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Abstract

This paper introduces a class of estimators for regression parameters in a linear model. This
class contains many well-known linear estimators, such as ridge regression, principal components,
shrunken least squares and the iteration estimators. The admissibility of the estimators in this
class is studied and comparisons among them are made under the matrix mean square error
criterion.

1 Introduction
Consider linear regression model
y=Xp+e, (1.1)
E(e) =0, E(ee') = oI,

where X is a T' X p known matrix, € is a T' X 1 random vector, I is the identity matrix, 5 € IRP
and 0 < 0 < oo are unknown parameters. Further, we assume that 2 < rank(X) =p < T.
It is well-known that under standard assumptions the ordinary least squares estimator

bors = (X'X) ' X'y

is the best linear unbiased or minimum variance unbiased estimator for 5. However, as pointed
out by Trenkler (1981), when any one of the assumptions of model (1.1) does not hold or the
regression matrix X is ill-conditioned (e.g. there exists multicollinearity), bors may perform very
poorly. Consequently, in recent years many linear biased estimators have been developed to improve
the performance of bprg. This paper considers the following class of linear estimators called the
generalized shrunken least squares (GSLS) estimators:

where A = diag (a1, ag,...,ap), 0 <a; <1,i=1,2,...,p. Here P is the orthogonal matrix such that
P'X'XP =diag (A1, Ay, .., Ap) 1= A

and Ay > A9 > --- > A, > 0. It is easy to see that this class includes many common linear biased
estimators. For example:
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(1) The generalized ridge regression estimators of Hoerl and Kennard (1970):
brr (K) = (X'X + PKP') "' X'y = bas (A (A + K)71),

where K = diag (ki1, ko, ..., kp), ki > 0,i=1,2,...,p.
(2) The principal components estimators of Kendall (1957):

"1 I. 0
bPC(T):ZXPiPiIX/y:bGS([ 0 0 ]),
i=1 "

where P = (P, Pa, ..., Pp).
(3) The shrunken least squares estimators of Mayer and Willke (1973):

bsrs () = abors = bgs (ad),

where 0 < a < 1.
(4) The iteration estimators of Trenkler (1978):

by (a,n) = az (I- aX’X)iX,y =bas(I — (I - O‘A)HH)’
i=0

where 0 < a < )\1_1, n=20,1,2,....
Later we will see that, under the matrix mean square error criterion, in the class of generalized
shrunken least squares estimators no one estimator is uniformly better than another one.

2 Admissibility of GSLS estimators

Let b; and by be two estimators of 5. Then by is said to be better than by, if for all 8 and o2,

E (b1 — B) (b1 — B)] < E[(b2 — B)' (b2 — B)]

and the inequality holds for at least one pair (3,02). In the following we denote the class of all
homogeneous linear estimators of 5 as

L={Ly| LisapxT constant matrix} .

An estimator b of 5 is said to be L—admissible, if b € £ and £ does not contain any estimator which
is better than b. By the result of Rao (1976) it is easy to see that every GSLS estimator bgg(A) is
L—-admissible.

If an estimator b of [ is admissible in the class of all estimators of 3, then b is simply said
to be admissible. To consider the admissibility of any GSLS estimator bgs(A) in the class of all
estimators of 3, in the rest of this section we assume that in model (1.1) it holds ¢ ~ N (O, 0?1 )
We first prove a lemma, which is also of interest in its own right.

Lemma 2.1. Assume random variable y ~ N (9,02‘/), where § € R", 0 < 0% < 00 and V is a
known positive definite matriz. Then for any linear estimator Ly, it is admissible for 0 if and only
if either 1) L = I; or 2) LV is symmetric, all eigenvalues of L are between 0 and 1 and at most
two of them are equal to 1.
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Proof: First we show the sufficiency. For the case L = I, see Cheng (1982). For the case 2), we
first consider a special case where V = I and o? is fixed. Denote z = y/o. Then z ~ N (0/0,1).
By the result of Cohen (1966), Lz is admissible for #/c. Therefore Ly is admissible for 6.

Next, consider the case where y ~ N (0,021 ) and o2 is unknown. We prove the result by
contradiction. If there exists an estimator b of 6, such that for all # and o2,

E[b—-0)(b-0)] <E[(Ly—0) (Ly —0)]

and the inequality holds for at least one pair (6, 03), then for y ~ N (0, o3l ), b will be better than
Ly. However, this is impossible by the result already proved above.

Finally, consider the general V > 0. Let z = V~1/2y, p= V=120, Then z ~ N (go, 021). Under
the lemma’s conditions, V~12LV1/2 is symmetric, all its eigenvalues are between 0 and 1 and at
most two of them are equal to 1. It follows that V~1/2LV1/22 is admissible for ¢ and, therefore,
Ly is admissible for 6.

Now we show the necessity. Suppose L # I. Since Ly is admissible for 0, it is also L—admissible.
By the result of Rao (1976), LV is symmetric and all eigenvalues of L are between 0 and 1. We
need only to show that L has at most two eigenvalues being 1. Using the above notation, we
have z ~ N (go,aQI ) and V~1/2LV1'/2; is admissible for ¢. Hence without loss of generality we
can assume V = I. Further, let U be an orthogonal matrix such that U'LU = diag (I1,l2, ..., ln),
where 1 > Iy > lp > --- > [, > 0. Since Uy ~ N (U6,0%I), LUy is admissible for Uf. It
follows that U’'LUy is admissible for 6. Again we show the result by contradiction. If there exists
Iy =Ip=---=1,=1and r > 3, then we construct an estimator which is better than U’'LUy.
Since L # I, we have r < n — 1. Denote

Y= (y11y27 --'7yn)/7 0= (017027 "'79n)/7

xr = (y17y27 "'7y7")/7 n= (017927 '-'707‘)/-

Then z ~ N (M,O‘2I).
Ifr <n—2,thenlet S =371 (i — )%, where j = > iyq1 Yi/ (n—r). Otherwise if r = n—1,
then let S = y2. Then S and x are independent and S/0? ~ x? (n — r). Further denote

b= (wyh WyY2, -y WY, lT+1yT+1) l7’+2y7’+27 ceey lnyn)/ )

where

Then we have
E(b=0) (b—0)] = E[(ws — ) (wr—w)] + S B (i — 0.
i=r+1

By the result of James and Stein (1961), for all § and o2, it holds F [(wz — p) (wz — p)] < ro?.
Hence b will be uniformly better than U’'LUy. The proof is completed. O
Now we have the main result of this section.

Theorem 2.1. A GSLS estimator bgs (A) is admissible if and only if rank(I — A) > p — 2.

Proof: An estimator PAP'bor s is admissible for 3 if and only if X PAP'bo s is admissible for X 3.
By Lemma 2.1 this is equivalent to that X PAP’X’ is symmetric, all eigenvalues of X PAA~'P' X’
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are between 0 and 1 and at most two of them are equal to 1. Since X PAA~'P'X’ and A have

the same eigenvalues, the necessary and sufficient condition is that A has at most two eigenvalues

being 1, i.e., rank (I — A) > p — 2. a
From this theorem we obtain the following results.

Corollary 2.1.
(1) bors is admissible if and only if p < 2.
(2) brr (K) is admissible if and only if rank(K) > p — 2.
(3) bpc (1) is admissible if and only if r < 2.
(4) Any bsrs («) is admissible.
(5) Any by (a,n) is admaissible.

Let £ be the class of all estimators based on bors. Under normality assumption we have
bors ~ N (5 o2 (X'X )_1). Completely analogously we can show the following results.

Theorem 2.2.
(1) bors is E-admissible for (.
(2) If A+ 1, then PAP'bors is E—admissible for B if and only if rank(I — A) > p — 2.

3 Comparison under matrix mean square error criterion
If b is an estimator of 3, then the matrix mean square error of b is defined as
MSE (b) = E[(b—8)(b-B)].
If bgs (A) is a GSLS estimator, then it is easy to see that
MSE (bgs (A)) = 0?PANTAP' + P (I — A)P'BB'P (I — A) P'.

Denote o = %P’B and

1
M(A) = P [MSE (bs (4))] P
= ANTA+(T-A)ad (I-A).
Then big(A) is better than bgs(B), i.e. MSE (bgs (4)) < MSE (bgs (B)) at point (8,0?), if and

only if
M (A) < M (B) (3.1)

at a = P'B/c?.
The main goal of this section is to compare any two GSLS estimators under the M SFE criterion
and to discuss some special cases. First we prove the following result.

Theorem 3.1. For any two GSLS estimators bgs (A) and bgs (B), if M (A) < M (B) for all «,
then A = B.
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Proof: Under the theorem’s condition it holds
trace[(B* — A) A +d/[(I - B)* — (I — A)*]a>0

for all . Since A and B are diagonal and satisfy 0 < A < I and 0 < B < I, the above inequality
implies A = B. O

Theorem 3.1 shows that in the class of GSLS estimators no one estimator is uniformly better
than another one (i.e., for all 3,02). The following theorems provide conditions for (3.1) to hold.
First we need the following lemma.

Lemma 3.1. Let h and g be two p X 1 vectors and let ¢ be a constant. Then the eigenvalues of
H = hh' + cgqg’ are given by

1/2

/ /N2
(h'h —cgd'g) —i—c(h'g)ﬂ '

4

Wh+cg'yg
2

+|
Proof: It is obvious that matrix H and
n ) ( Wh ch'g >
G = h cg )=
< g (0 eg) g'h cg'g
have the same nonzero eigenvalues. It is also easy to calculate the characteristic equation for G as
det (A — G) =2 — (W'h+cg'g) N+ c(Wh-gd'g— (Wg)?).

The conclusion follows. O

Theorem 3.2. Let bgs (A) and bgs (B) be two GSLS estimators such that A < B (i.e., B— A is
positive definite). Then M (A) < M (B) if and only if

Ul — U + UTUY — v% <1, (3.2)

where u; = o/ A (B* — AQ)Jr (I — A, ug = o’A (B* - A2)Jr (I — B)? o and
v; =o'\ (B? - 142)Jr (I —A)(I - B)a. (M™* denotes the Moore-Penrose inverse of matriz M.)

Proof: Denote U = (B2 — AY))A™' and V = (I — A)ad/ (I — A) — (I — B) ac/ (I — B). Then
M(B)-M(A)=U-V =UY*1-U2vUu-12)u'/2

Hence M (A) < M (B) if and only if U=Y2VU~Y2 < I, i.e., all eigenvalues of U~/2VU~1/2 are
less than or equal to 1. Now take h = U™'/2(I — A)a, g = U"'/?(I — B)a and ¢ = —1. Then it
follows from Lemma 3.1 that the necessary and sufficient condition is

Ul — U [(ul +u2)2 2} 1/2

2 g =l

9

which is equivalent to (3.2). O

Theorem 3.3. If A< B and A # B, then M (A) < M (B) if and only if (3.2) and
(B—A)ad (I-B)[I-(B-A)(B-A)"]=0 (3.3)

hold.
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Proof: Without loss of generality we assume

(A0 (B 0
A‘(o A2>’B_<0 A2>’

where A; < By. Correspondingly denote
o A1 0 o (&3]

Cii Ci2 )

Then

v = o G

where

Cui = (BI—ANA'+ (I - B)aud, (I - B1)— (I — A1) ara) (I - Ay),
Cia = (A1 — By) ooy (I — Ay).

By the property of non-negative definite matrices, M (A) < M(B) if and only if Cj2 = 0 and
C11 > 0. By Theorem 3.2, C1; > 0 if and only if (3.2) holds for A;, B;, A1 and «;. However, under
the theorem’s condition, the left-hand side of (3.2) remains unchanged for A;, By, Ay, a; and for
A, B, A, a. Furthermore, it is easy to see that C12 = 0 is equivalent to (3.3). a

Theorem 3.4. Let bgs (A) and bgs (B) be two GSLS estimators. If there are two or more i’s such
that a; > b;, then M (A) < M (B) can never hold.

Proof: Without loss of generality suppose a; > b; for ¢ = 1,2. Let A;, By and A; be the two
dimensional matrices on the upper left corner of A, B and A respectively and let a; be the subvector
of a consisting of the first two elements. Then

*x *

wB) == (M),
where (17 is the same as in the proof of the previous theorem. Since
rank [(I — By) a1 (I — By)] <1,

and (B? — A?) A7! < 0, the matrix (B — A?) A; '+ (I — B1) a1 (I — By) cannot be non-negative
definite. It follows that Cj; > 0 and, therefore, M (A) < M (B) cannot hold. O

In the following we need only consider the case where a; > b; for at most one i. We consider
the case

1 0 O b 0 0
A= 0 Ay, 0 , B= 0 By 0 ,
0 0 A3 0 0 A3
where by < 1, Ay < Bs, by is a constant and As, By, A3 can be matrices. Correspondingly denote
A 0 0 o1
A= 0 Ay O , = (&%)
0 0 As a3
Then
Fi1 Fio Fis
M (B)—M(A) = x  Foy Foz |,

ES * F33
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where
Fi = (0= +(1—b)%ad,
Fia = (l—bl)alaQ(I By),
Fis = (1—=b1)agas (I — As),
Py = (B —A3)Ay' + (I — Ba) asaly (I — By) — (I — As) andy (I — As),
Fys = (As — By) asaly (I — A3).

Hence M (A) < M (B) if and only if Fi3 =0, F3 = 0 and
Fii Fip
> 0.
< * Fyo > 20
It is easy to see that the first two equalities above is equivalent to (3.3) and the matrix inequality

holds if and only if
Fi1 =0, Fio=0, F» >0 (3.4)

or
Fi1 >0, Fy— F;'F|yFi3 > 0. (3.5)

0 0
E1_<0 Ip1>'

Then analogous to Theorem 3.2 it can be shown that (3.4) is equivalent to

Further denote

(1—=b1)M\1

o= (1 B)(B—-A)Fa=0, (3.6)
up — u3 +ugug — vi < 1, '

where uz = o/ A (B? — AZ)+ (I — B)2E1a, and u1 and v; are the same as in (3.2). Further, (3.5) is
equivalent to

1+b; w1 + Uy (ug — ’LL4)2 1/2
2 2 <1 )
T TN 2 [ 1 +”2} =5 (37)
where
s — (1+b1)U3 vy — v [ 1+, :|1/2
T2 —(1+b) 2 A=) a2 —1-b

Thus we have shown the following result.

Theorem 3.5. Suppose bgs (A) and bgs (B) are two GSLS estimators and A, B have the form

1 0 b 0
A‘(o A2>’ B‘(o Bg>’

where b < 1 and Az < Bs. Then M (A) < M (B) if and only if either (3.3), (3.6) or (3.3), (3.7)
hold.

The above theorems give the ranges of parameter values in which one GSLS estimator is better
than another. Some expressions look rather complicated. If in practical applications only the
sufficient or necessary condition is needed, then some simpler forms can be used. For example, a
sufficient condition for (3.2) to hold is u; < 1.

By taking special forms of A and B, the above theorems give the comparison results among
some common estimators (e.g., bors, brr, bpc, bsps and br). These results include that of Price
(1982). To illustrate, we consider the following two special cases.
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(i) Comparison between GSLS and bors

Corollary 3.1. Let bgs (A) be a GSLS estimator and A # I. Then
(1) M (A) < M (I) if and only if AT —A)(I+A) " a<1; and
(2) M (I) < M (A) if and only if rank(I — A) <1 and A (I —A) (I +A) ' a>1.

(ii) Admissible principal components estimators

A4, 0 (1, 0
(5 0) o= (5 0)

wherer < s <p and A, < I.. Then

Corollary 3.2. Suppose

(1) If s > 2, then M (B) < M (A) can never hold; and
(2) M (A) <M (B) if and only if (I — B)aa=0 and o/ A(B—A) (B+ AT a < 1.
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