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1. Introduction

Sample surveys are generally designed to provide estimates of totals and
means of items of interest for large subpopulations (or domains). Such es-
timates are “direct” in the sense of using only the domain-specific sample
data, and the domain sample sizes are large enough to support reliable di-
rect estimates that are “design based”. The associated inferences (standard
errors, confidence intervals, etc.) are based on the probability distribution
induced by the sampling design with the population item values held fixed.
Standard text books on sampling (e.g. Cochran [2], Thompson [19], Lohr

[15]) provide extensive accounts of design-based direct estimation.

In recent years, demand for reliable estimates for small domains (small
areas) has greatly increased worldwide due to their growing use in formu-
lating policies and programmes, allocation of government funds, regional
planning, marketing decisions at local level and other uses. Examples of
small domain estimation include poverty counts of school-age children at the
county level, income for small places, monthly unemployment rates for Cen-
sus Metropolitan Areas, health-related estimates for local areas and so on
(Rao [17], chapter 5). However, due to cost and operational considerations,
it is seldom possible to procure a large enough overall sample size to sup-
port direct estimates for all domains of interest. We use the term “small
area” to denote any domain for which direct estimates of adequate precision
cannot be produced due to small domain-specific sample size. It is often nec-
essary to employ “indirect” estimates for small areas that can increase the
“effective” domain sample size by “borrowing strength” from related areas

through linking models, using census and administrative data and other aux-



iliary data associated with the small areas. Such small area models may be
classified into two broad types: (i) Area-level models that relate small area
direct estimates to area-specific covariates; such models are used if unit-level
data are not available. (ii) Unit-level models that relate the unit values of
a study variable to associated unit-level covariates with known area means
and area-specific covariates. A comprehensive account of model-based small
area estimation under area-level and unit-level models is given by Rao [17];

see also Jiang & Lahiri [12] and Datta [4] for recent overviews.

In this paper, we study model-based estimators for sub-areas nested
within areas. We introduce a sub-area level model that relates a sub-area
direct estimator to sub-area specific covariates, sub-area random effect and
associated area random effect. Such a model is useful if unit level auxiliary
variables are not available. The proposed model is a natural extension of the
well-known Fay and Herriot [6] area-level model to sub-area level. The sub-
area model is used to estimate small area means by borrowing strength from
related areas. In addition, it can borrow strength from sub-areas to obtain
more efficient sub-area estimators. Empirical best linear unbiased prediction
(EBLUP) estimators of sub-area level and area level means are obtained from
the BLUP estimators by the model parameters estimate using an iterative
method based on weighted residual sum of squares. We obtain second order
approximations to the mean squared error (MSE) of the EBLUP estimators
and then use them to derive MSE estimators unbiased to second order. Our
approximations to MSE and its estimator assume that the number of sam-
pled areas is large but the number of sampled sub-areas within a sampled

area can be small. Our paper extends the results of Datta et al. [5] for the



area level model to the sub-area level model.

The paper is organized as follows: In Section 2, we introduce the sub-area
model and derive EBLUP estimators of area and sub-area means when the

2 and o2, corresponding to areas and sub-areas, are

v u’

variance components o
estimated iteratively based on a weighted residual sum of squares method.
In Section 3, we derive second order approximations to MSE of the EBLUP
estimators. In Section 4, estimation of MSEs, unbiased to second order, is
studied. Simulation studies, reported in Section 5, provide results on the

performance of the proposed estimators.

2. Empirical best linear unbiased prediction

In the context of linear mixed models, we propose the following linking

model for the sub-area means p;;:
fij = x4+ vi+ug,  i=1..,m;j=1..N, (2.1)

where j denotes a sub-area within area 7, x;; is a p X 1 vector of sub-area

level auxiliary variables (m > p), 5 is a p X 1 vector of regression parameters,
j.i.d. j.i.d.

v; "X N(0,02) are area random effects, and u;; "~ N(0,02) are sub-area

random effects. We assume that n; sub-areas are sampled from the N; sub-

areas in the i-th area.

On the other hand, the sampling model is given by

Yij = Mij T €5, (2.2)

. . . . . ind
where y;; is a direct estimator of j;; with sampling error e;;, and e;;|p;; ~

2

N(0, 02;;) with known sampling variances o7Z;;. Assuming no sample selection

e
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bias, the sampling model (2.2) combined for the level model with the linking
model (2.1) leads to the sub-area

yljzx;jﬂijl—i—uw—i—eU, z:l,,m,jzl,,nz (23)

Model (2.3) accounts for the sub-area level effect u;; as well as the area level
effect v;. It enables us to estimate both small area means, u;, and sub-area
means, [i;;, by borrowing strength from related areas as well as sub-areas,
where p;; is given by (2.1) and p; = Zjv;l Nijpij/Niy = X8+ v + U,
is the mean of area i. Here, N, = Z;\fz’l Nij,Xi = Zjvz’l Nijxij/NH,Ui =

N; . o . )
Zj:1 Niju;j/Ni+ and N;; is the number of units in sub-area j of area i.

Fuller and Goyeneche [7] proposed a sub-area model, similar to our model
(2.3), in the context of Small Area Income and Poverty Estimation (SAIPE)
in the United States. In this application, county is the sub-area nested within
a state (area) and direct county estimates obtained from the Current Pop-
ulation Survey (CPS) data. County-level auxiliary variables are ascertained

from census and administrative records.

In matrix notation, the model (2.3) can be written as
v, = XiB+vil,, +u; + e t=1,...,m,

where v; = (Y1, Yi2, ---, Yin; )" 18 @ n; X 1 vector, X; is a n; X p matrix with rows
/ . / / :

T (J = 1,0 mq), ui = (Wit ooy Uin;)" and €5 = (€41, .., €4,;)". Equivalently, we

have

N :Xzﬁ—i—ZZbl—i—el, 1= 1,...,m, (24)

where Z; = (1,,|I,,;) with 1,, as the vector of ones and I,,, as the identity

matrix with dimension n;, and b; = (v;,u})’. Model (2.4) is a linear mixed
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model with a block diagonal covariance structure with blocks cov(y,) = V;
with

Vi = 020y, + diag(o? + 02, ...,00 + 02,), (2.5)

where J,, = 1,1/

g —ny*

For a given § = (02,02), the BLUP estimator of b; is given by

bi(6) = G, ZV,  {y, — X:B(6)}, (2.6)

where 5(6) = (327, XV, X)) (S0, X1V ty,) is the weighted least squares
(WLS) estimator of 3, and V; = R; + Z,;G;Z] with R; = diag(02;,, ...,02%,)

c Yein;

and
03 0
G; =
0 o021,

For simplicity of notation, we let 6 (0) = 3. We employ the following lemma
1 to obtain V;* from (2.5).

LEMMA 1. Let A be a k x k nonsingular matriz and v and v be two k x 1
vectors such that A + uv' is nonsingular. Then we have
(A+u) '=A""— A /A7 1+ 0 A7)
We have

2
047 ’

ww;, (2.7)

Vi_l = diagj{(ag + Uzij>_1} -

2.

where v;; = o /(00 + 02;), i = 5L Vi i = 00/(08 + 0n/i), wij =

(o2 +02;)"" and w; = (Wi, ..., win,)'.

Using (2.7) in (2.6), we obtain, after simplification, the BLUP estimators

of v; and w;j, for a given 9, as
5(0) = 7 — T, 5) (2.8)
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and
i = ij (Yij — 33;]6) — %iYij (Ui — f;'fy ~)> (2.9)
where g;, = =+ Z] LYijYigs Tiy = = Z] 1 VijTij. The corresponding BLUP

estimators of t;; for the sampled sub—areas are given by
fii; = fui; (8) = 2}, B(8) + 0;(8) + 4y (8), i=1,..mij=1,..,n; (2.10)

where ¥;(0) and ,;(0) are obtained from (2.8) and (2.9). For the non-sampled

sub-areas, we use the pseudo-BLUP estimator

il = 15(0) = 2, B0) + 5,(0), i=1,mij =ngpr, 0 N (211)

The BLUP estimator of area mean p; is given by

i = 1 (0) = { > Nigig(9) Z Nigfisy(6) b/ Nas. (2.12)
j=1

J=nit1
Note that the sub-area estimators automatically benchmark to the corre-

sponding area estimator.

If N; is large, then U; ~ 0 and we can approximate p; by
i ~ X3+ v,
and the BLUP [f(d) by
[i(0) = XIB+5:(6), i=1,..,m, (2.13)

assuming that n; is small.



2.1. Estimation of variance components

2

2
= and o

At this stage, we need to estimate the variance components o
to obtain the EBLUP estimators of p;; and p;. We first extend the Fay and
Herriot [6] iterative moment method of estimating the variance component
in the Fay-Herriot area level model to the sub-area level model (2.3). Based
on weighted residual sum of squares, we have

E{> (v, = XiB)V, i = XiB) } =n —p.
i=1
The method of moments is then used to form the following estimating equa-

tion:
m

Z(Yi - Xi@)lvi_l(yz' - XzB) =n-—-p. (2.14)

=1

On the other hand, we take the average of model (2.3) over j to get

yi = mh+vitui+e, i=1,...,m,

= FB+e, (2.15)

where ¥;, z;,u; and e; are averages over j = 1,....,n; and ¢ nd N{0,6? =
n;t(nio24+0%+02)}. We then obtain the WLS estimator of 3 associated with
(2.15) as B* = (X0, &, /62) (3" Z:7:/52) and the associated weighted
residual sum of squares Y7 (7; — T,5*)2 /62 with expectation equal to m —p.

We then use the method of moments to form the estimating equation

> @ - 7B /5E =m—p. (2.16)
i=1
The estimators 62 and 62 are obtained by solving the two equations (2.14)

2

2 and 62 may take negative values, we define

and (2.16) iteratively. Since &

62 = max(0,62) and 62 = max(0,52).

v —
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Substituting 0 = (62,62) for § = (02,62) in (2.10) we get the EBLUP

v U
~

estimator of p;; for sampled sub-areas as fi;; = f;;(0). Similarly, for the non-
sampled sub-areas, a pseudo-EBLUP estimator of p;; is obtained from (2.11)
as fij; = ﬂ:‘](g) The exact EBLUP of yi; is obtained from (2.12) as jif = jif (0)
and its approximation from (2.13) as fi; = fi;(8). Note that the estimators
fli, flij and fi7; do not require normality assumption. However, in Section 3
we use normality of v;, u;; and e;; to derive a second order approximation to

the MSE of the estimators.

3. Mean squared error approximation

In this section, we obtain a second order approximation to the MSE of
the EBLUP estimators /i, iij; and fi;, in the sense that the neglected terms

are of order o(m™!) for large m. We assume normality of v;, u;; and e;;.

3.1. Sub-area estimators

We first consider the EBLUP [i;; of sampled sub-area j nested within

area ¢. Under normality of the random effects v;, u;; and e;;, we can express
MSE(f1i;) = E(fui; — ij)* as
MSE(f1i;) = MSE(fii;) + E(fiij — fi;)*, (3.1)
where MSE(ji;;) = E(f1;; — pi;)*. Further, an exact expression for MSE(ji;;)
is given by
MSE(ji;;) = 9145(9) + g24;(9), (3.2)

where

91i5(0) = (1 = 7i)* {0 + (1 = v)on} + 7505, (3.3)



and
92i(0) = (1 = 73)*(wij — 7i%in) @iy — 7iTin),
with ® = var(3) = (327, X!V, 7' X;)~". It may be noted that (3.2) does not

require the normality assumption.

The second term go;;(d) in (3.2), due to estimating 3, is of order O(m™1),
while the first term gy,;(6), given by (3.3), is O(1). We can therefore interpret
G1ij(0) as the MSE when all parameters are known, and go;;(6) as the inflation
to MSE due to estimating 5. It can be shown that the leading term gy;;(d) <

where crew = FE(y;; — pi;)? is the MSE of the direct estimator y;;.

ezg’
It remains to evaluate the last term F(fi;; — fi;;)* in (3.1). Following
Das, Jiang, and Rao [3], we propose the following approximation, based on

Taylor linearization:

o Gl i,
B(juy — fig? ~ B2 oar(5%) + B(o2)Pvar(3?)
ail dil;
RB{(G G eon @2, 52) = 03y (9),

where
fir = 238 + % (1 = 7i) (i — Tiy B) + 755 (yis — 25;:5).

After considerable simplification (see Torabi [20]), gs;;(d) is obtained as

2 2
_ 2 uy2, Vi % i Vi0u N\ Vi Vi
(5) = (1) {(,y—) e[ S22 [
Z % 4.2 2, 2 V'Q 2}: 2 2: 212
71] ’)/ 0_2 O'; (2 71):| +0—17 |:7ijo-v+au’yij+,y_z‘2{au 713]+O-v( 71]) }
1. s j
YiYij ~ i % u
2202 S ko) [var (62425 [ (1) }j%]cov 52, u>}.
1. ] .
(3.4)

10



The term gs;;(d) is of the same order as g9;;(6). Combining (3.2) and (3.4),

we get a second order approximation to MSE(fi;;) as
MSE(fii;) & 91i(9) + 92i5(6) + g3:5(0). (3.5)

The proof that neglected terms in the approximation (3.5) are of lower order,
o(m™'), for large m, is omitted, for simplicity (see Torabi [20]). However,

var(52), var(62) and cov(52,52) are derived in Appendix A.

The MSE approximation of the non-sampled sub-area pseudo-EBLUP
fij; is similarly obtained (details omitted). We have MSE(ji;;) = MSE(;;) +
B — ﬁ:j)z and

MSE(i;) = 9145(0) + 93;;(9), (3.6)
where
915(0) = o {1+ v (1 - 2%)}
and
92:5(0) = (25 — ViTin) ©(255 — YiTir)-
Further,

E(ﬂ; - ﬂfj)Q ~ g;:ij((s)
_ L=y s
= {02 + 7 (1102 + e {(——,Poar(52)

v

+0, (v — L+ 7a)var(62) + 2(1 = %) (v — 1+ vi1)o, %0, *|cov(53,52) }
+0, (02 + 02)Via + Yige — 271 (Vi — 1+ 1) (02 + 027, H]var(52)
~29(1 = 3)(0% + 7 0 2)oy 20, 2eov (5,62 |, (3.7)

where ;1 = ;' Z;‘il Vi Vite = %-‘IZ}L V0% Yie = 223 Vi @
Yize = Vi >t 502, The term g3,;(0) is of the same order as g%j(é).

11



Considering (3.6) and (3.7), we get a second order approximation to MSE(/i};)

as

MSE([L:]) ~ gL’j@) + g;ij(é) + g;’:z‘j(é)' (3.8)

3.2. Area estimators

Similar to Section 3.1, we follow Das, Jiang, and Rao [3] to obtain a
second order approximation to MSE of the area EBLUP fi;, assuming that
N; is large. We have

MSE(f;) = MSE(&;) + E(fu — )%,

where
MSE(it;) = 91:(9) + g2:(9), (3.9)

with
Vi 2
g1:(0) = —o

1i(0) )

u?
7.

92i(5) = (Xi - %’ifm)/q)()_(i - %’Cfm)-
The terms g1;(§) and go;(9) are of order O(1) and O(m™") respectively.

Further, by Taylor linearization, E(fi; — ji;)? is approximated as

diB diB
E(fi — ) ~ E(S-5)?var(52) + E(5-5)Pvar(5)

2 2 u
do? do?

where

/]? = X;B+ VilYiy — @76)

12



After some calculation we obtain

g3i(0) = (l) [ 7 var(5%)+ 42%]{ (1—yi)ol4o2(1— 2:: )+06”}va7’( 2)

6
i (o
Yi. ;

o2
+20, %Z%]{ —1)o2 + 2 ~ “(%i — Yij) — 7/ ;j}cov(av,aZ)}, (3.10)

7.

where gs;(d) is of order O(m~1). Combining (3.9) and (3.10), we obtain a

second order approximation to MSE(/i;) as follows
MSE(f1:) & 91:(0) + g2i(6) + g3:(0)- (3.11)

The neglected terms in the approximation (3.11) are o(m™!) for large m,

similar to Section 3.1, but the proof is omitted (see Torabi [20]).

We now turn to the MSE of the exact EBLUP ! of p;. We can express

7

MSE(fif) in terms of the approximation MSE(;) as follows:

MSE(ﬂz) MSE :ul Z wz] u + E{Z wl] ul] ul])}

j MNi+1

+2E{( 7{3 + 0;) — (Xllﬁ + UJ}{ZZ wi; (U5 — u4j)}, (3.12)

where MSE(i1;) is given by (3.11). Details of the evaluation of the last two
terms in (3.12) are available from the authors. Derivation of second-order
unbiased estimator of MSE(/1}) is also available. In this paper, for simplicity,
we confine ourselves to the approximation pseudo-EBLUP ji; of the area

mean fi;.

13



4. Estimation of mean squared error

Using the second order MSE approximations (3.5), (3.8) and (3.11), we
now obtain MSE estimators that are second-order unbiased in the sense
that Elmse(jiy)] — MSE(ji) = o{m™), Bfmse(ji;)] — MSE(j;) = o(m).
and E[mse(j1;)] — MSE(ji;) = o(m™!). Since ¢2;;() and g3;;(0) are of order
O(m™1), it follows that

Eg25(0)] = g255(8) + o(m™),

Eg3i;(8)] = g3i5(8) + o(m™").
However, g1;;(8) is of order O(1), so g1;;(0) is not a second-order correct
estimator of gy1;;(9), since its bias is of order O(m™!). Thus, the bias in
91i5(6) must be estimated to the correct order. Following Das, Jiang, and

Rao [3] and Datta et al. [5], we can write
Elg115(0) + (6 = 6)' V15855 + 9313 (9)] = 9155(6) + o(m ™).

Therefore, combining the above results, a second order unbiased estimator

of MSE(fi;;) is given by

. 2 2 ¢ dg15(0 P dg15(0 2ia
mse(fi;) = g1ij(6) + 92i5(0) + 293:5(0) — ;;5 )|5:55(0'3) - ;Tjg)b:sb(ai)a
(4.1)
where b(62) and b(62) are estimators of biases b(62) = E(62 — 02) and

b(62) = E(62 — 02), respectively. Expressions for b(62) and b(62) are given

in Appendix B.

Similarly,
. e B L o (R o ooay dgig(6) s o dgi(6) o
mse(,uij) = 91ij(5) + 92@‘(5) + 293ij(5) - %stb(ag) - ;;2 |5:Sb(03)7

14



and

dgi 0 N dgl )
dlg(g )|5=Sb(03)_ dla% )|5 $ ( ) (4.3)

mse(fi;) = g1:(0) +g24(0) +2g3i(5) —

We now find dg“j(‘s) and dg;fjg((s) in (4.1). Recalling that ¢1;;(8) = (1 —

’YZ]) [U +o (1 - ’Yz)] + 73‘70-2”, we obtain

dg1:5(0)

2 2
’yi Uu
o2 (1 —79)°(1 =5 — %)

2 )
Yi.04

and

d.glz]((s) _2’71j(1 - 72]) 2 2 7@2 qu;l ,712] 272j e
Tdo? = (1—%'1'){U—g[%+(1—%)0’v]+(1—%j)(1+ » )+ o2 }

Combining the above results, we obtain mse(;;) from (4.1).

THEOREM 1. A second order unbiased estimator of the MSE(fi;;) is
giwen by mse(ji;;) with the property E[mse(fi;;)] = MSE(ju;;) + o(m™").
Proof of Theorem 1 is given in Appendix C.

1 in (4.2). Recalling that g7,,(5) =

We now need to find g“’ % and ;

o2[1 + v (1 = 2755)], we obtaln

dg*i‘(é) _
— 5 = (L= ) (1= 29)50,?,
and
dgy;;(0) - _
ﬁ = i 1{(1 — 29i) [y + v — (14 2935)] = 205 + 7 1%.}-

Combining the above results, we obtain mse(ji;;) from (4.2).

THEOREM 2. A second order unbiased estimator of the MSE(ji};) is
given by mse(fi};) with the property E[mse(ji};)] = MSE(fif;) 4+ o(m™").

Proof of Theorem 2 is similar to Theorem 1 and omitted for simplicity.

15



We now turn to mse(fi;). We need to obtain dﬁ’;;g‘” and dg(;;g‘” in (4.3). Re-

dg1i(8) _ log dg1i(6) _ (v 2N A2
do? 320t and do2 (7 ) E]’:l Vij-

calling that ¢1;(§) = %5—5, we obtain

Combining the above results, we obtain mse(f;).

THEOREM 3. A second order unbiased estimator of the MSE of fi; is
given by mse(ji;) with the property E[mse(ji;)] = MSE(ji;) + o(m™").

Proof of Theorem 3 follows along the lines of Appendix C and hence omitted.

5. Simulation study

5.1. Model-based simulation study

A model-based simulation study was undertaken in order to investigate
the performance of the proposed sub-area model. For simplicity, we consid-

ered the simple balanced sub-area model with a common mean and error

2

variances o;; = oz; for each sub-area. It is given by

yz]:N+U1+uzy+eZJy jzl,,ﬁ,lzl,,m (51)

Model (5.1) is a special case of the sub-area level small area model (2.3) with
zi; =1,08=pnp=1n; =n.

In our simulation study, we used n = 3 sample sub-areas in each area,
m = 30 small areas and consequently n = 90 sub-areas in each sample.
Without loss of generality, we set © = 0. However, to account for the es-
timation of unknown regression parameters that arise in application, we

still need to estimate this zero mean. We fixed o2 = o2 = 300, while

2

ei’

2

variance of sampling error; (a) o, =

we considered three patterns for o -
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(260, 280, 300, 320, 340, 360); (b) o2 = (230,280, 300, 320, 365, 650) and (c)
o2 = (100,280, 300, 380, 750, 2000), which are similar to those in Datta et

al. [5]. There are six groups Aj, ..., Ag and five small areas in each group

with three small sub-areas in each area. The sampling variances o2 are the
same within the same group. Pattern (c) has the largest variability in the
o2-values, while pattern (a) is the least variable and pattern (b) has inter-

mediate variability.

Following Lahiri and Rao [14] and Datta et al. [5], we considered three
different distributions for v;’s and w;;’s, namely normal, double-exponential
and location-exponential to evaluate the robustness of second-order unbi-
asedness of MSE estimators under nonnormality of the random effects v; and
u;; assuming that the sampling errors e;; are normal. For each pattern, we
proceeded along the following steps. We generated B = 5,000 independent
sets of random variables {v;;4 = 1,...,30} and {u;;;j = 1,2,3;i = 1,...,30}
from normal, double-exponential and location-exponential distributions hav-
ing means zero and specified variances o2 and 2, and we also generated ran-
dom variables {e;;;j = 1,2,3;% = 1,...,30} from normal having mean zero
and variance ¢Z. From those generated datasets the observations {y;;;j =
1,2,3;i = 1,...,30} were obtained using the model vy;; = v; + u;; + e;;. By
using the generated samples yg-’), (b=1,...,B=5,000), we calculated 63@ and
52 by WLS iteratively as described in section 2. In addition, we estimated
the variance components o2 and ¢2 by using the methods of maximum like-

lihood (ML) and restricted maximum likelihood (REML) under normality.

For each generated sample, we calculated

pd) =0 ) j=1,2,3i=1,..30;b=1,..,B,

17



=0, i=1,..,30b=1,..,B.

We computed the EBLUP estimates /lg?) and [Lgb) for each generated sample
b.

We now turn to the percent relative bias of the second-order correct MSE
estimator of sub-area mean over sub-areas and the second-order correct MSE
estimator of area mean as

RB; = 100 [ﬁ_IZRBZj] (i=1,..,m)
J

and

B
RB; = 100[B~" mse”’ /EMSE; — 1] (i =1,...,m)
b=1
where

B
RB; = B~'Y mse) /EMSE;; — 1,

b=1

B
BMSE: = 573 i — W),
b=1

and mse;; and mse; are given by (4.1) and (4.3). We then averaged RB; and

RB; over areas within the same group.

We report the results in Tables 1 and 2. As shown, all three methods,
ML, REML and EFH, perform equally well. More specifically, using the EFH
method, RB(%) of the second-order correct estimator of MSE; of sub-area
ranges from —3.9% to 1.6% for all three patterns and three distributions,
suggesting near unbiasedness. For the EFH method, patterns (a) and (b)
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Table 1
Percent average relative bias of sub-area MSE estimator over areas and sub-

areas within the same group.

Pattern (a) Pattern (b) Pattern (c)
ML REML EFH ML REML EFH ML REML EFH
Normal
Aq -0.9 -0.6 -0.5 -0.8 -0.5 -0.5 -0.3 -0.4 -3.9
Ao 0.2 0.6 0.6 0.2 0.6 0.6 0.1 0.5 -0.7
A3 -0.5 -0.0 0.0 -0.5 -0.0 0.0 -0.6 -0.2 -1.2
Ay -0.5 -0.1 0.0 -0.5 -0.1 0.0 -0.9 -0.4 -1.1
As 0.1 0.6 0.7 0.1 0.6 0.6 -0.9 0.1 -0.3
Ag -1.0 -0.4 -0.4 -1.5 -0.7 -0.7 -2.7 -0.9 -1.5

Double-exponential

Aq 0.3 0.7 0.7 0.5 0.8 0.8 1.0 0.9 -2.5
Ao 1.1 1.5 1.6 1.1 1.5 1.6 0.3 0.6 0.2
A3 0.1 0.6 0.6 0.1 0.5 0.7 -0.8 -0.3 -0.7
Ay -0.1 0.3 0.4 -0.2 0.3 0.4 -1.4 -0.9 -0.8
As -1.0 -0.5 -0.4 -1.3 -0.7 -0.4 -3.5 -2.4 -1.7
Asg -0.9 -0.4 -0.2 -2.0 -1.2 -0.7 -4.4 -2.6 -1.8

Location-exponential

Ay 0.7 1.1 1.0 1.1 1.5 1.2 2.0 1.9 -1.8
Ao 0.6 1.0 1.1 0.6 1.1 1.1 -0.5 -0.1 -0.3
Az 0.1 0.6 0.6 0.2 0.6 0.7 -0.9 -0.5 -0.6
Ay -0.6 -0.1 0.0 -0.5 -0.1 0.1 -2.1 -1.6 -1.2
As -0.5 0.0 0.2 -0.6 -0.1 0.2 -3.2 -2.2 -1.0
As -1.3 -0.8 -0.6 -2.6 -1.7 -1.2 -5.0 -3.2 -2.1
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with least and intermediate variability in o2 have better performance than
pattern (c) which has the largest variability in ¢ for all three distributions.
On the other hand, it is clear from Table 2 that mse; for the EFH method
leads to overestimation for all three distributions with RB(%) ranging from
1.3 to 5.4 for pattern (a), 0.3 to 6.1 for pattern (b), and —2.5 to 13.8 for
pattern (c). The RB(%) for the ML method range from —1.7 to 2.1 for
pattern (a), —4.1 to 2.9 for pattern (b), and —9.0 to 8.6 for pattern (c),
and results for REML range from 0.9 to 4.9 for pattern (a), —0.8 to 5.4 for
pattern (b), and —4.5 to 11.1 for pattern (c). Also, the variability of RB(%)

for pattern (c) is larger than for patterns (a) and (b) for all three methods

and three distributions. For pattern (c¢) with the largest variability in o2,
RB(%) for group A; with the smallest o2 is significantly larger than the

RB(%) for the other groups As, ..., Ag with larger 2.

Furthermore, to evaluate the efficiency of sub-area and area EBLUP esti-
mators relative to direct estimators, we computed the percent average relative
efficiency (EFF) of sub-area EBLUP estimator over sub-area direct estimator

y;; and area EBLUP estimator over area direct estimator y; = n; 'y ; Yij as

EFF,; = 100(EMSE, 4, /EMSE;)"/? | EFF,; = 100(EMSE; 4, /JEMSE;)'/?

respectively, where EMSEldW = T_l_l Zj EMSEij.dim EMSEij‘diT = B_l ZbB:I
b b 1B (b b o (b - b
(yi(j) - Mz(j))Q, EMSE; 4 = B™* Zb:l(yi() - Nz( ))2 with ?/z() =N, ! Zj y’fj)'
The values of relative efficiency of sub-area EBLUP estimator over sub-area
direct estimator averaged over areas within the same group are reported in

Table 3. All three methods produced nearly identical results in terms of

efficiency of sub-area EBLUP estimator over sub-area direct estimator for
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Table 2
Percent average relative bias of area MSE estimator over areas within the

same group.

Pattern (a) Pattern (b) Pattern (c)
ML REML EFH ML REML EFH ML REML EFH
Normal
Aq -0.1 2.4 2.9 0.8 3.3 3.9 4.9 7.2 9.9
Ao 1.2 3.8 4.3 1.5 4.1 4.8 1.1 4.0 5.8
As -1.7 0.9 1.3 -1.5 1.0 1.7 -1.8 1.0 2.5
Ay 1.1 3.7 4.3 1.2 3.9 4.6 -0.1 3.1 4.6
As -0.7 2.0 2.5 -0.8 1.9 2.6 -3.7 -0.1 1.0
Ag -1.3 1.4 1.9 -3.2 -0.0 0.6 -6.0 -1.5 -1.2

Double-exponential

Ay 1.7 4.3 4.8 2.9 5.4 6.0 8.1 10.4 13.4
Ao 2.1 4.9 5.4 2.5 5.3 6.1 1.8 4.8 7.6
As -1.4 1.2 1.8 -1.0 1.6 2.3 -1.4 1.5 3.6
Ay 1.0 3.6 4.2 1.3 4.1 4.8 -0.1 3.0 5.2
As -0.4 2.3 2.9 -0.6 2.1 3.0 -4.9 -1.3 0.6
Asg -1.2 1.5 2.2 -4.0 -0.8 0.3 -8.0 -3.6 -2.2

Location-exponential

Ay 1.3 4.1 4.5 2.8 5.4 5.9 8.6 11.1 13.8
Az 1.0 3.8 4.3 1.5 4.3 5.0 1.1 4.1 6.7
A3z 0.5 3.1 3.7 1.0 3.7 4.4 0.5 3.4 6.1
Ay -1.6 1.2 1.8 -1.1 1.7 2.5 -2.8 0.4 2.8
As -0.8 1.9 2.6 -0.8 2.1 3.0 -5.9 -2.1 0.4
As -0.8 2.1 2.8 -4.1 -0.8 0.5 -9.0 -4.5 -2.5
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all three distributions and relative efficiency for all three methods and three
distributions ranges from 124% to 132% for pattern (a); 121% to 151% for
pattern (b) and 110% to 213% for pattern (c). Moreover, EFF}; increases
with increasing o2 for all three patterns and three distributions, and the

variability of efficiency for pattern (c) is larger than for patterns (a) and (b)

due to large variability in 02. As a result, for a large 02, using the sub-area
direct estimator leads to significant loss in efficiency. We have similar results
on efficiency for area EBLUP estimator over area direct estimator (EFFy;)

averaged over areas within the same group, which are reported in Table 4.

If we take 02 = 0, our model (2.3) reduces to the Fay-Herriot model. To
investigate the loss of efficiency by using the Fay-Herriot model incorrectly,
we computed the percent average relative efficiency of sub-area EBLUP es-
timator over the Fay-Herriot estimator as EFF3; = 100(EMSE; rr7/
EMSE;)!/? where EMSE; pyy = 7' Y, EMSEy; py, EMSEyj pr = B™' Y,
(ﬂgg)FH - ,ul(?))z with ,&Z(;))FH denoting the Fay-Herriot estimator for the b-
th simulated sample. We then averaged EFFj; over areas within the same
group. As shown in Table 5, the sub-area EBLUP estimator is more efficient
than the Fay-Herriot estimator for all the three methods and patterns over
all the three distributions. Similar to EFF of the sub-area EBLUP estimator
over the direct estimator, efficiency of the sub-area EBLUP estimator over
the Fay-Herriot estimator is nearly identical for all the three methods ML,
REML, and EFH and three distributions normal, double-exponential, and

location-exponential. Over all the three distributions, EFF(%) ranges from

104% to 106% for pattern (a), from 104% to 106% for pattern (b), and from
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Table 3
Percent average relative efficiency of sub-area EBLUP over sub-area direct

estimator averaged over areas within the same group.

Pattern (a) Pattern (b) Pattern (c)
ML REML EFH ML REML EFH ML REML EFH
Normal
Ay 124 124 124 121 122 121 110 110 110
Ao 125 125 125 125 125 125 125 125 125
As 127 127 127 127 127 127 127 127 127
Ay 129 129 129 129 129 129 133 133 133
As 130 130 130 132 132 132 156 156 155
Ag 131 131 131 149 150 150 212 212 211

Double-exponential

Aq 125 125 125 122 122 122 111 111 110
Ao 126 126 126 126 126 126 126 126 126
As 128 128 128 128 128 128 128 128 128
Ay 129 129 129 129 129 129 133 133 133
As 131 131 131 133 133 133 157 157 157
Ag 132 132 132 150 150 151 213 213 213

Location-exponential

Ay 125 125 125 123 123 122 111 111 110
Ao 127 127 127 127 127 127 126 127 126
As 128 128 128 128 128 128 128 128 128
Ay 129 129 129 129 129 129 133 133 133
As 131 131 131 133 133 133 157 157 157
Asg 132 132 132 151 151 151 212 213 213
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102% to 105% for pattern (c). An advantage of our sub-area model is that it
provides EBLUP estimator for both area means and sub-area means simul-

taneously.

An advantage of the proposed sub-area level model is that the associate
pseudo-EBLUP, jif;, for a non-sampled subarea (i,j) can lead to signifi-
cant efficiency gains over the corresponding regression synthetic estimator,
xlj BFH, under the Fay Herriot model y;; = ﬂ + u;; + e;; that ignores area
effect, where uij i "N(0,02) and 5FH is the WLS estimator of § under this
model. The efficiency gains (not reported here) are significantly larger than

those for the sampled areas reported in Table 5.

5.2. Design-based simulation study

We consider the following two-fold model for a design-based simulation

study:
Yijk = 1+ v +uijg +eige, 1=1,...m;j =1, Nk =1,.. Ny,

where v; ~ N(0,02),u;; ~ N(0,02) and e, ~ N(0,0%). We first generated
a fixed finite population {y;;;} using the two-fold model with m = 30 small
areas and [V; = 18 sub-areas and V;; = 300 elements in each sub-area. Our

population area and sub-area means are defined as follows:

Yijk, _z = N Z Yijk-

We then draw a two-stage simple random sample from each area using n; = 10

N; Ny

=i
||

7j=1 k=1

and n;; = 3. We have 4;; = 4+ v; + u;; + €;; where &;; ~ N (0,02 /n;;). We
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Table 4
Percent relative efficiency of area EBLUP over area direct estimator averaged

over areas within the same group.

Pattern (a) Pattern (b) Pattern (c)
ML REML EFH ML REML EFH ML REML EFH
Normal
Aq 121 122 122 120 120 120 113 114 113
Ao 122 122 122 122 122 122 121 122 121
As 123 123 123 122 123 123 122 122 122
Ay 124 124 124 124 124 124 125 126 126
As 125 125 125 126 126 126 139 140 140
Ag 125 126 126 136 136 137 179 179 179

Double-exponential

Aq 122 123 123 121 121 121 115 116 115
Ao 123 123 123 123 123 123 122 123 122
As 124 125 125 124 124 124 124 124 124
Ay 125 125 125 125 125 125 127 127 127
As 126 127 127 127 127 127 141 141 142
Ag 127 127 127 137 138 138 180 180 181

Location-exponential

Ay 123 123 123 122 122 122 117 117 116
Ao 124 124 124 124 124 124 124 124 123
As 126 126 126 126 126 126 125 125 125
Ay 126 126 126 126 126 126 128 128 128
As 127 127 128 128 128 128 141 142 142
Asg 128 128 128 138 138 139 180 180 181
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Table 5
Percent average relative efficiency of sub-area EBLUP over the Fay-Herriot

estimator averaged over areas within the same group.

Pattern (a) Pattern (b) Pattern (c)
ML REML EFH ML REML EFH ML REML EFH
Normal
Aq 104 104 104 104 104 104 102 102 102
Ao 104 104 104 104 104 104 104 104 104
As 104 104 104 104 104 104 104 104 104
Ay 105 105 105 105 105 105 105 105 105
As 105 105 105 105 105 105 105 105 105
Ag 105 105 105 105 105 106 104 104 104

Double-exponential

Aq 105 105 105 105 105 105 103 103 103
Ao 104 105 104 105 105 105 105 105 105
A3 104 104 104 104 104 104 104 104 104
Ay 106 106 106 106 106 106 104 104 104
As 105 105 105 105 105 105 105 105 105
Ag 105 105 105 105 105 105 104 104 104

Location-exponential

Aq 105 105 105 105 105 105 104 104 104
Az 105 105 105 105 105 105 105 105 105
A3z 105 105 105 106 106 106 104 104 104
Ay 105 105 105 106 106 106 105 105 104
As 105 105 105 106 106 106 105 105 105
Asg 105 105 105 106 106 106 104 104 104
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set the model parameters as in our model-based simulation study (section
5.1). For simplicity, we only considered the pattern (b) with the random
effects generated from normal distribution. In particular, we set u = 0,02 =
o2 =300, and o2 /n;; = (230,280, 300, 320, 365, 650). We selected B = 5000

two-stage samples from the fixed finite population.

We calculate our design-based area EBLUP using (2.13), EBLUP for a
sampled sub-area using (2.10), and EBLUP for a non-sampled sub-area using

(2.11), with replacing variance components with its estimators.

Similar to Pfefferman and Sverchkov [16], we report the EMSE separately
for sampled and non-sampled sub-areas. In the case of sampled sub-areas,

we have
B

B

b) /(b Y. b

EMSE;; s = E dz(j)(uflj) - ij)z/E :dvgj)7
b=1

b=1
where dg?) is 1 if the sub-area j in area i selected in the b—th sample and it

is zero otherwise. In the case of non-sampled sub-areas, we have

EMSE; 0 = Y (1= d) (" — ¥i)2/ S (1 —d).

b=1 1

The EMSE for area EBLUP is given by

B B
b=

B
EMSE; = B™' ) (i — v;)2.
b=1

The EMSE values averaged over areas and sampled and non-sampled sub-
areas within each group were reported in Figure 1. For the moderate bal-
anced pattern (b) in the case of Normal distribution of the v;’s and w;;’s, the
variability of the EMSE; values over groups Ay, ..., Ag for sampled sub-areas

is comparable with the corresponding values in our model-based simulation
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(Table 1) and smaller than the corresponding values for the non-sampled
sub-areas. Moreover, all three methods, ML, REML and EFH, produced
identical results in terms of EMSE; for both sampled and non-sampled sub-
areas. We have similar results for EMSE of area EBLUP (EMSE;) averaged

over areas within same group, which were reported in Figure 2.
We also take the Fay-Herriot sampled sub-area estimator as follows:
abt = a8+ (B, 02), (5.2)
where u;;(0,05) = 7 (yi; — @l 3), § and o2 were estimated based on the

model (5.2). For the non-sampled sub-area, we used the regression synthetic

estimator

~

The values of relative efficiency of sub-area EBLUP estimator over Fay-
Herriot sub-area estimator averaged over areas within the same group were
reported for both sampled and non-sampled sub-areas in Figure 3. All three
methods produced nearly identical results in terms of efficiency of sub-area
EBLUP estimator over Fay-Herriot sub-area estimator, and relative efficiency
for all three methods ranges from 103% to 124% for sampled sub-areas, and
from 99% to 173% for non-sampled sub-areas. We have similar results on
efficiency for area EBLUP estimator over area direct estimator averaged over

areas within the same group, which were reported in Figure 4.

6. Discussion

Our simulation results indicate that the three methods of estimating

model parameters (ML, REML and EFH) perform similarly in terms of MSE
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Fig. 1 Empirical mean squared error (EMSE) of sub-area EBLUP over
areas and sampled and non-sampled sub-areas within the same group,
pattern (b) with normal distribution for random effects, noting that the
EMSE values are identical for the methods ML, REML, and EFH for both

sampled and non-sampled sub-area.
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Fig. 2 Empirical mean squared error of area EBLUP over areas within the

same group; pattern (b) with normal distribution for random effects.
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Fig. 3 Percent average relative efficiency (RE) of sub-area EBLUP over the
Fay-Herriot estimator averaged over areas and sampled and non-sampled
sub-areas within the same group, pattern (b) with normal distribution for

random effects, noting that the RE values are identical for the methods

ML, REML, and EFH for both sampled and non-sampled sub-area.
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Fig. 4 Percent relative efficiency of area EBLUP over area direct estimator
averaged over areas within the same group; pattern (b) with normal

distribution for random effects.
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of the associated EBLUP estimators of area means and sub-area means and
the RB of the associated MSE estimators. Non-normality of the random
effects v; and wu;; has not affected MSE and its estimator significantly, even

though the MSE estimator is derived under normality.

It is possible to use a jackknife method or a parametric double-bootstrap
method along the lines of Jiang, Lahiri and Wan [13] and Hall and Maiti [9] to
estimate the MSE of the EBLUP estimators but the methods are computer
intensive and the resulting MSE estimators are less stable than the second-
order correct MSE estimators and they may take negative values. Those
resampling methods are suitable for cases where second-order correct MSE

estimators are not tractable or difficult to derive.

A natural alternative to the EBLUP approach, proposed in this paper,
is to use a hierarchical Bayes (HB) approach (Rao [17], Chapter 10). The
HB approach leads to “exact” inferences, unlike the EBLUP or the empirical
Bayes (EB) approach, but it requires the specification of prior distributions
on the model parameters. A referee noted that within the HB approach,
auxiliary information from misaligned sub-areas can also be included (see

e.g., Gotway et al. [8]).

We have studied sub-area level models but unit level can also be used (Rao
[17], Chapter 7). A referee suggested a unit level model of the form y;;, =
i P1 + zgjkﬁg +v; + u;j + €55 that includes both area level covariates x;; and
unit level covariates z;;;,. Inference under this model requires data (y;j, 2ijk)
at the unit level, whereas our sub-area (say county) model requires only

sub-area level data (y;j,z;;). Our sub-area level model also accommodates
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the sampling design within sub-areas through the direct estimators y;; of

sub-area means unlike the above unit level model.
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Appendix A. Derivation of variances and covariance of 52 and 5>

We express the moment equation (2.14) as
yAi(0)y =n—p (A. 1)
where y = coli<;<(y;) and
A (8) = V) = VIO XX V)X X'V9),

with V(0) = diagi<i<m(Vi) and X = coly<j<,(X;). Similarly, the moment

equation (2.16) is expressed as
Yy As(6)y =m —p, (A.2)
where § = coli<;<mm(7;) and
Ay(8) = VHO) = VO Z(FVE) 1 FVL(6),
with V() = diagi<i<m(52) and T = coly<j<p(T}).
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Then by a Taylor series expansion, we have from (A. 1) and (A. 2)

1y _ v A1()y/(n—p) _ [ YA©)y/(n—p)
1 ' A2(0)3/(m — p) ' A2(0)y/(m — p)

i)

/A% 1) n— ’A% 1) n — &3 3
N _y ( )_Y/( p) _y ( )_Y/( p) o O 5= |V
"Ay(0)y/(m —p) §A3(6)y/(m —p) G2 — o
Hence
r—oy | _ [ YAIEO)y/(n—p) YAy e
5~ 7 AYO)/(m—p) 7 AO)y -F iif ;?y
+O(I] 6 = 6 |*)]2x1, A. 3)

where A7 () = d’zgg‘s);i,j =1,2.

On the other hand, (n—p)~'y'A;(0)y = (n—p) ' E[y’ A1 (0)y]+O,(m~1/?) =

1+ O,(m~12), since var[(n — p) "1y’ A1(8)y] = O(m™1), (Bishop et al. [1]).
Similarly, (m — p)~'y'A2(0)y = (m — p) ' E(§'A2(0)y) + Op(m™"?) = 1+
O,(m™Y?), since var[(m — p)~'¥A2(6)y] = O(m~!'). That means, (n —
p) Ly A1 (8)y — 1 and (m — p) 71§’ Ay(8)y — 1 are of order O,(m~1/2).

Moreover, noting that V; = var(y;) = 02J,, + 02l,, + R; and V =
diag(Vy, Vo, ..., Vi), we get 57‘/2 = diag(Jp,, ..., Jn,) = J,, where Jp,; is a ma-

trix of ones with dimension n; x n; and % =diag(ly,, ..., I, ) = I,. Hence,

we obtain AL(6) = 0A4,(8)/00% = —AyJ, Ay and y' AL (8)y = —y'A1(8)J, AL (8)y.

Therefore,
E(y'A1(0)y) = —tr[J. B{(A1y) (A1)},
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where E{(A1y)(A1y)'} = var(Ayy)+E(A1y)E(Ary) with var(Ay) = A1V A =
Ay and E(Ayy) = E(V'y = V'Xj3) = V7'XB — V7'XB = 0. Hence,
E[(Ary)(Ary)] = A

We may further write E(y'AL(6)y) = —tr(J,Ay) = —tr(J,V) = O(m)

for large m, so that
(n=p) Y AL©O)y = —(n — p) Htr(J V1) + Op(m™1/?), (A 4)

It follows that (n — p)~'y’A}(0)y = O,(1), since var{(n — p)~'y'Al(0)y} =
O(m™1).

Similarly, E[y’A%(d)y] = E(y’agég)y) ~ —tr(V~') = O(m), so that
(n—p) Y A2(0)y = —(n — p)"Hr(V1) 4+ O,(m~Y?), (A. 5)

and, since var[(n—p) 'y’ A3(d)y] = O(m™!), it follows that (n—p) "'y’ A2(§)y =
O,(1).

2
Og.
€4

ng ’

and V = diag<;<;,(62) such

. - 2
Moreover, noting that 62 = o2 + fl—“ +
that % = I, and % = diag(nyt,...,n-') = N~'. As before, we may write

E(y'AY(0)y) = E(y522y) ~ —tr(V™1) = O(m), so that

(m —p) "' AYO)y = —(m —p) " r(V) + Op(m™"7). (A. 6

~—

Since var[(m — p) 7'y AL (0)y] = O(m™'), it follows that (m —p) =¥ AL(d)y =
O,(1).

Similarly, E(¥A3(0)7) = E(7'2295) ~ —tr(N~'V~1) = O(m), so that

(m —p) ' A3y = —(m —p) r(N'VH + Op(m™ %) (A7)
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Noting that var[(m — p) ™'y A2(0)y] = O(m™'), we get (m — p) "'y A2(0)y =
O,(1).
Hence, it follows from (A. 3) that 62 — 02 = O,(m~/?) and &2 — 02 =

O,(m~Y/2). Therefore, by (A. 4)-(A. 7), we may write (A. 3) as

-1

Go—ov \ _ [ (VT (a=p)  tr(VTH/(n—p)
G = O tr(V=1)/(m—p)  tr(N"'V1)/(m —p)
| _ YAy
) vy | T Opm 2. (A. 8)

Then, the asymptotic variance-covariance of S is given by
—1

var(62)  cov(G2,52) tr(fnV71) (V7Y
v v U — n—p n—p
COV(&z &2) Var(52) tr(V—1) tr(N—1v—1)
v u u m—p m—p
_, _ -T
var(YALOY) cov(LALOY T A0 VY (v
n—p n—p m—p n~p ~7’L 10~
COV(Y’A1(5)Y Y’A2(5)5’) Var(Y'Az((S)}_’) tr(V=hH NV
n—-p ' m—p m—p m—p m—p
where
varly’ Ay (0)y/(n —p)] = 2(n —p) ™, (A.9)
var[y' A2 (6)y/(m — p)] = 2(m —p)~}, (A. 10)

cov[y A1 (9)y, 7' A2(9)y] = covly’ A1 (d)y, yljv*TAz(& ~f1Y]
= 2t [A1 (6)V N T Ay () N1V, (A. 11)

and Nl_ly =y with

n'1,, 01, ... 0L,
N = o%nz ngfan . o%nQ
01,, Ol,, ... n'l,,
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In fact, to get (A. 9)- (A. 11) we used the following Lemma.

LEMMA 2 (Searle [18]): If # ~ N(u, V') where x is a vector, ' Px and
'Qx are two quadratic forms such that P and QQ are square matrices, then

we have that

cov(z' Px,2'Qx) = 2tr(PVQV) + 41/ PV Qu.

Hence, combining (A. 9)-(A. 11), the asymptotic variance-covariance of 5

is well-defined. To further simplify, we first note that

o202 ,

V. b = diag;[(o? + Uem) - m

i

Hence,

2 Z{% - 7 Z%zj}, (A. 12)
U =1 b=l

tr(J, == EW: (1 —). (A. 13)
Furthermore, we have that a
tr(V-1) = i ni(no? + o2 + o), (A. 14)
i=1
tr(N~1V1) = Em:(niag +o2+02)h (A. 15)

=1

Therefore, we may write the variances and the covariance of 62 and 62 as
var(62) = 2[tr(J,V " )tr(N V1) = tr (V- )tr (V)] 2 n[tr (N1 1))2

+mftr(V-H]? = 2tr(V - )tr(N TV Ytr (AL VN T ANV} 4 o(m™h),

var(a3) = 2[tr(LV ) er(N V) = tr(V (V) e (V]
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+mftr(J,V )2 = 2tr(V Y tr(J,V Htr (A VNTTANTIV) Y + o(m™h),

cov(52,52) = 2|tr(J,V V)t (N1 1) — tr(v—l)tr(v—1>] _2{ — (VY

v U

tr(N"2WV Y —mtr (V"Htr(J,V 1+ [tr(v_l)tr(f/_l)+tr(N_1V_1)tT(JnV_1)
tr(AWVNTTANTY) o+ o(m ),

where tr(V=1), tr(J,V1),tr(V"1) and tr(N-'V 1) are given by (A. 12)-(A.
15) respectively.

Appendix B. Derivation of bias of 62 and 52

We now find expressions for bias terms b(62) and b(62). We have b(4;)
E(6;—6;) = E(6;—68;)+ E(6;—6;) for i = 1,2, where E(6;—0;) = —E[6;1(6;
0)] < [E( )]1/2[P7’(5i < 0)]Y? = O(m™?). To get E(Si_(si) = b((si)v E(65—0
and F(52 —

(A. 3), letting Ax(0) = Ag, AL(0) = A} and AZ(5) = A2 for k = 1,2, we have

| /\

SE N

)

02), we follow Datta et al. [5] to derive the bias of 62 and 2. By

(¥ Ay = (n=p)+ [y Aly +r(JuA0)] (62 —02) + [y Ay -+r(4)] (32— )

n—p
(G0t (T A~ (502 (An) gt (VAL (02024 st (VAP (50
+tr(VA?) (62 — 02) (62 — o )} +o,(m™) =0 (A. 16)

and

m;_p{}_”AQ}_’—< p)+ [y A2y+tT’(A2)](J —0 ) [y A2y+tr( lAg)](a _02>

(G0t (An) (G20 ir (N A4 5tr(V AR (32024 tr(V A) (602
Hr(VAR) (52 = 02)(32 — 02) } + 0,(m™") =0, (A. 17)
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where A7 (6) = dd?Z(s , (k =1,2). We then take expectations of (A. 16) and
(A. 17) to get

1 ~
L {eon(y/ ALy, 5%) -+ cony A, 72) — tr(a A — (AN
1 1
5t (VAL Jvar(52) + S tr (VAR var(52) +tr (V AR)cov(5, au)}—i—o( N =0
(A. 18)
and
Lol ALy, 32+ con(y Ay, 52) — tr(AHEE) — (N A (32)

+;tT(VAH)Var( )+2tr(VA22)Var( 2t (V AR cov (52, Ou)}+0( Y =o.

(A. 19)
Therefore, we can find approximations to b(62) and b(¢2) from (A. 18) and
(A. 19) as

tT(Al)tT(AQ) = -1 ~
T (NAy) W’(JnAl)} { — cov(y'Ayy, 6;) — cov(y'Aly, o7)

b(,) =
—tr(AyJ, Ay J,)var(62) — tr(A Ay )var(62) — 2tr(Ay Ay, )cov (62, 62)
tT’(Al)

————[cov(V' A3y, 52) + tr(AsAy)var(62) + cov(y Asy, 62
RS oon(7 ALy )+ r(Aa a7 + (7 A )

+tr(Ay N7 AN "Yvar(62) + 2tr( Ay Ay N~ cov (62 02)]} (A. 20)

v U

and

b(5'2) _ tT(Al)tT(AQ)

- -1
4 —tr(N"1A — Aly, 52) — Ay, 52
" A 7( 2)} { cov(y' A3y, ;) — cov(y' A3y, 62)

—tr(AyAy)var(62) — tr(A; N~ Ay N~ Yvar(62) — 2tr(AyAsN~Heov(52, 62)
tT(Ag)

———=2_[cov(y'Aly, 62) + tr(AyJ, Ay, )var(62) + cov(y' Ay, 2
L fcon(y Ay, 02) + (AT ATy () + ol Ay )
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(A Ay var(62) + 2tr (AL AT, ) cov(62, 5—2)]}, (A. 21)

u

where cov(y'Aly, 52), cov(y' Aly, %), cov(y' ALy, 62) and cov(y' A3y, 52) are cal-

culated below.

By (A. 8), we may write

52_gr = TV VY Ay = (n = p)] —tr(V [y Aoy — (m=p)] ) 1y
v tr( V1) (N=IV 1) — (V-1 (V) o

Now using Lemma 2, we get

-1

cov(y' Aly, 52) = 2|tr(J,V1er(N-1V-1) — tr(v—l)tr(v—l)]
. [ —tr(N"YWVYtr(AJ,) — tr(v—l)tr(A}vN;TAQN;IV)] +o(m™Y)
and
cov(y' Ayy, 63) = 2[tr(jnV_1)tr(]\~/'_1f/_l) — tr(V_l)tr(V_l)]_l [tr(N‘lf/_l)
Ar(NTTALNTIV A V) — tr(v—l)tr(N;TA;Nl—lVJV;TAQN;W)} +o(m™).
Similarly, from (A. 8) we have

52_g2 = TV Aw = (P +ir(LV A — (m=p) ) oy
o tr(JV=)tr (N=IV 1) — tr(V=1)tr(V1) e

Again using Lemma 2, we have
cov(y A2y, 52) = 2[tr(J,Vr(F V) (v (V]
. [m«(v*—l)tr(Al) + tr<jnv—1)tr(Ava;TAm;lV)} +o(m™)
and
cov(s' 435, 2) = 2[tr(J,V = )r(F V) —ar (v (U] = (VY
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tr(NyTAZNT WV AV ) 4-tr(J,V Dtr(NTTAZNTTWVNTT ANV | Fo(m Y.

Finally, combining above results, we obtain bias approximations b(52) and

b(62) from (A. 20) and (A. 21) respectively.

Appendix C. Proof of Theorem 1

We must show that mse(fi;;) is correct to O,(m™1). By Taylor expansion,

~ ~

9155(0) = g13;(8) + (0 — 6)' Vg1 (5) + %(5 —6)'V21;5(0) (6 — &) + op(m ™).

Now taking expectation of the above equation,

E[glij(g)] = glij(6)+E[(5_6>,v91ij(5>]+%E[(3_5),v2912j(5)(8_5)]+0(m_1);

where

~ d ij ~ d iJ
(6 — 6)'Vgui;(0)] = b(62) 214 4 p(52) 0w

2 2
do? do?

In addition, we have

2

E[(0 = 0)V?g15(6)(0 = )] =Y > V?q1i50(8) E[(0 — 04) (01 — 1))

k=1 =1

2 2
= 3D V210 | (G = b + 8 — 0 — 8+ b — 3|

2 2
= 3> VR guiul6) E| (5 - 0451 5l]+22v 91509 E [ (5 ~5)(51-3)|

k=1 I=1 k=1 I=1
2 2

30D V2 uim(0) B | (5 —00) (01— @hZZv 91k (0)E | (04— 0¢) (31-3y)|
k=1 I=1 k=1 I=1

= 202 V() E| (G~ )3 — 8)] +o(m ™)

e
Il
—
-
Il
—_
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=tr [Var(g)v2g1ij(5) +o(m™),

since by applying Holder’s inequality
E[(6 — 05) (01 = 00)] < (Elbx — o) * (B0 — 0,*)'* = o(m™"),

and noting that V2gy;.(8) = O(1), E|d — 6> = O(m™2) and E|d), — 6| =
O(m~?) by the following argument:

Eﬁh—&P:ED&FH&SO)

< (Blo|)?{E[1(0; < 0)}/? = O(m™),
by Holder’s inequality, since {E[I(d, < 0)]>}/2 = [Pr(0, < 0)]"/2 = O(m™?)
and

~ ~ ~ 2
B8, — 0 + 0" = E[((Sk — )2+ 0% + 26,6, — 5k|]
2{ B3k — 8% + 631 + 4E (535 — 04)]* |

—9 {E(Sk )t O 4 202 B (8, — 64)2 + 402E (S, — W} —0(1).

Similarly, E[(8x —6¢) (0= 8)] < (Eld —0u*)/.(EJ6, = [*)/* = o(m™),
by noting that E|6, — 6,2 = var(é;) = o(m™!) and E|6; — 6> = o(m™!). By
a similar argument, E[(8; — 0;)(0; — &;)] = o(m™1). Combining above results,

we have

Blgus ()] = 0 (0)+5(62) Dy 52) 50D L (5) 91 0] om ).

It is easy to show that %tr[var(S)Vquj(cS)] = —gs;;(9).

Hence,

dguj

E[Qw@)] = g145(6) + b(o )dghj +b(57) do2

do?

— g3:;(0) + o(m™1).
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Now, since go;;(0) and gs;;(9) are of order O(m™1), it follows that
E[g2i5(0)] = 9215(8) + o(m ™),

and

Elg3:(6)] = gai;(8) + o(m™).

Therefore, gy;;(0) and gs;;(6) are the correct estimators of go;;(6) and
g3i;(0) respectively, each with bias o(m™!). Combining above results, we
have that

Elmse(f1i;)] = MSE(1i;) + o(m™).
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