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Abstract: Unit-level regression models are commonly used in small area estimation to obtain an empirical
best linear unbiased prediction of small-area characteristics. The underlying assumptions of these models,
however, may be unrealistic in some applications. Previous work developed a copula-based small area
estimation model where the empirical Kendall’s tau was used to estimate the dependence between two
units from the same area. In this paper, we propose a likelihood framework to estimate the intra-class
dependence of the multivariate exchangeable copula for the empirical best unbiased prediction (EBUP)
of small area means. One appeal of the proposed approach lies in its accommodation of both parametric
and semi-parametric estimation approaches. Under each estimation method, we further propose a bootstrap
approach to obtain a nearly unbiased estimator of the mean squared prediction error (MSPE) of the EBUP
of small area means. The performance of the proposed methods is evaluated through simulation studies and
also by a real data application. The Canadian Journal of Statistics xx: 1–24; 20?? c© 20?? Statistical
Society of Canada
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1. INTRODUCTION

Small area estimation (SAE) plays an important role in survey sampling due to the increasing
need for reliable small area statistics in both private and public sectors. In policy making re-
garding allocation of resources to subgroups (small areas), or determination of subgroups with
specific characteristics (e.g., in health and medical studies) in a population, it is desirable that the
decisions are based on reliable estimates. However, if samples in some areas are small relative
to their corresponding populations, inference for these areas using direct estimates may result in
very high coefficients of variation.

Direct estimates are the most desirable when each area has a sufficiently large sample size.
However, for small sample sizes, one is bound to use mixed models to borrow information from
other resources such as other (possibly bigger) surveys, census, and administrative data. In par-
ticular, to handle complex issues such as violation of homogeneity within a domain or changes
in the population structure, the use of mixed models is proposed in the literature (Rao & Molina ,
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2015). The area-level model of Fay & Herriot (1979) and the unit-level model of Battese, Harter
& Fuller (1988) have been extensively employed in SAE as special cases of linear mixed mod-
els. In both, area-specific random effects are assumed to be normally distributed. In addition, the
area-level covariates are used in the area-level model while the unit- and area-level covariates
can be used in the unit-level model.

Small area models have also been proposed for non-normal responses. In particular, there are
many applications in small area estimation where responses are proportions or counts. MacGib-
bon & Tomberlin (1989) and Malec et al. (1997) used logistic regression models with area-
specific random intercept and slope effects, respectively, to estimate small area proportions.
Molina, Saei & Lombardı́a (2007) and López-Vizcaı́no, Lombardı́a & Morales (2013, 2015)
used multinomial logistic mixed models to estimate labor force characteristics in UK small ar-
eas. Mortality and disease rates for small areas are also often used to construct disease maps
such as cancer atlases to display geographical variability of a disease and identify high-rate areas
warranting intervention. Tsutakawa, Shoop & Marienfield (1985), Clayton & Kaldor (1987),
Nandram, Sedransk & Pickle (1999), Langford et al. (1999), Datta, Ghosh & Waller (2000),
Dean & MacNab (2001), among others, used Poisson mixed models to study rates of different
diseases in small areas. Ghosh et al. (1998) and Torabi & Shokoohi (2015) proposed general-
ized linear models (GLMs) with random area effects to predict small area statistics. Ghosh et al.
(1999) and Torabi (2019) extended the GLMs to handle spatial data and applied the model to
disease mapping.

The assumption of normality in SAE is often not met in applications. For instance, in most
business surveys, response variables (outcomes) have skewed distributions and their relationships
to auxiliary variables often deviate from a linear form (Chandra & Chambers, 2011). Diallo &
Rao (2018) considered small area predictors for a skewed-normal model. Another concern is the
issue of outliers that has been highlighted in the recent articles such as Chambers & Tzavidis
(2006), Sinha & Rao (2009), Jiongo, Haziza & Duchesne (2013), and Chambers et al. (2014). In
the case of unit-level models, Jiang & Nguyen (2012) also considered a unit-level model where
the residual variance varies between small areas. Rao & Molina (2015) gave an extensive review
of model-based SAE models.

In order to develop a strategy for modelling non-normal continuous outcomes, a more flex-
ible unit-level model in terms of the distribution of the error terms within each small area was
proposed by Rivest, Verret & Baillargeon (2016) using multivariate exchangeable copulas. Their
work outlined a two-stage semi-parametric approach where the marginal distribution of errors is
estimated using the empirical distribution function and the intra-class dependence is quantified
via the empirical Kendall’s tau. Using the model, they derived the empirical best unbiased pre-
diction (EBUP) of small area means and employed the jackknife method to estimate the mean
squared prediction error (MSPE) of the EBUP of small area means.

The contributions of this paper are twofolds. Under the same setting as in Rivest, Verret &
Baillargeon (2016), we propose a maximum pseudo-copula log-likelihood framework to esti-
mate the intra-class dependence of the multivariate exchangeable copula and obtain the EBUP
of small area means. Our approach can accommodate both two-stage parametric and two-stage
semi-parametric estimation methods as alternatives to that of Rivest, Verret & Baillargeon
(2016), which is referred to as the RVB method throughout the paper. In addition, we propose a
bootstrap approach to obtain a nearly-unbiased estimate of the MSPE of the EBUP under each
estimation method.

The outline of the paper is as follows. In Section 2, we review the small area model where the
joint error distribution is specified using a multivariate exchangeable copula, and define the best
unbiased prediction (BUP) of small area means and the corresponding MSPE under this model.
In Section 3, we present the proposed parametric and semi-parametric estimation methods, where
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the copula parameter is estimated using the maximum pseudo-copula log-likelihood, and define
the EBUP of small area means and its MSPE. This section also presents the proposed bootstrap
methods for the estimation of MSPE of the EBUP of small area means under both parametric
and semi-parametric approaches. Section 4 contains simulation studies which compare the finite
sample performance of the proposed approaches with that of the RVB method under various sce-
narios, including misspecification of the copula family and marginal error distribution. Section 5
illustrates the appeal of the proposed methods with an application of the Landsat data. Conclud-
ing remarks are given in Section 6. Technical details are deferred to Appendix. Supplementary
Materials contain R codes and files relating to the simulations and analysis conducted in this
article.

2. COPULA MODEL FOR SMALL AREA ESTIMATION

2.1. Multivariate Exchangeable Copula Model
Consider a population of m small areas of sizes N1, N2, . . . , Nm, respectively. Let Y be the
response variable and x be a p-dimensional vector of auxiliary variables. Suppose the relationship
between Y and x follows the linear model

Yij = x>ijβ + εij , i = 1, . . . ,m; j = 1, . . . , Ni, (1a)

where the error terms εij have the marginal distribution function Fε with zero mean and finite
variance σ2. Suppose Fε is parametrized by δ (which also includes σ2), and the joint error dis-
tribution of each area is expressed in terms of a parametric exchangeable copula C1:Ni

(· ;α)
as

F1:Ni(εi,1, . . . , εi,Ni ; δ, α) = C1:Ni{Fε(εi,1; δ), . . . , Fε(εi,Ni ; δ);α} (1b)

Here the parameter α quantifies the within-area dependence. Note that the above distribution is
connected to the standard normal mixed model set-up. Battese, Harter & Fuller (1988) considered
a unit-level regression model (1a) with random intercept assuming the errors are εij = νi + ξij
where νi and ξij are independent random variables with respective distributions N(0, σ2

ν) and
N(0, σ2

ξ ). The joint error distribution of each area is then aN(0, σ2Σ(ρ,Ni)), where σ2 = σ2
ν +

σ2
ξ and ρ = σ2

ν/(σ
2
ν + σ2

ξ ), with ρ called the intra-class correlation (ICC).
We assume that the joint error distribution (1b) satisfies the following two conditions:

1. Exchangeable property: The joint error distribution is invariant under permutation of its
arguments, i.e.,

F (ε1, . . . , εd) = F (επ(1), . . . , επ(d)).

2. Invariance property: The joint error distribution satisfies the invariance property for di-
mensions, i.e.,

F (∞, . . . ,∞, ε1, . . . , εd,∞, . . . ,∞) = F (ε1, . . . , εd).

These assumptions are key to the use of copulas in small area estimation as they facilitate
inference of the model in (1a) and (1b), called (1) in the following development.
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2.2. Prediction of Small Area Means
One of the main interests in SAE is to predict small area means γi =

∑Ni

j=1 Yij/Ni. Suppose a
random sample si of size ni is drawn from each small area i (i = 1, . . . ,m) with known pop-
ulation size Ni under the model (1), assuming no sample selection bias. Denote by ri the set
of un-sampled units within the ith small area, and {(Yij , xij); i = 1, . . . ,m; j = 1, . . . , ni} as
the sampled data. Define the mean of errors from the sampled data for the ith small area as
ε̄is =

∑ni

j=1 εij/ni.
Under the true model with known parameters, one can obtain the BUP of the small area

means by predicting the population of error terms in each area. This amounts to using the mean
of errors for the sampled units and the conditional expectation for the un-sampled units. Hence,
we get

γ̂BUPi = X̄>i β +
ni
Ni
ε̄is +

Ni − ni
Ni

E(εia|εij ; j ∈ si), (2)

where X̄i is the population means of covariates for the ith small area, a ∈ ri is an un-sampled
unit of the ith small area, and the conditional expectation, which is the same for all a ∈ ri, is
defined as

E(εia | εij ; j ∈ si) =

∫ ∞
−∞

z
f1:ni+1(z, εi,j1 , . . . , εi,jni

)

f1:ni(εi,j1 , . . . , εi,jni
)

dz

=

∫ ∞
−∞

z
c1:ni+1{Fε(z), Fε(εi,j1), . . . , Fε(εi,jni

);α}
c1:ni
{Fε(εi,j1), . . . , Fε(εi,jni

);α}
fε(z) dz

=

∫ ∞
−∞

z w1i{Fε(z), Fε(εij); j ∈ si, α} dFε(z). (3)

Here, the weight function

w1i{v, Fε(εij); j ∈ si, α} =
c1:ni+1{v, Fε(εi,j1), . . . , Fε(εi,jni

);α}
c1:ni
{Fε(εi,j1), . . . , Fε(εi,jni

);α}
(4)

comes from the copula representation of the conditional density, where c1:ni
(ui1, . . . , uini

;α) =
∂niC1:ni

(ui,1, . . . , ui,ni
;α)/∂ui,1

. . . ∂ui,ni
is the copula density for the ith small area (i =

1, . . . ,m).
Provided that ni is negligible with respect to Ni, the MSPE of the BUP of small area means

can be approximated as

MSPE(γ̂BUPi ) ≈ E {Cov(εia, εib | εij ; j ∈ si)}

= E[E{εiaεib | εij ; j ∈ si}]− E[E{εia | εij ; j ∈ si}2]

= E[(νi + ξia)(νi + ξib)]− E[E{εia | εij ; j ∈ si}2]

= σ2ρ− E{E(εia|εij ; j ∈ si)2}, (5)

where E[(νi + ξia)(νi + ξib)] = σ2
ν = σ2ρ is used for a, b ∈ ri with a 6= b.

One can use the best linear prediction of the small area means along with its MSPE using
a linear mixed model with known parameters (Prasad & Rao , 1990), however, the linear form
only holds under the special case of the Gaussian copula. Hence, the BUP of small area means
yields a more general predictor. For details, see Rivest, Verret & Baillargeon (2016).
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3. PROPOSED METHODS

Since the model parameters are often unknown, one needs to use a fitted model to formu-
late the empirical BUP along with its MSPE. Given sample data {(Yij , xij); i = 1, . . . ,m, j =
1, . . . , ni}, one can fit the model (1) through a two-stage estimation procedure, by first estimating
the marginal error distribution and then the copula parameter.

3.1. Estimation of the Marginal Error Distribution
To estimate the marginal error distribution Fε, first the regression vector β is estimated using
the ordinary least squares (OLS) under the linear regression model and the residuals eij = Yij −
x>ij β̂ are obtained. The residuals eij are then used to estimate the marginal error distribution.

If a parametric model Fε(·; δ) is available, the marginal error distribution is estimated para-
metrically using F̂ε ≡ F̂ε(eij ; δ̂), where δ̂ is the maximum likelihood estimate of δ. The esti-
mated marginal error distribution is then used to obtain the pseudo observations

(ûi,1, . . . , ûi,ni
) = (F̂ε(ei,1), . . . , F̂ε(ei,ni)).

In the absence of a suitable parametric model, one can estimate the marginal error distribution
using the empirical cumulative distribution function (cdf) of the residuals, scaled by n/(n+ 1),
i.e.,

F̃ε(e) =
1

n+ 1

m∑
i=1

∑
j∈si

1{eij ≤ e},

where n =
∑m
i=1 ni. The denominator 1/(n+ 1) is preferred over 1/n to avoid computational

issues in the evaluation of the copula density at the boundary. This approach is often referred to
as rank transformation and is commonly used in copula estimation (Genest, Ghoudi & Rivest ,
1995). The pseudo-observations for each small area are then defined as

(ũi,1, . . . , ũi,ni
) = (F̃ε(ei,1), . . . , F̃ε(ei,ni

)).

Note that the OLS estimator β̂ is consistent for β, and even though it is less efficient than
the generalized least squares estimator, it can achieve asymptotic efficiency under some condi-
tions (Watson , 1967; Kruskal , 1968). The OLS estimator is suggested here primarily due to
its simplicity; more sophisticated approaches include estimating β by the maximum likelihood
method under a mixed-effects model with normality (Rivest, Verret & Baillargeon , 2016). The
consistency of the parametric estimator F̂ε(eij ; δ̂) for Fε(εij ; δ) follows from the consistency of
δ̂ for δ and the consistency of eij for εij . Similarly, the consistency of the nonparametric esti-
mator F̃ε(eij) can be derived following the proof of Rivest, Verret & Baillargeon (2015), with a
difference that no centring is performed for the residuals in our case.

3.2. Estimation of the Copula Parameter
After obtaining the pseudo-observations, one can estimate the copula parameter α of the mul-
tivariate exchangeable copula Cα using the maximum pseudo-copula log-likelihood. This ap-
proach differs from the one in Rivest, Verret & Baillargeon (2016) in that the latter uses the
empirical Kendall’s tau of the residuals to estimate α which does not fully utilize the underly-
ing copula model. On the other hand, our proposed approach relies on the pseudo-copula log-
likelihood.
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For the fully parametric two-stage estimation, the pseudo-copula log-likelihood is given by

`(α; {ûi1, . . . , ûini}mi=1) =

m∑
i=1

log[c1:ni(ûi1, . . . , ûini ;α)]. (6)

The copula parameter estimate α̂ is obtained by maximizing (6).
For the two-stage semi-parametric approach, where the margins are estimated using the rank

transformation, the copula parameter estimate α̃ is obtained by maximizing

`(α; {ũi1, . . . , ũini
}mi=1) =

m∑
i=1

log[c1:ni
(ũi1, . . . , ũini

;α)].

The asymptotic distributions of α̂ and α̃ are obtained by generalizing the results in, respec-
tively, Joe (2005) and Genest, Ghoudi & Rivest (1995) to clustered data with potentially unequal
cluster sizes.

Proposition 1 Let α0 be the true copula parameter. Then, under standard regularity conditions,
as m→∞, we have the following results:

a)
√
m(α̂− α0) has an asymptotic normal distribution with mean zero and variance να̂.

b)
√
m(α̃− α0) has an asymptotic normal distribution with mean zero and variance να̃.

The proof of Proposition 1 is provided in Appendix.

3.3. Empirical Best Unbiased Prediction (EBUP) of Small Area Means
The EBUP of small area means is constructed from the BUP in (2) with model parameters re-
placed by their estimates. For brevity, here we focus on the two-stage parametric estimation. We
first approximate the conditional expectation in (3) of an un-sampled error term in the ith small
area given the residual data using

êi =

∑m
i1=1

∑
j1∈si1

ei1,j1w1i{F̂ε(ei1,j1), F̂ε(ei,j); j ∈ si, α̂}∑m
i1=1

∑
j1∈si1

w1i{F̂ε(ei1,j1), F̂ε(ei,j); j ∈ si, α̂}
,

where the weight function is defined as in (4), but with the estimated marginal distribution and
copula parameter.
Then, plugging-in the corresponding estimates in (2), we obtain the EBUP of γi as

γ̂EBUPi = X̄>i β̂ +
ni
Ni
ēis +

Ni − ni
Ni

êi. (7)

For the two-stage semi-parametric estimation, the EBUP of small area means, γ̃EBUPi , is ob-
tained with replacing êi and F̂ε(ei,j) in (7) by ẽi and F̃ε(ei,j).

3.4. MSPE of the EBUP of Small Area Means
In the case where the two-stage parametric estimation is employed, the prediction error of
γ̂EBUPi can be written by

γ̂EBUPi − γi = (γ̂EBUPi − γ̂BUPi ) + (γ̂BUPi − γi),
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which yields the following decomposition of the MSPE of γ̂EBUPi as

MSPE(γ̂EBUPi ) = E{(γ̂EBUPi − γi)2}

= E{(γ̂BUPi − γi)2}+ E{(γ̂EBUPi − γ̂BUPi )2}

+ 2E{(γ̂BUPi − γi)(γ̂EBUPi − γ̂BUPi )}

≡M1i + M2i + M3i.

(8)

Here M1i gives MSPE(γ̂BUPi ) in (5). In practical settings, it becomes necessary to estimate
MSPE(γ̂EBUPi ) as it is a function of model parameters. While Rivest, Verret & Baillargeon
(2016) employed the jackknife method to estimate MSPE(γ̂EBUPi ), this approach can capture
only the first two terms in (8) and ignores the cross-product term M3i. Hence, the jackknife
method can lead to significant bias in the estimation of MSPE(γ̂EBUPi ). In light of this, it is
necessary to account for M3i in the estimation procedure of MSPE of the EBUP of small area
means.

3.5. Estimation of MSPE of γ̂EBUPi

For complex small area models, a closed analytical expression of the MSPE of small area mean
predictors is often not available. In such situations, the estimation of the MSPE of the EBUP of
small area means becomes cumbersome. One way to tackle this issue is to use re-sampling meth-
ods. In order to properly capture all components of the MSPE of the EBUP of small area means,
we propose a bootstrap approach. While bootstrap methods have been previously employed in
SAE (Hall & Maiti , 2006a,b; González-Manteiga et al., 2008; Torabi , 2012), these methods are
not directly applicable to the exchangeable copula model (1). Furthermore, a careful treatment is
needed when the two-stage semi-parametric estimation is employed. Below, we first outline the
parametric bootstrap method in Algorithm 1 for the case where the two-stage parametric estima-
tion is employed, and then present the semi-parametric bootstrap approach in Algorithm 2 for
the case where the two-stage semi-parametric estimation is used.

Both algorithms start with the generation of copula data using the fitted copula C(·; α̂) to
define the bootstrap populations. In particular, under the parametric approach, the inverse cdf of
the fitted marginal distribution F̂ε(·; δ̂) is used to obtain the error terms of the bootstrap popu-
lation. On the other hand, under the semi-parametric approach, obtaining the error terms from
the generated copula data is not straightforward due to the absence of a generative marginal
error distribution. We address this challenge using a quantile mapping approach that maps the
generated copula data to the empirical quantiles of the residuals in the sample and using linear
interpolation on the residuals to obtain the error terms. That is, if ũ(b)ij falls outside of the range of

the empirical cdf values, the corresponding bootstrap error ε∗(b)ij takes the minimum or maximum

of the residuals in the sample, and if ũ(b)ij falls between the (ordered) empirical cdf values ũi(k)
and ũi(k+1), the corresponding bootstrap error ε∗(b)ij is obtained via linear interpolation on ei(k)
and ei(k+1). Using the fitted linear models with the corresponding bootstrap error terms, we de-
fine bootstrap populations under the proposed parametric and semi-parametric approaches. The
remaining steps of the algorithms are very similar and involve obtaining simple random samples
from the bootstrap populations, performing estimation in the same way as in the original sample
and getting the EBUP of the small area means. Following González-Manteiga et al. (2008), one
can show that the parametric bootstrap MSPE estimator is consistent.
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Algorithm 1 Parametric bootstrap method for the estimation of MSPE of the EBUP of small
area means

Given the parameter estimates (β̂, δ̂, α̂) from the dataset {(Yij , xij); i = 1, . . . ,m; j =

1, . . . , ni}, perform the following for b = 1, . . . , B:

Bootstrap population:

1: Generate (û
(b)
i1 , . . . , û

(b)
iNi

) from C1:Ni
(·; α̂), (i = 1, . . . ,m).

2: Use the inverse cdf method to obtain the bootstrap error terms ε(b)ij = F−1ε (û
(b)
ij ; δ̂), (i =

1, . . . ,m; j = 1, . . . , Ni).

3: Obtain the response data for the bootstrap population Y
(b)
ij = x>ij β̂ + ε

(b)
ij , (i =

1, . . . ,m; j = 1, . . . , Ni).

4: Compute the mean of the bootstrap population as γ
(b)
i = N−1i

∑Ni

j=1 Y
(b)
ij , (i =

1, . . . ,m).

Bootstrap sample:

5: Get a bootstrap sample {(Y (b)
ij , xij); i = 1, ...,m; j = 1, ..., ni} from the bootstrap pop-

ulation {(Y (b)
ij , xij); i = 1, ...,m; j = 1, ..., Ni} using simple random sampling without

replacement.

6: Perform the two-stage parametric estimation using the bootstrap sample to get the boot-
strap estimates (β̂(b), δ̂(b), α̂(b)).

7: Calculate the bootstrap EBUP of small area means

γ̂
EBUP (b)
i = X̄>i β̂

(b) +
ni
Ni
ē
(b)
is +

Ni − ni
Ni

êi
(b).

MSPE estimation:
Using B bootstrap results, calculate the parametric bootstrap MSPE estimate

mspeboot(γ̂
EBUP
i ) =

1

B

B∑
b=1

(γ̂
EBUP (b)
i − γ(b)i )2.

4. SIMULATION STUDY

This section contains the results from simulation studies that evaluate the performance of the
proposed approach in comparison to the RVB method (Rivest, Verret & Baillargeon , 2016). The
latter was performed using the CopulaSA package available from the authors. Following Rivest,
Verret & Baillargeon (2016), we consider a population with m = 20 or 40 small areas, where
each area consists of Ni = 200 units.

The population data are generated as follows: we first generate R = 500 independent sets
of copula data {u(r)ij ; i = 1, . . . ,m; j = 1, . . . , Ni; r = 1, . . . , R} using the exchangeable cop-
ula model (1). For the copula family, we consider the Gaussian, Clayton, Frank, and Gumbel
copulas with copula parameter values that correspond to ICC of ρ = 0.5. For the marginal er-
ror distribution, we consider standard normal distribution or skewed normal distribution with
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Algorithm 2 Semi-parametric bootstrap method for the estimation of MSPE of the EBUP of
small area means

Given the parameter estimates (β̃, δ̃, α̃) from the dataset {(Yij , xij); i = 1, . . . ,m; j =

1, . . . , ni}, perform the following for b = 1, . . . , B:

Bootstrap population:

1: Generate (ũ
(b)
i1 , . . . , ũ

(b)
iNi

) from C1:Ni
(·; α̃), (i = 1, . . . ,m).

2: Get the bootstrap error terms ε∗(b)ij (i = 1, . . . ,m; j = 1, . . . , Ni) by mapping the quan-

tiles of ũ(b)ij to those of the empirical cdf values ũij from the sample and using linear
interpolation on the residuals.

3: Obtain the response data for the bootstrap population Y
∗(b)
ij = x>ij β̃ + ε

∗(b)
ij , (i =

1, . . . ,m; j = 1, . . . , Ni).

4: Compute the mean of the bootstrap population as γ
∗(b)
i = N−1i

∑Ni

j=1 Y
∗(b)
ij , (i =

1, . . . ,m).

Bootstrap sample:

5: Get a bootstrap sample {(Y ∗(b)ij , xij); i = 1, ...,m; j = 1, ..., ni} from the bootstrap pop-

ulation {(Y ∗(b)ij , xij); i = 1, ...,m; j = 1, ..., Ni} using simple random sampling without
replacement.

6: Perform the two-stage semi-parametric estimation using the bootstrap sample to get the
bootstrap estimates (β̃(b), δ̃(b), α̃(b)).

7: Calculate the bootstrap EBUP of small area means

γ̃
EBUP (b)
i = X̄>i β̃

(b) +
ni
Ni
ē
∗(b)
is +

Ni − ni
Ni

ẽi
(b).

MSPE estimation:
Using B bootstrap results, calculate the semi-parametric bootstrap MSPE estimate

mspeboot(γ̃
EBUP
i ) =

1

B

B∑
b=1

(γ̃
EBUP (b)
i − γ∗(b)i )2.

mean µε = 0, variance σ2
ε = 1, and the skewness parameter φ = 0 or 10, respectively. Here

the skewed normal distribution, SKN(ζ, τ, φ) is defined in terms of the location (ζ), scale (τ ),
and skewness (φ) parameters, with conversions µε = ζ + τκ

√
2/π and σ2

ε = τ2(1− 2κ2/π),
where κ = φ√

1+φ2
. For µε = 0, σ2

ε = 1, and φ = 10, we get ζ = −1.31 and τ = 1.65. For

each of R = 500 generated independent sets of copula data, we obtain the corresponding er-
ror terms {e(r)ij ; i = 1, . . . ,m; j = 1, . . . , Ni; r = 1, . . . , R} using the inverse cdf method for
each marginal distribution. The auxiliary variable xij is generated from N(1, 1) independently
and kept fixed across the Monte-Carlo replicates. Consequently, R = 500 population datasets
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{Y (r)
ij ; i = 1, . . . ,m; j = 1, . . . , Ni; r = 1, . . . , R} are obtained using the model

Y
(r)
ij = β0 + β1xij + e

(r)
ij ,

with β0 = β1 = 1. The population mean of the ith area in the rth simulation run is calculated as

γ
(r)
i = N−1i

Ni∑
j=1

Y
(r)
ij .

The sample data {(Y (r)
ij , xij); i = 1, . . . ,m; j = 1, . . . , ni} are drawn from the rth popu-

lation (r = 1, . . . , R), using simple random sampling without replacement in each area. For
the samples, we consider areas of equal sample size (ni = 4) as well as with varying sample
sizes (ranging from 1 to 4). Using the sample data {(Y (r)

ij , xij); i = 1, . . . ,m; j = 1, . . . , ni},
the model parameters β = (β0, β1), δ, and α are estimated as described in Section 3, and the
EBUP of small area means γ̂EBUP (r)

i is obtained using the parametric approach. Similarly, we
obtain the EBUP of small area means γ̃EBUP (r)

i using the semi-parametric approach. For the es-
timation of the MSPE of these predictors, we employ Algorithm 1 and Algorithm 2 withB = 100
bootstrap samples.

Performance of the parametric, semi-parametric, and RVB methods is assessed using the
relative bias (RB) and the empirical MSPE (EMSPE) of the EBUP of small area means. For the
parametric approach, we calculated

RB(γ̂EBUPi ) =
1

R

R∑
r=1

{γ̂EBUP (r)
i − γ(r)i }/

R∑
r=1

γ
(r)
i ,

and

EMSPE(γ̂EBUPi ) =
1

R

R∑
r=1

{γ̂EBUP (r)
i − γ(r)i }

2

=
1

R

R∑
r=1

{γ̂BUP (r)
i − γ(r)i }

2 +
1

R

R∑
r=1

{γ̂EBUP (r)
i − γ̂BUP (r)

i }2

+
2

R

R∑
r=1

{γ̂BUP (r)
i − γ(r)i }{γ̂

EBUP (r)
i − γ̂BUP (r)

i }

= M̃1i + M̃2i + M̃3i, (9)

where γ̂BUP (r)
i is the BUP of the ith small area mean in the rth sample. To evaluate performance

of the MSPE estimation of the EBUP of small area means under the three approaches, we define
the RB of each MSPE estimator (mspe) as

RB(mspeboot(γ̂
EBUP
i )) =

∑R
r=1 mspeboot(γ̂

EBUP (r)
i )/R

EMSPE(γ̂EBUPi )
− 1

Note that mspe is calculated using bootstrap for the parametric and semi-parametric methods,
and jackknife for the RVB method.
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We investigate four scenarios in our simulation study: (i) the copula family and the marginal
error distribution are correctly specified, (ii) misspecified copula where the Clayton, Frank and
Gumbel copula families are misspecified as the Gaussian copula in the estimation, (iii) misspec-
ified margins where the skewed normal distribution is misspecified as a normal distribution in
the parametric method, and (iv) different sample sizes in each small area where the sample sizes
range from 1 to 4. The results are summarized in Sections 4.1 to 4.4.

4.1. Results Under Correctly Specified Joint Model
We first investigate the estimation performance of the proposed methods in comparison to the
RVB method under the scenario where the marginal error distribution and the copula family are
correctly specified. Tables 1 and 2 summarize the results for different copula families (Clay-
ton, Gaussian, Frank, or Gumbel), number of small areas (m = 20 or 40), and marginal error
distributions as normal or skewed normal.

TABLE 1: Decomposition of the EMSPE for the three small area mean predictors (parametric,
semi-parametric, and RVB) under the Gaussian, Clayton, Frank, and Gumbel copulas with standard

normal (φ = 0) and skewed normal (φ = 10) marginal error distributions for m = 20 and 40 small areas,
each with sample size ni = 4.

Parametric Semi-parametric RVB

Copula m φ M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE

Gaussian
20

0 0.117 0.011 -0.020 0.109 0.117 0.020 -0.028 0.110 0.117 0.019 -0.027 0.109

10 0.114 0.012 -0.021 0.105 0.114 0.020 -0.030 0.105 0.114 0.020 -0.030 0.104

40
0 0.108 0.005 -0.011 0.103 0.108 0.010 -0.017 0.102 0.108 0.010 -0.017 0.101

10 0.109 0.006 -0.010 0.106 0.109 0.012 -0.015 0.106 0.109 0.011 -0.015 0.105

Clayton
20

0 0.083 0.010 -0.011 0.082 0.083 0.021 -0.019 0.085 0.083 0.022 -0.016 0.089

10 0.083 0.018 -0.010 0.091 0.083 0.019 -0.012 0.089 0.083 0.017 -0.011 0.089

40
0 0.077 0.005 -0.005 0.077 0.077 0.011 -0.010 0.079 0.077 0.012 -0.009 0.080

10 0.079 0.009 -0.006 0.082 0.079 0.010 -0.008 0.082 0.079 0.009 -0.006 0.082

Frank
20

0 0.090 0.013 -0.012 0.091 0.090 0.016 -0.014 0.092 0.090 0.015 -0.013 0.091

10 0.087 0.013 -0.012 0.088 0.087 0.016 -0.015 0.088 0.087 0.015 -0.015 0.087

40
0 0.081 0.007 -0.007 0.081 0.081 0.009 -0.008 0.082 0.081 0.008 -0.008 0.081

10 0.077 0.007 -0.007 0.077 0.077 0.009 -0.008 0.077 0.077 0.008 -0.008 0.077

Gumbel
20

0 0.092 0.012 -0.016 0.088 0.092 0.018 -0.021 0.088 0.092 0.016 -0.020 0.088

10 0.079 0.013 -0.012 0.079 0.079 0.018 -0.018 0.078 0.079 0.016 -0.019 0.075

40
0 0.083 0.005 -0.005 0.082 0.083 0.009 -0.009 0.082 0.083 0.008 -0.008 0.082

10 0.071 0.006 -0.005 0.071 0.071 0.008 -0.008 0.072 0.071 0.007 -0.008 0.069

In Table 1, M̃1 is obtained by averaging M̃1i over all small areas, where M̃1i is calculated
assuming the model parameters are known (see equation (9)). Hence, M̃1 remains the same
under the three methods. Similarly, M̃2 and M̃3 are obtained by averaging M̃2i and M̃3i over
all small areas, noting that M̃2 captures the variation due to the estimation of model parameters.
It is worth mentioning that the jackknife method used by RVB captures the variations of M̃1

and M̃2, while the proposed bootstrap methods capture all variations including the cross-product
term M̃3. As seen in Table 1, M̃3 is not ignorable, especially when m = 20. The magnitude of
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TABLE 2: Percent RB of EBUP, MSPE estimate (mspe), and percent RB of the MSPE estimate of the
small area mean predictors of the three methods (parametric, semi-parametric, and RVB) under the
Gaussian, Clayton, Frank, and Gumbel copulas with standard normal (φ = 0) and skewed normal

(φ = 10) marginal error distributions for m = 20 and 40 small areas, each with sample size ni = 4.

Parametric Semi-parametric RVB

Copula m φ
RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

Gaussian
20

0 0.026 0.106 -2.3 0.025 0.108 -1.1 0.009 0.114 4.3

10 0.584 0.108 4.2 0.202 0.110 5.7 0.180 0.116 12.3

40
0 0.245 0.103 2.0 0.255 0.104 4.3 0.253 0.107 7.7

10 -0.166 0.105 0.7 -0.323 0.106 2.6 -0.309 0.109 5.4

Clayton
20

0 - 0.777 0.082 0.7 -0.295 0.089 6.8 -1.000 0.100 14.6

10 0.103 0.088 -2.9 -0.102 0.089 1.2 -0.798 0.098 10.5

40
0 -0.466 0.076 0.3 -0.096 0.081 4.4 -0.538 0.084 6.4

10 0.037 0.079 -2.1 0.030 0.081 0.3 -0.270 0.084 4.2

Frank
20

0 0.000 0.088 -1.9 0.157 0.094 3.0 -0.398 0.097 7.1

10 0.005 0.084 -3.4 0.077 0.089 2.8 -0.512 0.091 5.5

40
0 -0.396 0.081 1.4 -0.352 0.084 4.1 -0.527 0.086 6.3

10 -0.193 0.077 0.7 -0.146 0.080 3.8 -0.514 0.081 5.2

Gumbel
20

0 0.103 0.081 -6.5 0.463 0.086 -1.5 0.091 0.089 2.6

10 -0.048 0.072 -7.4 0.122 0.077 -0.5 -0.294 0.080 7.1

40
0 -0.185 0.077 -3.9 0.072 0.080 -0.2 -0.135 0.082 1.9

10 -0.012 0.065 -6.9 0.042 0.067 -4.4 -0.179 0.071 5.2

M̃3 is the same as M̃2 in most cases and has a negative sign in all cases. As a result of ignoring
the cross-product term, the MSPE estimator in the RVB method overestimates the true EMSPE,
which leads RB to be positive and larger than the corresponding parametric and semi-parametric
bootstrap approaches as shown in Table 2. We also observe that M̃2 is uniformly smaller under
the parametric approach with the correctly specified marginal distribution than the two semi-
parametric methods, both of which are based on ranks. This result is expected since there is a
loss in efficiency when using ranks instead of the parametrically estimated marginal distribution
(Joe , 2005).

Note that the relative bias of the small area mean predictors behaves differently for the three
methods which depend on the form of the copula family. However, in terms of MSPE estimation,
for instance, under the Clayton copula with skewed normal error margins, the absolute difference
between the RB of the parametric and RVB methods is 7.6 units and between the RB of the semi-
parametric and RVB methods is 9.3 units in the case of m = 20 small areas.

We also provide boxplots of the absolute RB of the three methods under the four copula
families with normal error margins in the case of m = 20 which suggest that the variability in
the absolute RB is relatively small for the parametric and semi-parametric methods in comparison
with the RVB method (Figure 1). We also compare the EMSPE of EBUP for m = 20 small areas
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using the three methods in the case of Gaussian copula with normal error margins (Figure 2).
As shown in Figure 2, in most small areas, the EMSPE of EBUP for both parametric and semi-
parametric methods is smaller than the corresponding value from the RVB method.

FIGURE 1: Boxplots of absolute RB (%) of different copula families for each method when m = 20 and
model is correctly specified.

To assess the impact of the cross-product term in the MSPE estimation for a smaller m,
we also considered m = 10 with standard normal marginal error distribution (see Table A1 in
Appendix). For instance, the percent RB of the MSPE estimators (averaged over all small areas)
under the Clayton copula are −5.6, 2.1, and 30.5 for the parametric, semi-parametric, and RVB
methods, respectively. This suggests that the RVB method has an even worse performance in
terms of RB when the population consists of small number of small areas.

We also compare our proposed EBUP methods with the EBLUP where error margins are
from the standard normal distribution for different copula families. In Appendix, we provide the
result for m = 20. As shown in Table A2, the EBLUP performs similar to our EBUP methods in
terms of EMSPE in the case of Gaussian copula, however, the efficiency of the EBLUP will be
lost for the other copula families, as expected, compared to our proposed EBUP methods.

4.2. Results Under Copula Family Misspecification
We investigate the impact of misspecifying the copula family when fitting the small area model
(1) on the EBUP of the small area means and on its MSPE. We focus on the case where the
marginal error distribution is standard normal and the true copula families are Clayton, Frank
and Gumbel. Table 3 summarizes the EMSPE decomposition for the three methods when the
Clayton, Frank, and Gumbel copulas are misspecified as the Gaussian copula. To facilitate
comparisons, we also report the results under the correct copula model.
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FIGURE 2: MSPE of the EBUP for m = 20 small areas in the case of Gaussian copula with normal error
margins when model is correctly specified under each small area.

As shown in Table 3, copula family misspecification affects M̃2 more adversely than the other
two terms; it does not alter M̃1 and has only negligible effect on M̃3. This result is expected as
M̃2 captures the variation due to the estimation of the model parameters, which suffers from bias
under a misspecified model. The magnitude of M̃2 is at least tripled under a misspecified copula
in comparison to the case when the copula family is correctly specified, irrespective of the method
used for inference in most cases. The results suggest that copula family misspecification can lead
to a significant increase in the MSPE of the small area mean predictors. Hence, in practice, the
choice of copula family requires care (see Section 6 for further discussion).

4.3. Results Under Misspecification of the Marginal Error Distribution
We next assess the impact of misspecifying the marginal error distribution when fitting the small
area model (1) on the EBUP of the small area means and on its MSPE. Since such distributional
assumptions are only made in the two-stage parametric estimation, this investigation concerns
specifically performance of the parametric approach. We consider the case where the marginal
error distribution is skewed normal with skewness parameter φ = 10, but misspecified as normal
distribution. The results from the three methods with both true and misspecified marginal error
distributions are reported in Table 4 under different copula families (Gaussian, Clayton, Frank,
or Gumbel) and for different number of small areas (m = 20 or 40).

As seen in Table 4, misspecification of the marginal error distribution affects the results of the
EMSPE only in the parametric method, and mainly in terms of M̃2. The EMSPE of small area
means remains the same in the semi-parametric and RVB methods. In practice, depending on the
available information, one would move forward with either a parametric or a semi-parametric
approach in order to achieve good performance in terms of the EMSPE of small area mean
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TABLE 3: Decomposition of the EMSPE for the three small area mean predictors (parametric,
semi-parametric, and RVB) when the true Clayton, Frank and Gumbel copula is misspecified as Gaussian
copula in the case of standard normal marginal errors for m = 20 and 40 small areas, each with sample

size ni = 4.

Parametric Semi-parametric RVB

m M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE

True Copula Fitted Copula

Clayton
Clayton 20 0.083 0.010 -0.011 0.082 0.083 0.021 -0.019 0.085 0.083 0.022 -0.016 0.089

Clayton 40 0.077 0.005 -0.005 0.077 0.077 0.011 -0.010 0.079 0.077 0.012 -0.009 0.080

Clayton
Gaussian 20 0.084 0.039 -0.016 0.107 0.084 0.048 -0.025 0.108 0.084 0.048 -0.024 0.108

Gaussian 40 0.079 0.034 -0.008 0.105 0.079 0.040 -0.013 0.106 0.079 0.040 -0.013 0.107

Frank
Frank 20 0.090 0.013 -0.012 0.091 0.090 0.016 -0.014 0.092 0.090 0.015 -0.013 0.091

Frank 40 0.081 0.007 -0.007 0.081 0.081 0.009 -0.008 0.082 0.081 0.008 -0.008 0.081

Frank
Gaussian 20 0.091 0.043 -0.021 0.113 0.091 0.043 -0.023 0.111 0.091 0.041 -0.023 0.108

Gaussian 40 0.084 0.035 -0.007 0.112 0.084 0.033 -0.008 0.108 0.084 0.032 -0.008 0.107

Gumbel
Gumbel 20 0.092 0.012 -0.016 0.088 0.092 0.018 -0.021 0.088 0.092 0.016 -0.020 0.088

Gumbel 40 0.083 0.005 -0.005 0.082 0.083 0.009 -0.009 0.082 0.083 0.008 -0.008 0.082

Gumbel
Gaussian 20 0.089 0.035 -0.012 0.112 0.089 0.039 -0.017 0.111 0.089 0.038 -0.016 0.111

Gaussian 40 0.081 0.029 -0.006 0.104 0.081 0.033 -0.009 0.105 0.081 0.033 -0.009 0.105

predictions. In the absence of a suitable parametric model for the marginal error distribution, we
recommend employing the semi-parametric approach.

The investigations so far concern the choices made by a user when fitting the small area model
(1) to obtain the EBUP of small area means. For simplicity, we assumed that the sample sizes are
the same in each small area. However, the study design, particularly the choice of sample size
may also affect the results.

4.4. Different Sample Sizes
This section evaluates performance of the all three methods when the sample size is different in
small areas. We consider the case of m = 20 small areas with sample sizes ranging from 1 to 4,
focusing on the Frank copula with the standard normal marginal error distribution. In the study
design, areas 1− 5 have sample size 1, areas 6− 10 have sample size 2, areas 11− 15 have
sample size 3, and areas 16− 20 have sample size 4.

The results based on this experiment are summarized in Tables 5 and 6, along with the MSPE
estimation. Turning to the evaluation of the three approaches, the EMSPE of small area mean pre-
dictors decreases with an increasing sample size. Also, the EMSPE of small area mean predictors
in this scenario (sample sizes vary from 1 to 4) is consistently larger than the corresponding val-
ues in Table 2, where the sample sizes are 4 in all small areas.

While, in general, the parametric approach shows a smaller RB with increasing sample sizes
(see Table 6), no obvious pattern is noticed in the semi-parametric and the RVB methods. These
results suggest that the parametric method successfully captures the variations of true EMSPE
with varying sample sizes. On the other hand, considering the empirical versions of the estimation
procedure, the semi-parametric approach performs better than the RVB method in terms of the
RB of the MSPE estimation of the small area mean predictions.
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TABLE 4: Decomposition of the EMSPE for the three small area mean predictors (parametric,
semi-parametric, and RVB) under the Gaussian, Clayton, Frank, and Gumbel copulas when the true

(denoted by ∗) skewed normal (φ = 10) marginal error distribution is misspecified as normal distribution
(φ = 0) for m = 20 and 40 small areas, each with sample size ni = 4.

Parametric Semi-parametric RVB

Copula φ m M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE

True margin

Gaussian
10∗ 20 0.114 0.012 -0.021 0.105 0.114 0.020 -0.030 0.105 0.114 0.020 -0.030 0.104

40 0.109 0.006 -0.010 0.106 0.109 0.012 -0.015 0.106 0.109 0.011 -0.015 0.105

Misspecified margin

0
20 0.115 0.034 -0.018 0.131 0.115 0.021 -0.031 0.106 0.115 0.021 -0.031 0.105

40 0.109 0.030 -0.006 0.133 0.109 0.012 -0.015 0.106 0.109 0.011 -0.015 0.105

True margin

Clayton
10∗ 20 0.083 0.018 -0.010 0.091 0.083 0.019 -0.012 0.089 0.083 0.017 -0.011 0.089

40 0.079 0.009 -0.006 0.082 0.079 0.010 -0.008 0.082 0.079 0.009 -0.006 0.082

Misspecified margin

0
20 0.082 0.037 -0.011 0.109 0.082 0.017 -0.013 0.086 0.082 0.016 -0.011 0.087

40 0.079 0.035 -0.005 0.109 0.079 0.011 -0.007 0.083 0.079 0.010 -0.006 0.083

True margin

Frank
10∗ 20 0.087 0.013 -0.012 0.088 0.087 0.016 -0.015 0.088 0.087 0.015 -0.015 0.087

40 0.077 0.007 -0.007 0.077 0.077 0.009 -0.008 0.077 0.077 0.008 -0.008 0.077

Misspecified margin

0
20 0.083 0.022 -0.011 0.094 0.083 0.016 -0.015 0.084 0.083 0.015 -0.015 0.083

40 0.076 0.017 -0.004 0.089 0.076 0.008 -0.007 0.077 0.076 0.008 -0.007 0.077

True margin

Gumbel
10∗ 20 0.079 0.013 -0.012 0.079 0.079 0.018 -0.018 0.078 0.079 0.016 -0.019 0.075

40 0.071 0.006 -0.005 0.071 0.071 0.008 -0.008 0.072 0.071 0.007 -0.008 0.069

Misspecified margin

0
20 0.077 0.027 -0.015 0.088 0.077 0.018 -0.018 0.077 0.077 0.016 -0.019 0.074

40 0.068 0.020 -0.010 0.078 0.068 0.008 -0.009 0.067 0.068 0.008 -0.009 0.067

TABLE 5: Decomposition of the EMSPE for the three small area mean predictors (parametric,
semi-parametric, and RVB) under the Frank copula with standard normal marginal errors for m = 20

small areas, with different sample sizes.

Parametric Semi-parametric RVB

Area ni M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE

1-5 1 0.267 0.027 -0.011 0.282 0.267 0.031 -0.014 0.284 0.267 0.035 -0.013 0.289

6-10 2 0.169 0.026 -0.019 0.176 0.169 0.033 -0.023 0.179 0.169 0.034 -0.022 0.180

11-15 3 0.117 0.024 -0.020 0.121 0.117 0.030 -0.023 0.124 0.116 0.032 -0.024 0.124

16-20 4 0.096 0.021 -0.018 0.099 0.096 0.026 -0.022 0.100 0.096 0.026 -0.022 0.100

1-20 0.162 0.024 -0.017 0.169 0.162 0.030 -0.020 0.172 0.162 0.032 -0.020 0.174

5. APPLICATION: LANDSAT DATA

In this section, we analyze the Landsat dataset (Battese, Harter & Fuller , 1988), considering 12
counties in north central Iowa for predicting the areas planted with soybeans and corn. The areas
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TABLE 6: Percent RB of EBUP, MSPE estimate (mspe), and percent RB of the MSPE estimate of the
small area mean predictors of the three methods (parametric, semi-parametric, and RVB) under the Frank

copula with standard normal marginal errors for m = 20 small areas, with different sample sizes.

Parametric Semi-parametric RVB

Area ni

RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

1-5 1 1.396 0.253 -10.3 1.339 0.270 -4.9 1.394 0.312 7.9

6-10 2 0.578 0.165 -6.2 0.533 0.177 -1.1 0.022 0.207 15.0

11-15 3 -0.088 0.121 0.8 0.034 0.123 6.5 -0.564 0.147 18.5

16-20 4 -0.094 0.099 -1.0 0.101 0.100 5.0 -0.438 0.110 10.0

1-20 0.447 0.159 -5.9 0.502 0.167 -2.9 0.103 0.194 12.7

of soybeans and corn are determined by interviewing farm operators, which featured 36 segments
in 12 counties. Approximately 250 hectares (each pixel is about 0.45 hectare) are represented by
each segment. Further, each segment is estimated from satellite images by counting the number
of individual pixels. The aim of this study is to predict the mean hectares of corn in each county
(small area). We fit the following model to these data:

yij = β0 + xij1β1 + xij2β2 + εij , i = 1, . . . , 12; j = 1, . . . , Ni,

where xij1 is the number of pixels classified as corn, and xij2 is the number of pixels classified as
soybeans in the jth segment of the ith county. We report the small area mean predictors in Table 7,
along with the root mean square prediction error (Rmspe) estimation where B = 1000 bootstrap
samples are used in the bootstrap approach. The residuals display an asymmetric distribution in
small areas. Therefore, we consider a skewed normal distribution in the parametric approach.
The estimated model parameters of fixed effects are β̂0 = 44.40, β̂1 = 0.33, β̂2 = −0.10, and
the estimated parameters of skewed normal are 15.15, 22.00, and −1.66 for location, scale, and
skewness parameters, respectively, indicating that the residuals are not normal. For the choice of
copula family, the maximum log-likelihood is obtained under the Frank copula, and thus, esti-
mation is carried forward by comparing the EBUP of small area means in each method under the
Frank copula family. The log-likelihood values are −4.21 and −3.75, average bootstrap resid-
uals are 145.3 and 160.1, and the Kendall’s tau values are 0.27 and 0.28, respectively, for the
parametric and semi-parametric approaches.

As shown in Table 7, in the cases of parametric and semi-parametric methods, the Rmspe
values significantly decrease with an increase in the number of sample segments (sizes). Fur-
thermore, the improvement in Rmspe is modest when the sample size is greater than 3 or more.
However, the Rmspe of counties 4 and 7 namely, Humboldt and Winnebago, are at least 1.5 times
higher in the RVB method compared to the corresponding values in the parametric and semi-
parametric approaches. In the MSPE estimation of the RVB method, the Rmspe values do not
decrease with increasing sample sizes unlike the parametric and semi-parametric approaches. A
possible explanation for the higher magnitude of Rmspe for counties 4 and 7 in the RVB method
is the use of jackknife, which does not capture the all variations of the EBUP of small area means,
as also shown in the simulation study.
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TABLE 7: EBUP of small area means and corresponding Rmspe for Landsat data under Frank copula.

Parametric Semi-parametric RVB

County ni EBUP Rmspe EBUP Rmspe EBUP Rmspe

Cerro Gordo 1 124.2 11.9 123.1 12.3 120.2 11.4

Hamilton 1 125.2 12.0 124.6 12.1 127.5 11.8

Worth 1 108.2 11.1 108.1 11.4 104.9 10.7

Humboldt 2 106.2 8.6 106.2 8.8 102.3 12.2

Franklin 3 142.4 5.7 141.3 5.9 145.2 4.3

Pocahontas 3 110.5 6.1 109.1 6.1 111.8 6.0

Winnebago 3 110.0 6.0 111.3 6.2 111.0 11.2

Wright 3 118.7 6.3 119.4 6.4 120.8 7.5

Webster 4 114.6 4.4 113.8 4.6 117.4 3.8

Hancock 5 118.8 4.2 121.4 4.4 125.2 6.4

Kossuth 5 109.4 4.1 109.9 4.2 107.8 4.1

Hardin 5 137.2 4.8 136.4 4.9 140.8 4.7

6. CONCLUSION

Following Rivest, Verret & Baillargeon (2016), this paper has considered a general linear model
framework in small area estimation where the joint error distribution belongs to the family of
multivariate exchangeable copulas. Under the same setting as in Rivest, Verret & Baillargeon
(2016), unit-level regression model, the two-stage parametric and the two-stage semi-parametric
methods for predicting small area means have been proposed, where the copula parameter was
estimated via maximizing pseudo-copula log-likelihood. The paper has contributed a bootstrap
approach to obtain a nearly-unbiased estimate of the MSPE of the EBUP of small area means.

Extensive simulation studies have been provided to evaluate performance of the proposed
methods in comparison to the RVB method of Rivest, Verret & Baillargeon (2016) under various
scenarios addressing the impact of misspecifying the copula family, misspecifying the marginal
error distribution, and having a study design with different sample sizes in each small area. Over-
all, the parametric approach has shown relatively better performance in the EBUP of the small
area means and the MSPE estimation of the EBUP when the model is correctly specified. While
the semi-parametric and the RVB methods have given similar results in most of the scenarios,
the semi-parametric method has shown an improved performance in terms of RB of the MSPE
estimation of the EBUP of small area means.

An important finding in the paper was that, unlike the traditional small area model based on
multivariate normal distribution, the cross-product term involved in the MSPE of the EBUP of
small area means was not negligible in the multivariate exchangeable copula model as empir-
ically shown in Section 4. Our results have indicated that the proposed bootstrap method was
able to capture all variations in the MSPE of the EBUP of small area means including the cross-
product term, hence outperformed the jackknife method used in the RVB method. We could
also use the double bootstrap method (Hall & Maiti , 2006a,b) to further improve the MSPE
estimation of the EBUP of small area means. In consideration with the computational cost, we
recommend the single phase bootstrap method for the estimation of the MSPE of the EBUP of
small area means as we got reasonably good results in terms of RB for our unit-level regression
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model.
Our investigations on the impact of the copula family misspecification have suggested that

the choice of copula family is critical for the MSPE estimation in practical settings. A particular
challenge in the current framework is that, unlike many copula applications, copula family se-
lection based on visual inspections is not straightforward due to the small and possibly different
number of observations across small areas. While one can exploit the exchangeability and invari-
ance properties of the copula and inspect, for instance, all pairwise observations within an area,
or choose a copula family based on the maximum (pseudo) likelihood criterion or cross-validated
MSPE, a more elaborate investigation is needed. The estimation of regression coefficients can be
improved using an iterative reweighted least squares instead of the ordinary least squares method.
This, however, comes at an increased computational cost and may not guarantee an overall im-
provement in efficiency in the estimation of other model parameters. The choice of the marginal
error distribution is relevant only for the parametric approach. Hence, one can employ the com-
plementary semi-parametric approach in the absence of a suitable parametric distribution.

In conclusion, a major advantage of proposed likelihood framework is that it provides a more
flexible approach for small area estimation allowing for both parametric and semi-parametric
estimation methods. The proposed approach can be extended to settings involving discrete out-
comes. This is a subject of future study.
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APPENDIX

Proof of Proposition 1.
The proof of Proposition 1 follows similar arguments as in Andersen (2005); Prenen, Braek-

ers & Duchateau (2017). Without loss of generality, denote by δ the parameter vector of the
marginal distribution and by `(δ, α) the log-likelihood function of marginal and dependence
parameters. Let (δ̄, ᾱ) be the maximum likelihood estimator obtained simultaneously from the
score equations sδ(δ, α) = ∂`(δ, α)/∂δ = 0 and sα(δ, α) = ∂`(δ, α)/∂α = 0. Under standard
regularity conditions,

√
m (δ̄ − δ0, ᾱ− α0) converges to a normal distribution with mean zero

and variance-covariance matrix I−1, where I is the Fisher information matrix with components

I =

(
Iδδ Iδα

Iαδ Iαα

)
.

Hence, for the maximum likelihood estimator ᾱ, the variance is given by

Var(ᾱ) =
1

Iαα
+

IαδIδδ
−1Iδα

Iαα
2 .
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Now, consider the two-stage parametric estimator, where δ̂ is obtained from the score equation
sδ(δ) = ∂`(δ)/∂δ = 0. By Taylor expansion of the score function around the true parameter δ0,
we have

sδ(δ̂) = 0 = sδ(δ0) +
∂sδ(δ)

∂δ

∣∣∣∣
δ=δ0

(δ̂ − δ0) + op(
√
m).

Using the contributions of small areas to the score function, we obtain

− 1

m

∂sδ(δ)

∂δ

∣∣∣∣
δ=δ0

= − 1

m

m∑
i=1

∂

∂δ
si;δ(δ0)

which converges in probability to I∗ = E
[
∂

∂δ
s1;δ(δ0)

]
by the law of large numbers.

The two-stage parametric estimator α̂ is obtained from the score equation sα(δ̂, α) =

∂`(δ̂, α)/∂α = 0. Expanding this function via Taylor approximation around the true parameters
δ0 and α0, we get

sα(δ̂, α̂) = 0 = sα(δ0, α0)+
∂sα(δ, α)

∂δ

∣∣∣∣
(δ,α)=(δ0,α0)

(δ̂ − δ0)

+
∂sα(δ, α)

∂α

∣∣∣∣
(δ,α)=(δ0,α0)

(α̂− α0) + op(
√
m).

By the law of large numbers, we obtain the following convergence in probability results,

− 1

m

∂sα(δ, α)

∂δ

∣∣∣∣
(δ,α)=(δ0,α0)

= − 1

m

m∑
i=1

∂

∂δ
si;α(δ0, α0)

P−→ Iαδ,

and

− 1

m

∂sα(δ, α)

∂α

∣∣∣∣
(δ,α)=(δ0,α0)

= − 1

m

m∑
i=1

∂

∂α
si;α(δ0, α0)

P−→ Iαα.

Combining these results, the following terms are asymptotically equivalent in terms of limiting
distributions:

1√
m

(
sδ(δ0)

sα(δ0, α0)

)
d≡
√
m

(
I∗ 0

Iαδ Iαα

)(
δ̂ − δ0
α̂− α0

)
.

Also, by the central limit theorem, we have

1√
m

(
sδ(δ0)

sα(δ0, α0)

)
d−→ N

((
0

0

)
,

(
V 0

0 Iαα

))
,

where V = Var(s1,δ(δ0)) with s1,δ the contribution of the first small area to the score function
in the first stage estimation. Hence, we obtain

√
m

(
δ̂ − δ0
α̂− α0

)
d−→ N

(0

0

)
,

(
I∗ 0

Iαδ Iαα

)−1(
V 0

0 Iαα

)(
I∗ 0

Iαδ Iαα

)−1T ,
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which yields the desired result with the variance term

να̂ =
1

Iαα
+

Iαδ(I
∗)−1V(I∗)−1Iδα

I2αα
.

The proof for part (b) can be obtained mimicking the proof in Genest, Ghoudi & Rivest (1995).
�

Results for Correctly Specified Joint Model in the Case of m=10.
We also examined the case when number of small areas decreases to 10 from 20 under the

same setting as defined in the sub-section 4.1, where error margins are from standard normal
distribution. The results are summarized in Table A1. As expected, the cross-product term and
corresponding RB are relatively higher in all cases and in particular for the RVB method in the
case of m = 10 compared to m = 20. Thus, when number of small area is small, the cross-
product term cannot be ignored while doing estimation of MSPE of small area mean predictors.

TABLE A1: Decomposition of EMSPE, percent RB of EBUP, MSPE estimate (mspe), and percent RB of
MSPE estimate of small area mean predictors for three different methods (parametric, semi-parametric,

and RVB) when copula family (Clayton, Gaussian, Frank, or Gumbel) and margins (normal) are correctly
specified for m = 10.

Parametric Semi-parametric RVB

Copula M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE

Gaussian 0.132 0.023 -0.039 0.116 0.132 0.038 -0.056 0.114 0.132 0.033 -0.051 0.114

Clayton 0.098 0.024 -0.025 0.096 0.098 0.039 -0.038 0.100 0.098 0.036 -0.034 0.100

Frank 0.111 0.025 -0.021 0.115 0.111 0.031 -0.027 0.116 0.111 0.027 -0.024 0.114

Gumbel 0.112 0.032 -0.036 0.108 0.112 0.044 -0.049 0.107 0.111 0.037 -0.046 0.102

RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

Gaussian 0.343 0.111 -3.5 0.335 0.116 2.4 0.381 0.132 16.5

Clayton -0.649 0.090 -5.6 0.048 0.101 2.1 -1.231 0.129 30.5

Frank 0.666 0.100 -11.9 0.975 0.109 -4.1 -0.109 0.116 4.4

Gumbel -0.202 0.090 -16.0 0.385 0.100 -5.1 -0.287 0.111 10.6

�

Results of EBUP in comparison to empirical best linear unbiased predictor (EBLUP).
We also examined the case when the data was estimated using the EBLUP (Rao & Molina ,

2015) for the set-up when the number of small areas is 20 under the same setting as defined in the
sub-section 4.1, where error margins are from standard normal distribution. The estimated mean
squared prediction error (mspe) was calculated using parametric bootstrap (González-Manteiga
et al., 2008). The results are summarized in Table A2. As shown in Table A2, the EMSPE of
EBLUP in the case of Gaussian copula is close to the other EBUP methods, however, in the case
of other copula families, the EMSPE of EBLUP provides worse results compared to the other
EBUP methods. In the case of RB of small area mean predictors and mspe, the EBLUP method
behaves similar to the proposed EBUP methods.

�
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TABLE A2: Decomposition of EMSPE of EBLUP and EBUP (parametric, semi-parametric, and RVB),
percent RB of EBLUP and EBUP, MSPE estimate (mspe), and percent RB of MSPE estimate of small area

mean predictors when copula family (Clayton, Gaussian, Frank, or Gumbel) and error margins (normal)
are correctly specified for m = 20.

EBLUP Parametric Semi-Parametric RVB

Copula M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE M̃1 M̃2 M̃3 EMSPE

Gaussian 0.099 0.007 0.000 0.105 0.117 0.011 -0.020 0.109 0.117 0.020 -0.028 0.110 0.117 0.019 -0.027 0.109

Clayton 0.099 0.006 -0.002 0.103 0.083 0.010 -0.011 0.082 0.083 0.021 -0.019 0.085 0.083 0.022 -0.016 0.089

Frank 0.103 0.007 0.001 0.111 0.090 0.013 -0.012 0.091 0.090 0.016 -0.014 0.092 0.090 0.015 -0.013 0.091

Gumbel 0.099 -0.008 -0.002 0.105 0.092 0.012 -0.016 0.088 0.092 0.018 -0.021 0.088 0.092 0.016 -0.020 0.088

RB(%)

of EBLUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

RB(%)

of EBUP
mspe

RB(%)

of mspe

Gaussian 0.005 0.100 -4.3 0.026 0.106 -2.3 0.025 0.108 -1.1 0.009 0.114 4.3

Clayton -0.338 0.099 -3.1 - 0.777 0.082 0.7 -0.295 0.089 6.8 -1.000 0.100 14.6

Frank 0.034 0.105 -4.8 0.000 0.088 -1.9 0.157 0.094 3.0 -0.398 0.097 7.1

Gumbel 0.236 0.098 -6.0 0.103 0.081 -6.5 0.463 0.086 -1.5 0.091 0.089 2.6
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López-Vizcaı́no, E., Lombardı́a, M.J., & Morales, D. (2013). Multinomial-based small area estimation of
labour force indicators. Statistical Modelling, 13, 153–178.
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