sin x dx

1, 2
= ——sin“xcosx — —cosx + C
3 3

1
/sin4mdx: —Zsinsxcosm—l—g/sinzzdx

L sin? 3Ly +2l+C
—— SN XCOSXT+— |—=SIMITCOST —
4 4] 2 2

e for higher powers, reduce by powers of 2

—end up at 0 or 1 as above



116 Chapter 7. Techniques of Integration




Chapter 8. Improper Integrals

In which

We extend the definition of integration to allow for areas with an infinite boundary.

8.1 Definitions

e two types Y

1
e meaning for / —dx
1 :L.
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R
1
o for any R > 1, / — dx makes sense
1T

e the bigger R, the closer to what we want

e define
oo R
/ l dr = lim l dx
1

x R—oo /1 X

R
= lim InR =0

1 R—o00

*1
/ —dxr = lim Inx
1

T R—o00

1
1
e meaning for / —dx
O :L.

1

1
e for any 0 < S < 1, / — dx makes sense
s T

e the smaller S, the closer to what we want

e define

1 1
1 1
/ —dx = lim —dx
0o T S—0+ s T

1

= Slim+0 —InS=—(—00) =00
5 570

11
/ —dr = lim Inx
0 T S—0t
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e [s “area” with an infinite edge is always infinite?

1
— look at area under — from 1 to co
T

Y
4

1
e this area is smaller than the area under —
T

1
e — get small fast enough so the area is finite!
x

> 1 S|
/ — dx lim — dx
1 X R—?OO 1 X

R—oo X

R—oo

1
li ——+4+1=1
1im R—l—

1 1
e notice — > — on (0, 1]
x x

1
e here the area under — is larger
x

— therefore this area is infinite

e by calculation

| |
/—da:z lim —dx
0

x? 5—o0t Jg x?

S—0t  T|g S—0t S
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e some integrals simply do not exist

Example 8.1.1 / sin z dx
0

y
A

ANVANR
VvV UV \

s} R
sinzdr = lim sin z dx
0 R—oo 0

8

R

= lim —cosx
R—o0

0

= lim —cosR+1
R—o0

=7

e cosx varies from —1 to 1

— the limit doesn’t settle on any value

Example 8.1.2

/‘1 dx , 1 dx
= lim

o I2+1 Ro—oofp 2241

= lim arctanzx
——00

R

= lim arctan(—1) — arctan(R)

e see picture
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y = arctanx

ol 3

1
Example 8.1.3 / d_x

1T
e this integral is improper at 0

[!] e what happens if we ignore this?

/Hm_ 1
_11‘2_ xT

e this is clearly wrong

1
=—1l-——1=-2
-1

1
— > 0, so integral would have to be +ve
x

v
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Ydx O dx Ldz

2| =t 2

_1‘/1; _1I 0 X
R

. Xz . !
= lim — + lim —
R—0- J_1 @ S—0+ S T

R 1
= lim ——| 4 lim ——
R—0- T|_; S—-0+ T|g
=00—-———1—-1—-—-0c0o=00
Udz

Example 8.1.4 /
H -1 T

e improper at 0

U da , Rde Uz
— = lim — + lim —
1 xr R—0— —1 X S—>0+ S X

R
+ lim In|z|
1 S—07F

1

lim In ||
R—

=—-00+0+0— (—00) = 00 — 00, undefined

[!] e the function is odd, but the integral is not 0

*  dr
Example 8.1.5 A m

e improper at both ends

/100 (@ dml)? - / (@ dxl)? " /200 (afd—n

e 2 could be any number > 1

. 2 dx L S dx
= lim —_— im —_—
R—1t Jp (.T — 1)2 S—oo [o (1‘ — 1)2
2 .S
= I li
RLI{ler—l R+sl—>ngox—1

2

=—-14+00—-0+1=00
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8.2 Convergence, divergence and comparisons
e convergent vs divergent

— the above integral is “divergent” to oo

> dx
- / —5 is convergent (showed = 1)
1 €T

e the above example splits to show
/ Ty ¢
- —— is divergen
1 (x—1)2 &

/ < dx
- —— 1s convergent
2 (@

e comparison

b b
nggg:»()g/ f(a:)dxg/ g(z) dx

b
/ g(z) dx convergent = / f(x) dx convergent

/ f(z) dz divergent = / x) dx divergent

e 1
Example 8.2.1 Does / ——— dx converge?
1 3+ 5

e compare with

o _o|R
——dr= lim —| =2
1 ‘/.’133 R—oo xX 1
e converges
1
forx>1

1
RRVE R

e comparison means that

dx converges and < 2

> 1
/1 Va3 +5
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2
Example 8.2.2 Does / ﬂdw converge?

- T

1
e behaves like —, so probably diverges
x

1 2
e2+4+cosx>1 so 0§_§4+cosx
T T

oo:/ ldxg/ 2+tcosz
s J" s x

o0
2
° / mdm diverges
” x

Example 8.2.3 For comparisons.
* dx 00 forp <1
W P convergent for p > 1.
“ d_JS o0 forp>1
0 TP convergent for p < 1.

e (a can be replaced by any positive number)

_. R
& z 1 1
/ e *dxr= lim A - lm (- - —
1 R—oo | —1 1 R—o0 e BR
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Example 8.2.4 Find/ e T cosx dx
0

e integral is clearly less than

o0
2 / e *dx

0
e this integral converges
o0
SO / e~ % cosx dr converges
0

e can actually evaluate by parts

_ |
/e Tcosx dx = 3¢ T(sinz — cosx)

e o) 1 R
/ e Pcosx dxr = lim §e_w(sinx —cosx)
0

— 00 0

1 1
= lim ie’R(sinR —cosR) + 2
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< d
Example 8.2.5 Show / e converges.
0

Vo + 23
/°° dx _/1 dx +/°° dx
v Vite b Vars ) Varo
eon (0,1, Vax+a3>zx
/1 dx </1 dx <
—_— — <0
0o Va+ a3 0o VT
eon[l,00), Vz+a3> a3

/°° dx </00dx<oo
RV

Example 8.2.6 Show that e da converges and

0
find an upper bound for its value.

On[0,1,0<e ™ <1, so

1 ) 1
OS/ e " dwﬁ/ de =1
0 0
2

On[l,00), 22 > o, —22 < —2,0<e® <e % so

o0 o0 1
0</ e_ermg/ e Pdr=—
0 0 e

® 2 1
/ e de <1+ -
0 e



Chapter 9. Arc Length and Surface Area

In which

We apply integration to study the lengths of curves and the area of surfaces.

9.1 Arc Length

Yy
y
P,
P
P
B
1 1 1 1 1 1 1 1 .
1 1 1 1 1 1 1 1 b
To T1 X2 Tn
a b

e distance from P;_; to P;

2

V@i — 202 + (@) - fai))
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o let Ax = x; — x;_1 be the same for all 7

=S VIt f(e) Aa
=1

e for some z;_1 < ¢; < x; by the M. V. Th.

e take the limit as Az — 0

sz/ab\/w(ff(x))?dx

e notice that for the limit (integral) to exist we need some
hypothesis on the integrand

— continuity of f/ will do

Example 9.1.1 Find the circumference of a circle.

Y
7 §
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dy _  — pr
PR e

2
3—4/ \/1—|— 2) dx
Va2 =22

—x2—|—x2

dr =4
2z a/o

. AR
=4q lim [Arcsm—}
R—a— alo

= 4alArcsin(1) — Arcsin(0)] = 4ag

=27ma

Example 9.1.2 Find the length along the curve y = \/z

from x =0tox =09.

dy _ 1

dr 2\
dy 1
1 =4/14+ —
+ (dx) +4x

dzx

a2 — 2

bo [\ L [YETL,

e this is not an easy integral

e substitute 2 = 4x; 2tdt = 4dx

t =2z

[eiiN] B
oo

6 V241 tdt
2

1 6
:—/‘Vﬁ+1ﬁ
2 0

e now the substitution is ¢t = tan 6

e the integral that results is /sec3 0do
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e alternate method — interchange the roles of x and y

e Find the length of 2 = 32 from y =0 to y = 3

d
dz _,,

dy
3 dz\? 3
L:/ 1+(d—y> dyz/ Vv1+4y?dy
0 0

e substitute 2y = tan 6 to give /8603 0do

Example 9.1.3 Find the length along the curve y = Inx
fromx=1tox=e.

dy 1

dr =x
e dy 2
L= 1 —= 1] d
[ (Z) e
¢ 1 V2 +1
:/ \/1—&——2(133:/ de
1 x 1 z

2

t
e substitute 2 = 22 + 1 to give /152—1 dt

9.2 Arc Length of Parametric Curves

e approximate length by straight lines

L~ Z Vv (Az;)? + (Ay;)?

yi = g(ti) = Ay; = ¢'(d;)At by MVTh.

LY Ve + (g @ at
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= () ()

e requires
— f'(t), ¢'(t) continuous for a <t < 3
— the curve is traversed once

e gives old formula if parameter is x

Example 9.2.1 The circumference of a circle.
e parametric equations of a circle

r=acost,y=asint; 0<t< 27

/W ()

= V/(—asint)? + (acost)? dt
0

27
:/ adt = at
0

27
=27a
0

Example 9.2.2 Find the length of the curve
r=t?—t; y=t>+tfromt=—1/2tot=23/2.

3/2
L= V(@ —1)2 + (2t +1)2 dt
—1/2

\/8t2 2dt =2 \/ 20)2 + 1 dt

—1/2 —1/2

e to do this integral substitute tan = 2¢

e recall /secﬁ = In|secf + tan 6|
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Example 9.2.3 Find the length of the curve
x=4cos’t; y = 4sin’t.

27
L= / \/[12 cos? t(—sint)]2 + [12sin? t(cos t)]? dt
0

2m
= 12/ | costsint| dt
0

.2
sin“ t

=12 x4
< (%5)

[!] « What happens if we ignore the absolute value signs?

w/2
=24

0

9.3 Arc Length of Polar Curves

e length of a sector of a circle

Ar
As

e compare length along the curve with length along the
arc of a circle

(As)? = (Ar)? + (rA6)?
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e formula can also be obtained from

() ()

e using
T =rcost
y=rsinf

Example 9.3.1 Find the circumference of a circle.
e circle, centre (0,0), radius a is r = a

e circumference

2
C = V02 + a2 db

0

2
:a/ df
0

2m

= ab
0

=27ma

Example 9.3.2 Find the arclength of one leaf of
7 = sin 26.

o review sketch (example 8.7.4)

— one leaf is swept out when 0 < 0 <

ol

T
s = / v/ (208 20)2 + (sin 26)2 d
0

e this integral is not easy to do
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9.4 Surface Area

e approximate the surface using cylinders
— radius of the cylinder is f(c¢;)
— height of cylinder is length along the curve

e for Az, length is

1+ (f’(ci))2 Ax = As

S%Z%rf(ci)\/ + (f"(c:)) ZQﬂ'f ci)A

S:27r/abf() + (f"(=) x—27r/f

=V
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e rotation about the y-axis
— radius of the cylinder is z

— length along the curve as above

S:27T-/abx\/1+ (f/(x))2dx:27r/abxds

Example 9.4.1 Find the surface area of a sphere.

a2 — 12

—27r/ yv 1+ (y)%dx

=2. 271'/ Va2 —x2\/1+ 2\/W>2

—ar [ ﬁ(ﬁ) o

= 47m/ dx = 47a>
0
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Example 9.4.2 Find the surface area of a cone.

Y

A

&V

s/md
e () [
ol ()3

=7ry/r2 + h?2

Example 9.4.3 Find the surface area of the object formed
when y = 2%/2 from 2 = 1 to « = 9 is revolved about the
y-axis.

S = 27r/19m/1+ ((@3/2))? da (%/m)

9 3 2
:277/ /1 + (—x1/2> dx
1 2
o [ 9
:27T/ zA/14+ -2 dx
1 4
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e by first formula with x < y

z = y2/3
x|y = 232
1] 1
9 27

Example 9.4.4 Find the volume and surface area of the

1
infinitely long horn formed when — is rotated about the
x

z-axis from x = 1 to x = oo.

e Conclusion:

v

7(04+1)=m

The horn can be filled with 7 units of paint.
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S = 27r/ yv/ 1+ (y')?dx
1

2
<1 -1
N WEH
1 X x
1 441
:27r/ —\/x j dx
1 X X

e this integral need not be evaluated

e notice

forxz >1

= lim mMR—0=00
R—o0

. 1 [zt +1
e by comparison -\ ——dr =00
1 T

e Conclusion: The surface cannot be painted!

9.5 Surface Area and Parametric Curves

S:/wads

e for rotation about the z-axis

e for parametric x = f(¢), y = g(¢), just showed

dz\” dy 2
ds_ﬂa) ()

e needs f’, ¢’ continuous and g > 0
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® summary

— for rotation about the x-axis

s dr\? dy 2
s= [l (5) 0 (B

—for rotation about the y-axis

§ 2 2
dx dy
= 2 — — | dt
o / ”\/<dt> +(dt)

Example 9.5.1 The surface area of a sphere.
e parametric equations of a semicircle

r=acost,y=asint; 0<t<m
e rotate about the z-axis to get a sphere

e ds = a dt for the circle
S:/ 27ryds:27r/ (asint) a dt
0 0

s
= 4ra?
0

= 2ma’(— cost)

Example 9.5.2 The surface area of & = et —t, y = 4e?/2,

0 <t <1, revolved about the z-axis.

1
S = 277/ 4et/2\/(et —1)2 + (2et/2)2 dt
0

1
:877/ et/2\/e2t — 2et + 1 + det dt
0
1
:877/ et/2\/(et +1)2 dt
0

1
:87T/ e3t2 pet/2 gt = .
0
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Example 9.5.3 The surface area of z = et —t, y = 4e?/2,

0 <t <1, revolved about the y-axis.

S — 27r/01(et —0)y/(et — 1) 4 (261/2)2 e

1
:27r/ (e' — t)V/e2t — 2t + 1 + det dt
0
1
:27r/ (e —t)(e' + 1) dt
0

1
:27r/ (e* —tel 4 et —t)dt = ...
0



Chapter 10. Review of trigonometry

10.1 Definitions

(cos8,sin )

e circle of radius 1
e radian measure of angle 6 = length of the arc

e arc length of circle = circumference = 27

27 radians = 360°

e area of circle = 7

area sector area sector 0

T area circle 2T

0
area sector = 5

hyp opp

adj
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sinf = opp
hyp
di
cosf = 24
hyp
tanf = sin 6 = ﬂ
cosf  adj

10.2 Properties of the functions

z=sinx Yy =cosz

® cos is even
cos(—6) = cos @

e sin is odd
sin(—#) = —sin 6

e both are periodic, period 27
sin(f + 27) = siné

cos(f + 2m) = cosf
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o shifting by g
cosx = sin(x + g) = —sin(z — %)

sinz = — cos(z + g) = cos(x — g)

e shifting by 7

cosx = —cos(x + m) = — cos(m — x)
sinz = —sin(z 4+ ) = sin(r — z)
o values
sing =1 cosg =0 sin0=0 etc.
V2
1
/4
1
. 1 1 ; 1
sih—=— cos—=—= tan— =
4 /2 V2 4

1
™ V3 s 1 V3
Sl — = — COS — = — tan — = —
3 2 2 3 1
1 V3 1
sin — = — cos — = tan — = —
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e other quadrants

— cast iron rule

S A
T C
cos?x +sin’z =1

sin(z + y) = sinz cosy + coszsiny
sin 2x = 2sinx cos

cos(x + y) = cosxcosy —sinx siny

2

2x —sinzx

Ccos 2z = cos

cos2r =2cos?z —1=1-2sin’z

[cos 2 1 /1—cos2
cosT = * % sinx =+ #



