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CENSORED LINEAR REGRESSION
MODELS

Censored linear regression models constitute
a class of special limited dependent variable*
models where the dependent variables are
censored. The censoring* can be from above
or below; the censoring points can be known,
unknown, or random. For illustration, con-
sider a model where the dependent variable
is censored from below at the known point
zero; precisely,

ne = P1+X;Bs + us,
Yt = maX{’?t,O}, (1)

where 7; € R is the censored dependent vari-
able, y, is its observed counterpart, x; € R* is
the observed vector of covariates, B = (81, 83)
the vector of regression parameters, and u;
the errors in the regression equation. It is
usually assumed that wu; is normally dis-
tributed with mean 0 and variance o,,.

This model was first applied in economics
by Tobin [22] and is known as the Tobit model
in the econometric literature [10]; see PROBIT
ANALYSIS. For the “standard” Tobit model
(1), many statistical inference methods have
been developed in the last twenty years Ref-
erences may be found, e.g., in refs. 2, 3, 14,
18. The related models are Probit models and
truncated linear regression models.

It is well known that the ordinary
least squares (OLS) estimators of B in
the model (1), using either all observa-
tions or only the positive observations of
y: and the corresponding observations of
x;, are biased and inconsistent [3,11]. Gold-
berger [11], Greene [14], and Chung and
Goldberger [6] proposed corrected OLS esti-
mators of B under the extra assumption that
x; is normally distributed. Heckman [15] pro-
posed a two-stage estimator of a more general
model of (1). Amemiya [1] derived the asymp-
totic normality* of the maximum likelihood
estimators* (MLEs) of 8 and 5,,. Using Tobin’s
reparameterization, Olsen [19] showed that
a reparametrized likelihood function of the
model (1) has a unique, global, finite maxi-
mum. Powell [20,21] proposed a least abso-
lute deviation* (LAD) estimator of the model

(1) and derived its consistency and asymp-
totic distribution. A Bayes approach was used
by Chib [5].

TOBIT MODEL WITH MEASUREMENT
ERRORS

In many practical applications the explana-
tory variable x; or some of its components are
not or cannot be exactly measured. In such
cases a more general model than (1) is desir-
able. A censored linear errors-in-variables*
(CEV) model can be defined as

ne = P1+ Bok, +uy,
¥yt = max{n, 0},
X =& + vy, (2

where instead of &,,x; is actually observed,
and v; represents measurement errors*.
Furthermore, u;,v; and &, are assumed
to be independently and normally dis-
tributed with means 0, 0, u¢é and variances
ou, Xy, ¢ respectively. If the measurement
error covariance X, = 0, then the model (2)
reduces to the error-free model (1).

The problem with measurement errors has
received more attention recently. Weiss [26]
considered the LAD estimator of model (2).
Wang [23,24,24] investigated the MLE and
proposed two-step moment estimators of the
model. A closely related binary choice model
with measurement errors has been stud-
ied [16], and also a class of more general
stochastic frontier models [7].

IDENTIFIABILITY

The usual linear normal errors-in-variables
model is not identifiable, and hence the model
cannot be estimated consistently. The model
(2) is nonlinear because of censoring. How-
ever, this censoring can only help to iden-
tify the lost information caused by censoring
itself and does not help to identify all model
parameters [24]. Specifically, in the model
(2) only the parameters (11, 0y, Oy, Mg, Ry, )
are uniquely identified, whereas the parame-
ters (B1, Bo, ou, X¢, Xpy) are not uniquely iden-
tified.
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2 CENSORED LINEAR REGRESSION MODELS

In practical applications the a priori iden-
tifying information is usually provided in
terms of at least k(k + 1)/2 linear restric-
tions on the parameters, e.g., that the vari-
ance ratio o, !X, or the so-called reliability
ratio ¥ = £;'3; is known or may be esti-
mated previously. The latter is equivalent to
the condition that the noise-to-signal ratio
A= Egl):v is known. This information can
be obtained in many situations when, e.g.,
validation data, panel data or repeated sam-
pling are available. For more discussion see
[4,8,9,17]. In the following we assume that
A= Zgl):v is known.

MODEL REDUCTION AND ESTIMATION

The model (2) can be reduced to an error-
free form. Indeed, it can be transformed into
the familiar form of a censored regression
model [25]:

N =y1+X ¥+ ws,
¥yt = max{n,, 0}, (3)

where w; has distribution N(0,0,) and is
independent of x;. The relations between
the new parameters (y1,y2,0w, Ky, Xx) and
the original ones (1, B3,0u, us, X¢, Xy) are
given by

Br=y1— mAyy,  Bg =T+ Ay,
Oy = 0w — V’zzxA)’z, I’LE = Ry,
=21+ AL (4)

The mapping (4) is one-to-one; consequently,
any estimator of the model (3) implies a
corresponding estimator of the model (2).
Using this approach, it is also possible to
derive the asymptotic bias of the estimator
of (2) when the identifying information A
is misspecified. Suppose, for instance that
¥ = ($1,75,6,) is a consistent estimator of
(3) and 9:(51,[}/2,614)/ is obtained via (4)
where, instead of A, a wrong A is used. Then,
the asymptotic bias of § is given by

plim B; = B1 + u(A — AT+ A) 18,
plim By = B5 — (A — A)T + A)1B,,
plim 6, = oy, + BLZ:(A — AT+ A) 1B,

Consequently, the estimation biases are of
the same order as A — A and hence can be
significant if the amount of misspecification
A — A is not very small relative to I+ A.
Further, the slope parameter S, tends to
be underestimated by underspecified A and
overestimated by overspecified A, whereas
the converse is true for 8; and o,.

The model (3) is different from the ordi-
nary Tobit model (1) in that the x; in (3)
is a random vector and is unbounded under
normality, whereas in the Tobit model it is
usually assumed to consist of bounded con-
stants. This fact should be taken into account
in deriving the asymptotic covariance matri-
ces of the estimators, e.g., of the maximum
likelihood estimator.

A TWO-STEP MOMENT ESTIMATOR (TME)

Suppose the data (y;,x}),t=1,2,...,T, are
i.i.d. Denote the sample moments by

Ky =

N| =
NE

1 7
Vi, = T th,
1 =1

o~
Il

(x; —X)(x; — X).

}Eﬂ)

Il
| =
M=

w
Il
—

Let pyy = EQely: > 0) and p,y . = E(Xsyely: >
0). These conditional moments are consis-
tently estimated by the corresponding sam-
ple moments, using the positive y,s and
the corresponding x;’s. These estimators are
denoted analogously as [y, ft,,, Trespec-
tively. Finally, let § = u,/./0;, and let ®(.)
and ¢(.) denote the standard normal distri-
bution and density functions.

Wang [25] proposed a two-step estimation
procedure. In the first step, the first and
second moments of (1, x;) are estimated by

ll _ Sﬂer
TS 506
OA_n = (ﬂn/8)2>

Oxn = MByyr — HxMy+,
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where § = & 1(f1y/fiy+). In the second step,
the remaining parameters are estimated by

-1, 5 ~ YN
& Oxps B1= 1, _ﬂZIl‘E’

=
Il
M>

2
S A ! A
Oy = 0y — ﬂzaxrp

25 = ix(l + A)il.

’15 = Ax’

All these estimators are strongly consis-
tent, because they are continuous functions
of the sample moments. Furthermore, they
are asymptotically normally distributed [25].
The asymptotic covariance matrices given in
ref. 25 apply to the moment estimators of the
Tobit model (1) as well, because it is a special
case of the model (2) with A =0 (and hence
T =%,

This two-step procedure may be similarly
applied to the case where, instead of A, the
variance ratio o, 1%, is known. The only dif-
ference is that the second-step estimators
should be calculated similarly as in ref. 8.
The asymptotic results of the estimators may
be established analogously. Such results for
a simple model with 2 =1 are given by
Theorem 1.3.1 of ref. 8.

MAXIMUM LIKELIHOOD ESTIMATOR (MLE)

Without loss of generality, let the data be
given as in the preceding section, in which
the first Tyy;’s are zero, and the last Ty = T —
Toy¢’s are positive. The MLE of u, and X, are
given by the corresponding sample moments,
and the MLE of u; and X; are therefore
identical with the TME [24]; analogously to
ref. 19, the reparametrized conditional log-
likelihood function

To
L(y) =) log d(—a'%,)
t=1
+Tilogt — 3¥'ZZy  (5)

is globally concave in ¢ = (a/,7) € RF+1 x
R;, where Ry =(0,400),%; =(1,x;),Z =
X1, -Y1),X; = (X741, X742, .., X7),  and
Y1 = 019+ 1,9T9 42, - Y1) Analogously
to [1], the MLE for ¢ is asymptotically nor-
mal with an asymptotic covariance matrix
which is the inverse of

m 1 82LC(V/)
o 12Le)
P T oyoy

= Q=R+ DN,
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where § = u, /. /oy,

CD(—S)E[M(M — a’f(t) 0
Qo = xX;:X;|n; < 0] ;

0 o(8)/72

@ = (E&ti;lyt >0) —E&yily: > o>>
~By&ly: > 0)  EGEly. > 0) )’

and A; = ¢(a'%X;)/ O(—a'%k,) [24]. The MLE for
0 = (B1, By, 0,) is calculated according to

B1 = (o1 — pAag)/7,
By = I+ Aag/t,
oy =(1— Ot/ZExAOlg)/‘EQ.

It is clear that @y, is consistent. Further,
VT (O, — 00) 5 N(0,0,CR1C)), where o, =
oy + B5Z,(I+ A)"18, and

1 —wA B
c=|o 1+a -8, |.
0 —28,%.A —20,

The maximization of L.(y) may be carried out
through standard numerical methods such
as Newton-Raphson*. The numerical calcu-
lation is straightforward, as the first and
second derivatives of L.(¥) are available:

L) (~Xho\ .,
o ‘(Tl/r) 224,

82LC(1/I/) _ XbAoXo 0 ) _ 77,
Yoy 0 T/t

where Xy = (X1,Xo,... ,)NKTO)/,XO =t=1,
2,...,To), At = p(a'%y)/ P(—a'X;), and Ag is
the diagonal matrix with diagonal elements
)‘t()\t - “/f{t),t = 1, 2, ey T().

Since L.(¢) is globally concave, the itera-
tion may start at any finite point. However, a
good starting point is important for rapid con-
vergence; the TME of the preceding section
may serve as initial values for the itera-
tions. As is shown by a Monte Carlo study
in ref. 24, for a simple model with 2 = 1 the
MLE procedures using the Newton-Raphson
algorithm and the TME as starting values
may achieve rather satisfactory convergence
after four or five iterations. The estimators
1}1 and 7 obtained after one iteration of the
Newton-Raphson procedure have the same
asymptotic distributions as the MLEs &ML
and Oy, respectively.
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