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1. Introduction

We consider nonlinear errors-in-variables models of the form

E(y| o) =g (a;6°) (1.1)

and
z=z+¢, (1.2)

where the K X 1 vector of explanatory variables z are unobservable and
only their proxies z are observed. The measurement errors ¢ are assumed
to be independent of z and are independently, identically distributed with
mean 0 and covariance matrix V. The p X 1 vector of parameters §° are
assumed to lie in the interior of a convex compact set ® C RP, with
R? denoting a p-dimensional Euclidean space. We assume that g(z;8) is
nonlinear in z and is differentiable with respect to z and 6. Let u denote

the difference between the observed y and its conditional expectation
(1.1), then

y=g(z:6°) +u (13)

and u is assumed to be independent of e.

When variables are subject to measurement errors, it was shown by Y.
Amemiya (1985) and Hsiao (1989) that the mere existence of instruments
that are correlated with the latent variables, z, but are uncorrelated with
the errors ¢ is not sufficient to identify nor will it provide a consistent
estimator of 89 if g(z;6) is nonlinear in z variables. To obtain consis-
tent estimators of °, Amemiya and Fuller (1988), Stefanski and Carroll
(1985), Wolter and Fuller (1982a, b) etc. have relied on the assumption
of increasing sample size and decreasing error variances. Alternatively,
a structural errors-in-variables approach which assumes a known condi-
tional distribution of z given z (or conditional distribution of € given
z), f(z ] 2;6° can be used, where §° denotes the ¢ x 1 vector of pa-
rameters. Combining f (z | z; 6°) with the conditional distribution of y
given z, f (y | z; A°), where A? is the parameter vector including 6° as a
subvector, we can derive the conditional distribution of y given z,

Fu1528) = [£(016X) £ (o158 do, (14)
or the expected value of y given z,

E(ylzyY) = /g(:v;0°)f(wIZ;6°)dz
= G (579,
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where 70 = (6” ,60')'. Under fairly general conditions, it can be shown
that the maximum likelihood estimator (MLE) that maximizes the condi-
tional likelihood function (1.4) or the minimum distance estimator (MDE)
that minimizes some distance measure of [y — G (z;7)] is consistent and
asymptotically normally distributed (e.g. Hsiao (1989, 1991)). However,
to implement the MLE or MDE, not only the error distribution needs to
be known a priori, also computationally it can be unwieldy because of
the need to take multiple integrations. Therefore, Carroll and Stefanski
(1990), Stefanski (1985), Whittemore and Keller (1988), etc. have sug-
gested alternative computationally simpler bias adjusted or approximate
maximum likelihood estimators which do not need to take multiple in-
tegrations and only require the knowledge of the first two moments of
measurement errors given the observed covariates. That is,

E(e| 2) = a(z) = ca(z) + o(c), (1.5)

E (e€ | 2) = Q(z) = Q(2) + o(c), (1.6)

are assumed known or estimable, and

E (el | 2) = ofc), (1.7)

where c is a positive scalar that reflects the magnitude of the variance of
¢ relative to that of z, & and ( are independent of ¢. They demonstrate
that the bias of their bias adjusted or approximate MLE estimators is
of order o(c). In this paper we shall also assume (1.5) - (1.7) and pro-
pose alternative approximate MDE or MLE, which is straightforward to
implement and appears to perform better.

There are many practical situations where assumptions (1.5) and (1.6)
are applicable, in particular in situations when replicated measurements
are available. Some of these situations were described by Berkson (1950),
Carroll and Stefanski (1990), Whittemore and Keller (1988), etc. Appli-
cations of some special nonlinear errors-in-variables models in medicine
and epidemiology may be found in Rosner, Willett and Spiegelman (1989)
and Tosteson, Stefanski and Schafer (1989). A survey of approaches to
estimation is given by Carroll (1989).

In section 2 we introduce the alternative approximation to MDE or
MLE and discuss how this method may be implemented. In section 3 we
provide some examples that evaluate the bias of various approximate esti-
mators analytically and discuss how these methods may be implemented.
In section 4 we provide some Monte Carlo evaluations. Conclusions are
in section 5.
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2. Approximate Nonlinear Least Squares Estimator

Suppose the conditional distribution of z given 2 f(z | z;6°) is known.
Then one can compute the conditional mean of y given z

G (Zi;’yo) =E(yi|z)=E [9(93;';00) | Zi] « (2.1)

It was shown by Hsiao (1989) that under fairly general conditions the non-
linear least squares estimator (NLS) that minimizes Y%, [y — G (2i; 7))
is consistent and asymptotically normally distributed. However, the com-
putation of the nonlinear least squares estimator involves multiple inte-
grations in the form of (2.1) at each iterative step, which can be quite
complicated. Moreover, the approach is sensitive to the specification of
f(z | z;6% (Shafer (1987)). Thus, various computationally feasible pro-
cedures that avoid multiple integrations have been proposed to obtain
bias adjusted or approximate MLE or NLS (e.g. Carroll and Stefan-
ski (1990), Stefanski (1985), Whittemore and Keller (1988)) for the case
when measurement error variances are small relative to the variance of
observables z.! In this paper we propose another method of obtaining
approximate NLS which is easy to derive and simple to implement and
does not require the knowledge of f(z | z;6°). The estimator also appears
to possess good properties even when the measurement error variance is
not small.

There are two approaches to derive the approximate NLS. One ap-
proach is to take a Taylor series expansion of the NLS around ¢ = 0
(e.g. Whittemore and Keller (1988)). The other approach is to obtain
an approximation of G(z;7), say A(z;7), then solve for the approximate
NLS by minimizing "%, [4; — A (2;7)]* (Carroll and Stefanski (1990),
Rudemo, Ruppert and Streibig (1989)). In this paper, we shall follow the
latter approach.

There are many ways to obtain the approximation of E(y | z). Chesher
(1991) has suggested an approximation of the conditional density of y
given z, f(y | z), which has approximation error o(c) and avoids the com-
putation of multiple integrations. The approximation of the conditional
mean of y given 2 can then be obtained by using this approximate density
function. Here we suggest an alternative approximation that is straight-
forward to derive and the approximation error is also of ofc).

Let ¢(z), which may also depend on ¢, be a predictor of unobserved

1Strictly speaking, the procedures they propose are for obtaining approximate max-
imum likelihood estimator. However, they can be easily adapted to the present setting.



z. Taking a Taylor series expansion of g(z;6) around ¢(z), we have

o(z:0) = g(g(),0)+ 2B (4

i ,0%(6(2),0)
+3 (z - ¢(2)) T rda (z — ¢(2))

+e(z,$(z),0).

Then G (2;7) can be approximated by taking expectation of (2.2) without
the fourth term on the right hand side of the equality, conditional on z:

(2.2)

A1) = 0G0 WD e z)2)
ot {?%ﬁﬁ) (e =62 (2 - 4(2)Y | z]}
(2.3)
The approximation error is given by E [e(z, #(2),0) | 2]. For instance, if
#(z) = z, then

Az = (236) - 255002 4 L [3;’(5 Tz Do >] (2.4
and the order of approximation error E [e(z,¢(2),8) | z] is o(c) under
(1.5)=(1.7), given that the third derivative of the function g(z;#) with
respect to z is bounded. Note that (2.4) does not require the knowledge
of f(z | z). It only needs the knowledge of E (z | z) and Cov (z | 2). So
is our proposed approximation formula (2.7) below. Therefore, without
causing confusion, we shall use A (z;8) to denote A (2;7) conditioning on
a(z) and Q(z) and use G (z;8) to denote G (z;7) conditioning on é.

Following the standard nonlinear least squares framework, we assume
that

A.1 (yi,2!) are independently, identically distributed (i.i.d.) and Ey? <
o0.

A.2 A(z;9) is continuous in 8 and E supyeg |4 (2;8)]> < o0

A3 Q(6) = E[G(26°) — A(z; 0)]2 attains the unique minimum at an
interior point 8 € O.

Let Sp(6) = S, [4: — A(24;6)]% and 84 be the solution to mingee Sn(6).

Theorem 2.1. Under assumptions A.1 - A.3, the approximate NLS for
model (1.1) - (1.2), 64, converges in probability to 4.



Proof: Denote Gi(8) = G(zi;6) and A;(8) = A(z;; 6). Then we can write
250 = 13- GO’
4-ziwwGMWKMM—&@] (23)
+ = Z [Gi(68°) — Ai(9))”.

By A.1 and the Kolmogorov law of large numbers, the first term on the
right-hand side of (2.5) converges in probability to the constant

E[Var(y; | z;)]. Under A.1 and A.2, the second term converges to 0 in
probability uniformly in § € © by Theorem 4.2.1 of T. Amemiya (1985).
Similarly, the third term on the right-hand side of (2.5) converges to Q(6)
in probability uniformly in € ©. The result then follows from A.3 and
Theorem 4.1.1 of T. Amemiya (1985). ]

In general @ is different from the true parameter 9. The difference
§ — 6° gives the asymptotic bias of §4. It is well-known that the naive
estimator §(0) that ignores the measurement error issue has the bias of
order O(c). For the approximate NLS, 4, we have the following general
result:

Theorem 2.2. In addition to A.1 - A.3, we assume

A.4 A(z;0) is continuously differentiable with respect to 0 and
E supgep [|0A(2;8)/06))° < .

A.5 B(0) = (1/2)0%Q(6)/000¢' is nonsingular for all § on a straight line
between 6° and 6.

Then plim f, = § = 6° + B(6*)"'H, where 8* lies between 6° and 0,

. g0
H=F [(G (z; 00) - A (z; 00)) Q%’e)l .
Therefore, if Q (6°) = E [G (z;6°) — A (2;6°)]* = o(c), then plimf, =
69 + o(c). T
Proof: By A.5 and a Taylor expansion of Q(8)/d8 around 6°, we have

5=w_ﬁwwﬂ”ﬂQW)
0006 00
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where 6* lies between 6° and §. By definition, A.2 and A.4, 3Q /90 |po=
—~2H. The second part of the theorem follows from the Cauchy-Schwarz
inequality. o

Furthermore, following the proofs of Hsiao (1989) or T. Amemiya
(1985), we can establish the following result.

Theorem 2.3. Suppose A.1- A.5 and

A.6 A(z;0) has continuous second order derivative with respect to § and

Eoup flv = A4(0) s | < "
Then
Vi (b4 - é) LY (o,B—ICB-l) : (2.6)
where
QA (26)0A(2;6 oy O2A (20
B:E{ {gg ) 8(0’ )_[G<Z;GO)—A(Z;0)]_T0(8§7—)-}
and

C=E { [Var(y | 2)+ (G (26°) - 4 (2;5))2] 8A§;;5) aA{S;?é) } _

The approximate least squares estimator is obtained by minimizing
5,(6). Since, as Theorem 2.2 has demonstrated, the bias of the approxi-
mate NLS, in general, is of the same order as the order of approximation
error E [G (z;6°) — A (2;6°)]?, a less biased and simple to compute esti-
mator can be derived by finding a good, simple approximation of E(y | 2).

Because the bias of the approximate NLS in general is of the same
order as the order of the approximation error E [e (z, ¢(2),8) | 2], it would
be desirable if one can choose ¢ such that the approximation error is mini-
mized. Unfortunately, an optimal predictor ¢(z), even if it exists, depends
on E(y | z), hence brings up the same computational difficulty as the
NLS. However, a good choice of ¢(z) appears to be the conditional mean
of z given z, E(z | z), since it is the solution of ming £ <|x ~¢(2)|" | z)
for h = 1,2,3,... as long as the conditional distribution of z given z is
symmetric around its mean.



Motivated by the above intuition, we let ¢(z;) = p; = E(z; | ;) and
Q(z) = Q; = Cov(z; | %), and propose

L 0) = o(upe O 4 Lio [ O29 (B3 0)
A(Z,,O) —g([.l,,,g)‘i' 2tr (WQ, (2.7)

as an approximation of G(2;; ). Equation (2.7), just like (2.4), does not
require the knowledge of f(z | z), but does require the knowledge of
E(z | z) and Cov (z | z). For this approximation, it is straightforward to
show by Cauchy-Schwarz inequality that assumption A.2 is implied by

E||Q(2)|]* < 00 (2.8)
and
0% (u(2);0) |
E :9)> E e ; .
glelgg(u(z‘), )" < o0, i d < 00; (2.9)
assumption A.4 is implied by (2.8) and
2
9 (1(2);0)|" B9 (1(2);9) -
Esup |————|| <00, Esup|—=——"2| <00, Vijkl
seoll 00 ocb | 07,0200, g
(2.10)

whereas assumption A.6 follows from (2.8) - (2.9) and

2

< 0o, Fsup
I

2
<oo, Vi, kIm.

(2.11)
It is easier to check conditions (2.8)- (2.11) than A.2, A.4 and A.6 because
these conditions are directly expressed in terms of the function g(z;8).
In the rest of this paper we denote f,4 as the approximate NLS of ¢°
corresponding to A(z;;8) in (2.7). Thus we have the following result.

9%g (1(2);6)
0006'

0% (1(2);96)

Esup 0z,;02400,00,,

6e€®

Theorem 2.4. Suppose A1, A3, A5, (2.8) - (2.11) hold and that g (z; 6°)
has a bounded third order derivative with respect to . Then all results
of Theorems 2.1 - 2.3 hold for the estimator 84 corresponding to A(z;;6)
in (2.7).

Remark 2.1. The approximation of E(y | z) by (2.4) or (2.7) is usually
simple to implement because the function g(z;0) is often specified in
simple closed form. All we need to do is to calculate its first and/or
second order partial derivatives. Equation (2.4) uses z and (2.7) uses
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E(z | z) to predict z. Equation (2.4) is used by Carroll and Stefanski
(1990), Whittemore and Keller (1988), etc. However, E(z | 2) is a better
predictor of  than z. When c is small, there is little difference between
using E(z | z) or z to predict the unobserved covariates . When c is
large, the difference can be significant. Thus, even though §4 may have
the same order of bias as other approximate estimators, it is likely to
be more robust relative to the magnitude of measurement error variance
than those estimators that rely on 2 to predict z.

Remark 2.2. If a(z) and 2 (z) are unknown, there are many ways to
obtain their approximations. For instance, Carroll and Stefanski (1990)
gives the general form of (1.5) and (1.6) in their Lemma A.1 for the case
when the joint density of 2z and z and the first two conditional moments
of € given z are three times differentiable with respect to ¢. Under the
assumption of independence between z and ¢, they become

E(e|2) = —Vmo—gaf—(-z—) +o0(c) (2.12)
and
Cov(e|z) =V +o(c), (2.13)

where V is the covariance matrix of € and f; (2) is the density function
of z evaluated at z. In Whittemore and Keller (1988) conditional mean
and variance of measurement errors (1.5) and (1.6) are assumed known.
In the case they are unknown, but the validation data are available (e.g.,
Carroll and Stefanski (1990), Lee and Sepanski (1995)), they can be es-
timated directly. If no validation data are available, but there are re-
peated measurements, (say r replications for each i = 1,2,...,n), we can
obtain an estimate of V by "0 Y7 (2 — %) (22 — %) /n(r — 1) and
Cov(z) by Yy 351 (zit = Z) (2zit — Z)' | (nr — 1), where Z; = S1—; 2it/T
and Z = Y7, %Z;/n. When z and € are normally distributed, using the
well-known conditional mean and conditional variance formulae, we can
again estimate (1.5) and (1.6) directly. In the case that z and € are
not normally distributed but if the distribution of x is known and the
first two conditional moments of € given z are three times differentiable
with respect to c, one can use (2.12) and (2.13) to approximate E (¢ | 2)
and Cov(e|z). The approximation errors for p; and (); are of orders

0 (7“1/ 2) and O ((nr)"l) respectively. Under the additional assump-

tions that dg (z; 0) /0z and 8¢ (z;0) /0zd2' are uniformly bounded, sub-
stituting i; and €Q; for y; and Q; in (2.4) or (2.7) introduce an approx-
imation error of O (r'l/ 2). Using Lemma 1 of Whittemore and Keller
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(1988) and Theorem 2.2, it can be shown that the bias of 64 remains to
be o(c) as long as || — pi

0%g (z;0) /0z0z' are uniformly bounded Furthermore f4 converges to
in probability. However, the asymptotic variance-covariance matrix will
be different. Suppose that the conditional mean and variance-covariance
matrix of = given z depends on the ¢ X 1 parameter §° and b is a consis-
tent estimator of 62, then the asymptotic covariance matrix of v/n(f4 — 0~)
is equal to (Hsiao 1989)

B! [C’ + SysVar (\/ﬁén) Ssg + LS50 + 5952'] B!

where
1828, (8,¢°)
St _nli‘&E(n 095" )
and
2=l \/la'a—s%—)'ﬁ(‘?n-é")']-

Remark 2.3. The proposed approach can be easily adapted to obtain
an approximate maximum likelihood estimator (MLE). Let f(y | z;A%)
denote the conditional density of y given z. Then the conditional density
of y given z can be approximated by

o e Flor | e 1 O f(yi | wis X))y,
A(yuﬂuA,C)—f(yt|,u’z))‘)+'2' tr [—W—Q(zi) .

An approximate MLE of A can be defined as a solution of the approximate
score equations:

)3 1 OA(Yis is; As€)
— A(yi, s Ay ) oA

=0.

Remark 2.4. Similarly, the approach can be adapted to obtain maxi-
mum quasi-likelihood estimator (MQLE). The MQLE as defined by Car-
roll and Stefanski (1990) is the solution of the equation

0.(6) = Zy’ UG(o)ac;; ) _..

1

where
of(0) = Var(yi|z)
= Var(u) + E [¢%(z:;0) | z:] - {E[g(zi;0) | z]}* .
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The G;(0) = E[g(z;0) | z;]) can be approximated by (2.7). Using a Taylor
expansion of ¢g*(z;;0) for z; around w; = E(z; | %), Elg*(z;;0) | 2] may
be approximated by

9%q(ui;8) | 0g(ui;0) dg(ui; 0)
2 . . N (3] ’
g (;},,, 0) + tf{gt [g()u’ﬂ 0) oxdz’ + oz oz’ '

Hence, 0?(6) may be approximated by

G2(8) = Var(w)+ tr [Qi O9(pi;f) 39(#6")] _ i " [Q,- M]

Jz oz! Oz0z'

and an approximate MQLE, § 4QL, may be defined as the solution to

Z": v — Ai(0) 0A;(0) 0
o? 06

=1 [

Under the additional assumption that

Gi(0°) — Ai(8) 0A:(0)]
E[ AT }""

has a unique solution at an interior point = 0,

\/—’!; (éAQL - é*) 2, N (O,B—ICB—I) s

where
B=E [ 1~ 0A; (é*) 0A; (é*) ) G; (00) _~Ai (é*) 924, (5*)} |
5t (6-) 09 09" 52(67) 0606’
and

G=E (yf - Ai(é’“))z 04 (i) 044 (F)
5?2 (0*) 06 a0’
3. Some Special Cases

There are a number of bias-adjusted or approximate estimators suggested
in the literature. Carroll and Stefanski (1990) have provided three other
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approximations to G(z;8). The first one is to use (2.4), which can be
rewritten in terms of ¢ as

tzi6) = os0) - 25000+ e | 24Dy |- e

The second approximation is
Ay(2;,0) = g(z — ca(z);0). (3.2)
The third approximation is a modification of Ay(z;6),

A3(2;0) = g(z - cB(2);0), (3.3)
where ((2) is given by

By (#:6) g (% 0)]‘1 {ag(z ;0) . ()_1t [%(z AL )]}ag(z 0)

oz! 0z O0x'

In addition, Stefanski (1985) has proposed a bias adjusted estimator that
corrects the bias of the naive estimator,

¢ 9%(c)
2 0c?

g, = 6(0) -

)
c=0

where 6(c) denotes the MLE or MDE and 6(0) denotes the naive estimator
that treats z as if it were z. Whittemore and Keller (1988) have proposed
an approximate MLE or MDE estimator,

A A aé(c)
Ow = 0(0) + Cc —aT

c=0

All these estimators have bias of order o(c) except for the estimator that
uses (3.2) which is O(c) because (3.2) differs from G(z;8) by O(c).

It is difficult to compare the exact bias of various estimators in its
general form. In the following we consider some special models for which
more concrete results concerning the bias of these estimators can be de-
rived. To facilitate comparison, we shall assume that the conditional
mean and covariance of measurement errors € given z are known, i.e.,

E(e]| z) = a(2) and E(e€ | 2) = Q).
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3.1. Linear Model

First we consider the linear model g(z;6) = z'0. Then G(2;6) = 6.
Since now d¢(z;0)/8z = 0 and 3%*g(z;0)/dzdz' = 0, the approximation
(2.7) is A(z,, 0) = pif = G(z;;8). So is the approximation (2.4). There-
fore, both 4 and the Carroll and Stefanski (1990) estimator 6, based
on (2.4) are consistent.? However, the naive estimator 8(0), the Stefan-
ski (1985) estimator §, and the Whittemore and Keller (1988) estimator
g,, are in general inconsistent. To see this, consider the example that

9(z;0) = 8°z with & ~ N(a,1) and € ~ N(0,¢). A straightforward calcu-
lation shows that 0( ), 8, and ,, have asymptotlc bias —c8°/ (14 ¢ + a?),
—c20°/ (1 + c + a?)® and 2¢2a26°/ (1 + c + a2)* respectively. The Whit-
temore and Keller (1988) estimator, 0., is consistent only when Ez =
a=0.

3.2. Polynomial Regression Model

Consider the model
P
g(z;0) =) 6,0~ = 76,
j=1

where ¢ € R, % = (1,2,22,...,2°"!) and 6 = (6y,0,,...,6,)". To avoid
the trivial case we assume p > 3. Then

G(2:0) = i 0,8 (7 | =)

i=1

and the approximation (2.7) is
AGeist) = (i+ 191;752)) 0,

!
where fi; = (1,%,#?, . ..,pf_l) and ﬁgz) = 0%1;/0u?. Now since

BA (Z,'; ) ~(2)
g M Bt o Q
and
A (2;0) 0
o900

2Here we assume that a(z) and €(z) are known. If one were to use o(c) approxi-
mation (3.1) - (3.3), then the Carroll and Stefanski estimator will have an asymptotic
bias (1 — ¢)c?8°/[(1 + ¢)(1 — ¢)* + a?].
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we have

0, p<3

G (2i;0) - A(2;:0) = "i 6,01 z DE™E (e - w)* | 2], p> 3.

This implies immediately the following results.

Corollary 3.1. Under the conditions of Theorem 2.1, the estimator 04
is consistent if
(1)p<3;or

(2)p=4and E [(z, —u)? zi] =0.

The results in Corollary 3.1 are quite natural because the approxi-
mation A(z;0) is based on a second order Taylor expansion. It is easily
seen that the accuracy of the approximation will increase along with the
order of the Taylor expansion. Indeed, the results of Corollary 3.1 may
be made more general as follows.

Corollary 3.2. Suppose the first two moments pu; # 0, Q; # 0. Then
under the conditions of Theorem 2.1,

(1) The estimator 84 is consistent if and only if A(z;,0) is based on a
(p — 1)-th order Taylor expansion;

(2) If p is even and the conditional distribution f(z | z) is symmetric,
then 64 is consistent if and only if A(z;;8) is based on a (p — 2)-th order
Taylor expansion.

Finally we note that even under the conditions of Corollary 3.1 or
3.2 the other estimators are still inconsistent. To see this, we consider
again a univariate model g(z;6) = 6z? with  ~ N(0,1) and € ~ N(0,¢).
Then the asymptotic biases of the estimators 6(0), 0., 4, and 6, are

~(5¢+3¢2)89/3(1+¢)?, (11¢* - 8¢3 - 12¢4)8°/(3 — 4c ~ 13¢? 4+ 8¢3 + 12¢4),
—(7c? +3¢%)6°/3(1 +¢)® and (7c2 +¢3)8°/9(1 + ¢)® respectively. Another
example for the model g(z;8) = 0z3 shows similar results.

The results of Corollary 3.1 and 3.2 are useful in view of the fact that
every smooth (or piecewise smooth) function can be approximated by a
polynomial function with arbitrarily given precision.

3.3. Exponential Model

Now let us consider the model

g(z,0) = exp (—2'6) .
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For this model we have

G (%,0) E [exp (~z18) | z]

exp (—z!0) E [exp (€}6) | z] .

Under certain conditions, e.g., all moments F (||e||’ | z) =o(d),j =
1,2,..., we have by a Taylor expansion

G(2:,0) = exp(—20) [1+E(ef]2)+E ((¢0)*] 2) +-- ]
= exp(—2/0) |14+ 0'a(z)+30Q(z)0 + o(c)] .
Since now 9 p
g((;t;, ) = —exp (—z.0) 6
and ,
: éqa(:;:lm = exp (—z}0) 6¢',

it is easy to calculate

A(z,0) = exp(—u0) [1 + %0’9,-0]
= exp(—2zl8)exp[0'F (¢ | 2)] [1 + %0’9;0]
= exp(~2/0)[1 + 00 (z) +0(c)] [1+ 102 ()]
= exp(-2!0) [1 +0a(z)+30'Q(z)0 + o(c)]

which differs from G (2;,6) by o(c). Analogously from (3.1) and (3.2) we

have

A (2,0) = exp(~20) [1+c0G () + 560 (=) 0]
= exp(—z0) |1+ 0'a(z)+30'Q ()0 + o(c)]
and
Ay (2,0) = exp(—28)exp [ (=)
= exp(—20)[14+0a(z)+o(c)].

Thus, A; (2i,0) has an approximation error of o (c), whereas A, (z;,0) has

0 (e).

4. A Monte Carlo Study

In this section we provide numerical evaluation of the performance of
various approximate estimators. We consider three models. The first
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model is a polynomial model of the form y = #z* 4+ u. The second model
is an exponential model of the form y = exp(fz) + u. The third model
assumes that the conditional density of y given z is A(z)exp(—A(z)y),
hence E(y | z) = A(z)7! and Var(y | z) = Mz)~2. We assume that
z is unobservable, only its proxy z = z + € is observed. In conformity
with previous Monte Carlo studies in the literature (e.g., Whittemore and
Keller (1988)), we assume that the conditional mean and variance of ¢
given z are known and let ¢ take various values, in order to examine the
performances and sensitivity of various bias adjusted and approximate
estimators.

We generate ¢ from N(0,c¢*). For the polynomial model, we let § =
5, u be generated from N(0,1), z be generated from N(3,1). For the
second and third model, we generate z from N(0.5,1). The second model
assumes @ = —1 and u ~ N(0,1). The third model assumes A(z) =
exp(z), hence Var(y | ) = exp(—2z). We consider ¢* = .1, .25, .5, .75
and 1. In other words, we are examining the performance and sensitivity
of various bias adjusted or approximate estimators when the order of the
variance of measurement error in relation to the variance of observable
is ¢ = ¢*/(1+ ¢*). Five hundred replications are conducted for sample
size n = 50, 100 and 500 respectively. We compare the bias, standard
deviation (SD) and root mean squared errors (RMSE) of the approximate
NLS, 6,4, the Whittemore and Keller (1988) estimator, 6., the Stefanski
(1985) estimator, ,, the Carroll and Stefanski (1990) estimator, 6, (which
uses (3.1) to approximate G(z; )), the naive estimator §(0) and the Gleser
(1989) estimator, §,, that treats z or E(z | 2) as if it were z respectively
and apply the standard least squares method. The first four estimators
have bias of order o(c). The last two estimators have bias of order O(c).
The results for the polynomial model and two variants of exponential
model are summarized in Tables 1, 2 and 3 respectively.

As one can see from these Tables, the naive procedure of using z in
place of z, 5(0), or substituting the missing = by the conditional mean
of z given z, 6., yields estimators which are severely biased and have
large RMSE even when the measurement error variance ¢* is small. All
the adjusted estimators have more or less similar magnitude of bias and
RMSE when c* is small, say ¢* = 0.1. When ¢* is of moderate magni-
tude (0.25 < ¢* < 0.5), the proposed estimator, 64, and the Whittemore
and Keller (1988) estimator, f,,, are the best. Both the Stefanski (1985)
estimator, §,, and the Carroll and Stefanski (1990) estimator, 4., are sen-
sitive to the magnitude of the variance of measurement errors ¢*. When
¢* becomes large (¢* > 0.75), the proposed estimator dominates other
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approximate estimators in terms of bias and RMSE. Furthermore, the
performance of 84 improves when sample size increases.

5. Conclusions

In this paper we propose an alternative approximate least squares or max-
imum likelihood estimators for nonlinear errors-in-variables models. The
approximation formula is simple to derive and easy to compute. It only
requires the knowledge of first two moments of measurement errors given
measured covariates. There is no need for the knowledge of the condi-
tional distribution of the measurement errors given measured covariates.
The specific examples and Monte Carlo studies demonstrate that the per-
formance of this approximate estimator is quite good and robust to the
magnitude of the variance of measurement errors to the variance of mea-
sured covariates while the performance of other approximate estimators
are sensitive to this magnitude.
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Table 1. The Performance of Various Estimators for the Model
y =5z +u, u~ N(0,1)

~ - ~ ~

6(0) b, d, 6. 6. 84

n =>50,c*=0.1

Bias -0.49  0.00 0.00 0.05 0.11 -0.03
SD 042 0.44 0.49 0.44 0.45 0.43
RMSE 065 044 049 044 046 0.43
n=>50,c*=0.25

Bias -1.07  0.14 -0.06 0.50 0.30 -0.04
SD 0.58 0.65 0.81 0.69 0.68 0.62
RMSE 1.22  0.67 0.81 0.85 0.74 0.62
n=>50,c*=0.5

Bias -1.79 046  -0.29 1.53 058 -0.03
SD 0.66 0.89 1.14 1.35 0.89 0.77
RMSE 1.91 1.01 1.18 2.04 1.06 0.77
n =50, c* =0.75

Bias -232 080 -058 -3.67 082 -0.01
SD 0.68 1.09 1.35 2.78 1.02 0.85
RMSE 241  1.35 147 461 131 0.85
n =50, ¢* = 1.0

Bias -271  1.09 -088 -6.06 1.02 0.00
SD 0.66 1.27 1.48 1.20 1.11 0.89
RMSE 2.79  1.67 1.73 6.18 1.51 0.89
n = 100, ¢* = 0.1

Bias -0.48 0.03 0.00 0.07 0.14 -0.01
SD 032 0.34 0.38 034 0.35 0.33
RMSE 0.58 0.34 0.38 0.35 0.37 0.33

n = 100, ¢* = 0.25

Bias 108 017 -0.10 054 033 -0.01
SD 044 050 0.61 053 052 0.48
RMSE 116 053 062 076 061 048



n =100, c* = 0.5

Bias -1.82
SD 0.50
RMSE 1.89
n =100, ¢* = 0.75
Bias -2.37
SD 0.50
RMSE 2.42
n =100, ¢* = 1.0

Bias -2.77
SD 0.48
RMSE 2.82
n =500, c* =0.1

Bias -0.49
SD 0.15
RMSE 0.51
n = 500, ¢* = 0.25
Bias -1.10
SD 0.21
RMSE 1.12

n = 500, ¢* = 0.50

Bias -1.87
SD 0.24
RMSE 1.88

n =500, ¢* = 0.75

Bias -2.43
SD 0.24
RMSE 2.44
n = 500, c* = 1.0

Bias -2.85
SD 0.23
RMSE 2.86

Table 1. Continued

0.50
0.68
0.84

0.82
0.83
1.17

1.10
0.97
1.46

0.05
0.15
0.16

0.20
0.23
0.31

0.54
0.31
0.62

0.87
0.38
0.95

1.13
0.45
1.22

-0.39
0.85
0.94

-0.74
0.98
1.23

-1.08
1.05
1.51

-0.02
0.18
0.18

-0.16
0.30
0.34

-0.52
0.41
0.66

-0.93
0.48
1.04

-1.32
0.51
1.41

1.54
0.88
1.78

-4.23
2.19
4.77

-6.22
0.77
6.27

0.09
0.15
0.18

0.58
0.24
0.63

1.56
0.48
1.63

-4.86
1.06
4.97

-6.24
0.29
6.25

0.60
0.68
0.90

0.82
0.77
1.13

1.01
0.83
1.31

0.15
0.16
0.22

0.34
0.24
0.42

0.61
0.31
0.68

0.84
0.34
0.91

1.03
0.37
1.09

-0.01
0.59
0.59

-0.01
0.64
0.64

0.00
0.66
0.66

0.01
0.15
0.15

0.01
0.22
0.22

0.01
0.26
0.26

0.01
0.28
0.28

0.02
0.29
0.29
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Table 2. The Performance of Various Estimators for the Model
y =exp(—z)+ u, u ~ N(0,1)

~ ~ ~ ~ ~

6oy b, 6 6. b, b4

n=>50,¢*=0.1

Bias 0.06 0.00 -0.01 -0.03 -0.01 0.01
SD 0.06 0.06 0.07 0.07 0.07 0.06
RMSE 0.09 0.06 0.08 0.07 0.07 0.06
n =50, c* =0.25

Bias 0.13 -0.010 -0.02 -0.26 -0.03 0.01
SD 0.09 0.09 0.13 0.34 0.10 0.09
RMSE 0.16 0.09 0.13 0.42 0.11  0.09
n=>50,c*=0.5

Bias 0.22 -0.04 -0.01 0.08 -0.07 0.01
SD 0.10 0.12 0.18 0.64 0.13 0.11
RMSE 0.25 0.13 0.18 0.64 0.15 0.11
n =50, c*=0.75

Bias 0.29 -0.09 0.02 0.60 -0.10 0.01
SD 0.11 0.14 0.22 0.25 0.16 0.12
RMSE 0.31 0.17 0.22 0.65 0.18 0.13
n=>50,c=1.0

Bias 035 -0.14 0.05 0.83 -0.13 0.01
SD 0.11 0.16 0.24 0.10 0.17 0.13
RMSE 0.36 0.21 0.25 0.83 0.21 0.13
n = 100, ¢* = 0.1

Bias 0.06 0.00 -0.01 -0.04 -0.02 0.00
SD 0.05 0.05 0.06 0.06 0.06 0.05
RMSE 0.08 0.05 0.06 0.07 0.06 0.05

n = 100, ¢* = 0.25

Bias 0.13 -0.00 -0.00 -0.25 -0.04 0.00
SD 0.07 0.08 0.10 0.21 0.08 0.08
RMSE 0.15 0.08 0.10 0.33 0.09 0.08



n =100, c* = 0.5
Bias 0.22
SD 0.08
RMSE 0.24

n = 100, ¢* = 0.75

Bias 0.29
SD 0.09
RMSE 0.31
n = 100, c* = 1.0
Bias 0.35
SD 0.09
RMSE 0.36

n =500, c* = 0.1

Bias 0.06
SD 0.03
RMSE 0.06

n = 500, ¢* = 0.25

Bias 0.13
SD 0.04
RMSE 0.14
n = 500, ¢c* = 0.5
Bias 0.23
SD 0.05
RMSE 0.23

n = 500, ¢c* = 0.75

Bias 0.30
SD 0.05
RMSE 0.30

n = 500, ¢* = 1.0

Bias 0.36
SD 0.05
RMSE 0.36

Table 2. Continued

-0.05
0.10
0.11

-0.10
0.12
0.15

-0.15
0.13
0.20

0.00
0.03
0.03

-0.02
0.04
0.05

-0.06
0.06
0.08

-0.10
0.06
0.12

-0.15
0.07
0.17

0.01
0.14
0.14

0.04
0.17
0.17

0.08
0.18
0.20

0.00
0.03
0.03

0.01
0.06
0.06

0.04
0.08
0.09

0.09
0.09
0.12

0.13
0.09
0.16

0.23
0.37
0.44

0.65
0.11
0.66

0.85
0.06
0.85

-0.04
0.03
0.05

-0.22
0.09
0.24

0.36
0.10
0.38

0.69
0.05
0.69

0.87
0.03
0.87

-0.07
0.11
0.13

-0.10
0.13
0.17

-0.13
0.14
0.19

-0.02
0.03
0.04

-0.04
0.05
0.06

-0.07
0.06
0.10

-0.10
0.07
0.13

-0.13
0.08
0.15

0.00
0.10
0.10

0.00
0.10
0.10

0.00
0.11
0.11

0.00
0.03
0.03

0.00
0.04
0.04

0.00
0.05
0.05

-0.01
0.06
0.06

-0.01
0.06
0.06

21



22

Table 3. The Performance of Various Estimators for the Model
f(y | z) = M=) exp[-A(z)y], Mz) = exp(z)

A ~ - ~

6(0) B, b, 6. b, b4

n =50, c* = 0.1

Bias 0.11 0.05 004 0.02 0.04 0.06
SD 0.18 019 021 020 020 0.19
RMSE 021 020 021 020 020 0.20
n =50, c* = 0.25

Bias 0.18 0.05 0.04 -021 0.02 0.06
SD 0.18 020 024 048 021 0.20
RMSE 025 020 024 052 021 0.20
n=50,c* =05

Bias 027 001 005 007 -0.01 0.06
SD 0.18 022 027 062 024 0.20
RMSE 032 022 028 062 024 021
n =50, c* = 0.75

Bias 0.33 -0.03 0.08 058 -0.04 0.06
SD 0.17 023 030 022 026 0.21
RMSE 038 024 031 062 026 0.22
n=50,c*=1.0

Bias 039 -0.08 0.12 081 -0.06 0.05
SD 0.17 025 0.32 011 027 0.22
RMSE 042 027 034 081 028 0.22

n = 100, ¢* = 0.1

Bias 0.09 003 003 0.00 0.02 0.04
SD 015 015 016 016 0.16 0.15
RMSE 017 016 017 016 0.16 0.16

n =100, ¢ = 0.25

Bias 0.16 0.02 0.03 -0.22 0.00 0.04
SD 0.14 0.16 0.19 0.35 0.17  0.16
RMSE 0.22 0.16 0.19 0.42 0.17 0.16



Table 3. Continued

n =100, ¢* = 0.5

Bias 0.25
SD 0.14
RMSE 0.29

n = 100, ¢* = 0.75

Bias 0.32
SD 0.13
RMSE 0.35

n =100, ¢* = 1.0

Bias 0.37
SD 0.13
RMSE 0.40
n = 500, ¢* = 0.1
Bias 0.07
SD 0.09
RMSE 0.12

n = 500, ¢* = 0.25

Bias 0.15
SD 0.09
RMSE 0.17

n = 500, ¢* = 0.5

Bias 0.24
SD 0.08
RMSE 0.25

n = 500, ¢* = 0.75

Bias 0.31
SD 0.08
RMSE 0.32

n =500, c* = 1.0
Bias 0.37
SD 0.08
RMSE 0.37

-0.02
0.17
0.17

-0.06
0.18
0.19

-0.11
0.20
0.23

0.01
0.09
0.09

0.00
0.10
0.10

-0.04
0.10
0.11

-0.09
0.11
0.14

-0.14
0.12
0.18

0.05
0.21
0.21

0.09
0.22
0.23

0.12
0.22
0.26

0.01
0.10
0.10

0.02
0.11
0.12

0.06
0.13
0.14

0.10
0.13
0.17

0.14
0.14
0.20

0.23
0.33
0.40

0.63
0.13
0.64

0.83
0.08
0.84

-0.02
0.10
0.10

-0.22
0.11
0.25

0.35
0.11
0.37

0.68
0.06
0.68

-0.14
0.03
0.86

-0.04
0.19
0.19

-0.06
0.20
0.21

-0.09
0.21
0.23

0.00
0.10
0.10

-0.03
0.10
0.11

-0.06
0.11
0.13

-0.09
0.12
0.15

-0.11
0.12
0.17

0.04
0.16
0.17

0.03
0.16
0.17

0.03
0.17
0.17

0.01
0.09
0.09

0.01
0.09
0.10

0.01
0.10
0.10

0.01
0.10
0.10

0.00
0.09
0.09
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