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Abstract

Paper [1] first proposed the concept and a theoretical framework of random sets and pro-
vided experimental justification and background of practical applications. This paper studies
statistical theory and methods for random sets from the statistical decision theory point of view.
Some mathematical concepts such as the definition of random set are slightly different from that
in [1].

1 Introduction

The traditional statistical approach is to observe a certain sample point in a sample space through
statistical experiment, and then to use the information provided by this point to estimate or infer
certain characteristics of the population. In real applications and scientific experiments, however,
there are many statistical experiments in which the observations usually are not or cannot be points
of the sample space, rather they are more general subsets. Paper [1] and [2] provided many such
examples. From the statistical point of view we may regard such a subset as a realization of a certain
randomly varied set €. The variation of £ is governed by many factors including psychological, social
and natural ones. We may regard the combined effect of all these factors on £ as coming from a
certain influence field Q. Arbitrary determination of any point w in 2 means the determination of
. In this sense £ is a mapping from Q to the power space P (U) of its image space U. Our interest
is the law of variation of this random set & on P (U).

2 Random set and its shadow function

Suppose we are given a probability space (2, F, P) and an image space (U, B), where B is a o-algebra
on U. A mapping & () : 2 — B is called a random set on U, if for every u € U, {w | u € £ (w)} € F.
If £ and 7 are two random sets on U and we define the mapping (£ U7n) (w) = & (w) Un (w), then it
is easy to see that £ Un is also a random set on U. Likewise, { N1 and £ \ n are all random sets.
In particular, the entire space U and empty set ) are random sets on U.

Let & be a random set on U. Then the function F¢ (u) = P (u € §),u € U is called the shadow
function of £ on U. From the definition it is easy to see that the random set £ has the following
properties:

(1) ¢ is a random set on U if and only if for every u € U, x (£, u) is a random variable on (£2, F),

where
1, ifueé(w)
X(ﬁ(w)v“)_{o, if ug(w).
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(2) Ex(§u) = Fe(u), u € U, where E denotes the mathematical expectation.

(3) Elx(&u) = Fe (W) = Fe (w) [1 - Fe ()], u € U.

(4) E[x (& u) — Fe (u))* = 0 if and only if € is a constant set almost everywhere. In this case
Fe(u) = x(&u) a.e.P.

For the later development, we consider a class of stronger random sets. Let £ be a random set
on U. If the graph of £, G¢ = {(u,w) | u € { (w)} € B x F, then ¢ is called a regular random set.
If £ and 7 are regular random sets, then it is easy to see that £ Un, £ Ny and £ \ n are all regular
random sets. In particular, U and @ are regular random sets. For the regular random sets we have
the following results.

Theorem 2.1.

(1) If U is finite or countable, B = P (U) (i.e. the class of all subsets of U), then any random

set on U is reqular.

(2) If U is the real line IRy or a subset of IRy, B is the class of all Borel subsets of U, and the
random set & on U satisfies: for any w € Q, £ (w) is a closed set consisting of a sequence of
non-single-point intervals, then £ is reqular.

(3) If (U,B) is as in (2) and the random set & satisfies: for any w € Q, £ (w) is an open set and
the distance between its any two adjacent subintervals is greater than 0, then & is regular.

Proof: (1) Suppose U = {u1,us,...}. Then from

Ge = {u € {(w)}

U {un} x {w | un € €(@)})
n=1

it follows that G¢ € B x F. The proof is analog when U is finite.

(2) First we construct a sequence of intervals on IR;: The class of all open intervals with
consecutive integers as two ends (k,k + 1) is denoted as Iy = {Ii,,,m =1,2,...}. Then every
open interval in [ is divided at the midpoint into two smaller open intervals and the class of all
such intervals is denoted as Is = {Iam, m = 1,2,...}. Repeating the above procedure we obtain a
sequence of classes of sets on Ry, I, = {Iym,m=1,2,...} ,n = 1,2, ..., satisfying the conditions:
(i) every interval I, in I,, has length 2n—1,1; (ii) Ip+1 is finer than I,,.

In the following we use 7 to denote a rational number. Let

A= ) x{wlrecw),

reiRy
AZ — Ol L_Jl[lnm X LIJ {w | (S E(OJ)}]

Then A;, Ay € B x F. Next we show that under the condition of (2) we have G¢ = A; U Ay and
hence G¢ € B x F.

If (u,w) € Ge, then u € { (w) and there is a (closed) component interval J of & (w), such that
u € J. If (u,w) ¢ Ay, then for any n, there exists an m, such that u € I,,;,,. Therefore I, NU # Q.
It follows that there exists a rational number r € I, such that r € J C £ (w), that is, (u,w) € As.
Conversely, if (u,w) € Ag, then for every n, there exists m,,, such that u € I,,,, and there exists
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rational number r,, € Iy, , such that r, € {(w). Since as n — oo, 1, — u and § (w) is closed, it
follows that u € £ (w), that is, (u,w) € Ge.

(3) The random set defined here is the compliment of that in (2) and, therefore, is also a regular
random set. The proof is complete.

In the following we are given a o—finite measure m on (U, B).

Theorem 2.2. Suppose £ is a regular random set on U and define
w(B)=Em(BnN¢), BebkB. (2.1)

Then  is a o—finite measure on (U, B) and is absolutely continuous relative to m. Furthermore, the
Radon-Nikodym derivative of p with respect to m is the shadow function of €, that is du/dm = F¢ (-).

Proof: Since ¢ is regular, x (§,u) is a B X F-measurable function and, therefore, the right-hand
side of (2.1) is well-defined and p is a o—finite measure. Further by Fubini Theorem we have, for
all B € B,

n(B) = [ Fe(wm 2.2

It follows that C% (u) = F¢ (u). The proof is complete.

In the above proof we obtain formula (2.2). If F¢ (u) is a continuous function of u (under some
given distance), then it follows from the Integral Mean Value Theorem (see [2], p.174 Exercise 2)
and the Mean Value Theorem for continuous functions, there exists ug € B, such that u(B) =
F¢ (ug) m (B) . Thus we have the following result.

Theorem 2.3. Suppose U is a metric space, £ is a reqular random set on U and F¢ (u) is contin-
uous. Then for any B € B, 0 < m(B) < oo, there exists ug € B, such that

1 (B)
Fe(ug) = ——.
Next we discuss some properties of a sequence of independent random sets. Let &1, &9, ..., &
be random sets on U. If for any subsequence &;,, &, ..., &, and any ui1, w12, ..., Uim,; - 5 Uk,

Uk2, -y Ugm, € U, it holds

P ({utry e uimy b C &y voes {0kt ooy Uy b C &iy)
=P ({ullu -“aulml} C 611) e P({ukly )ukmk} C glk)a

then the random sets are said to be strongly independent. If the above equation holds for m; =
mg = ... = my = 1, then the random sets are said to be (mutually) independent. A class of
random sets {&,t € T'} is said to be (strongly) independent, if any finite subclass of it is (strongly)
independent. For independent random sets we have the following result.

Theorem 2.4. Suppose &1, &o, ... is a sequence of independent random sets with identical shadow
function. Then for any uw € U, as n — oo, we have %Z?:l X (&, u) = Fe (u), a.e.P.

Proof: Under the Theorem’s condition, x (&1,u), x (§2,u), ... is a sequence of independent and
identically distributed random variables. The result follows then from the Kolmogorov Law of
Large Numbers.

Theorem 2.5. Suppose &1, &a, ... is a sequence of strongly independent random sets with identical
shadow function. Then under any one of the following conditions, it holds: for any B € B, as
n — oo,

% Y m(&nB) = Em(&NB), ae.P.
=1
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(1) U s finite or countable, B =P (U) and m is the count measure.

(2) U = IRy or a subset of IRy, B is the class of all Borel subsets of U and m is the Lebesgue
measure. In addition, &1, &, ... are reqular random sets and are such that for every & and
w e Q, x (& (w),u) is almost everywhere continuous on U.

Proof: By the generalized law of large numbers of Loéve [3], §33.4, we need only to show that
under any one condition m (£ N B), m (& N B), ... is a sequence of independent and identically
distributed random variables.

In the case of (1), m(&NB) = ZujeBx(&,uj), i = 1,2,.... By the assumption of strong
independence, it is easily seen that any class of random vectors (x (&iy, %11) 5 X (&iys Uimy))s -
(X (&ipruk1) 5o X (&g > Ukm,, ) 1s independent. It follows that m (& N B), m (§2 N B), ... are inde-
pendent and identically distributed.

In the case of (2), since B is a Borel set, there exists a sequence of open sets O,, C B, such that
m (B —0,) — 0 (as n = 00). Let {Op;} be the sequence of component intervals of O,. Then

m(&NB)= lim [ x(&,u)dm = lim Z/ (&,u)

n—oo n—o0

Since x (&, u) is Riemann-integrable on every O,;, it follows that

/O X (&, u)dm = kli_)n;(}Zx (&, up) APy
l

nj

Therefore m (£ N B),m ({2 N B),... are independent and identically distributed. The proof is
complete.

3 Nonparametric estimation of shadow function

This section discusses several nonparametric estimation methods for shadow functions, derives the
best estimators under various optimal criteria and evaluates the performance of the commonly used
weighted mean estimators under these criteria.

Suppose that the probability space (€2, F,P) and image space (U,B) are given, where the
probability measure P is unknown or partially unknown. We consider the random set ¢ and its
shadow function F' (u). For the sake of notational convenience we will not explicitly distinguish
the random set ¢ and its observed sample z = £ (w) and denote it as . Further we assume that
F (u) #0. A mapping 0 : Bx U ~ [0, 1] is called an estimating function of F, if for every u € U,
0 (z,u) is a F-measurable function. In the following discussion we take the quadratic function to
be the loss function. Then the risk function of an estimator § is

R(5,u) = B3 () — F (u)]® = /Q 6 (2, 0) — F (u)]? dP.

3.1 Best unbiased estimators

Suppose U’ C U and § is an estimator. If Ed (z,u) = F (u), for every u € U’, then 4 is said to be a
U’-unbiased estimator for F'. Further if § is a U’-unbiased estimator for F' and for any U’-unbiased
estimator g, it holds R(d,u) < R(g,u) for allu € U’, then 4 is said to be a U’-best unbiased estimator
for F. In particular, when U’ equals Uy = {u € U | F (u) =1} or Uy = {u € U | F (u) = 0}, the U'-
best unbiased estimator has practical importance. Let us consider the following example. Suppose
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T1,T9,..., Ty is an independent random sample with identical shadow function. Consider the class
of linear estimators

{Z a; (u) x (x5, u) | a; (u) are real functions on U} .

For any estimator in £ it is easy to calculate
n

Zai (u) X (24, u

i=1

Zaz X (zi,u) — F(u)| =F(u Zaz —i—F2 [1—2@2 ] . (3.2)

It follows that, 1) every estimator > . ; a; (u) x (:xl,u) is a Up-best unbiased estimator; 2) every
estimator satisfying the condition Y ;" | a; (u) = 1 when F (u) # 0 is a Uj-best unbiased estimator;
3) if there exists ug € U, such that 0 < F (ug) < 1, then being unbiased implies > . ; a; (u) = 1, for
all u € {F (u) > 0}, and being the best implies a1 (u) = -+ = a, (u) = 2, Vu € {0 < F (u) < 1}.
Therefore all estimators satisfying the above two conditions are U-best unbiased estimators in L.
One of them is the commonly used estimator £ 37 | x (2;,u).

E

u)> ai(u), (3.1)
=1

3.2 Admissibility of the estimators

Let 6 and g be two estimators. If for every uw € U, R (d,u) < R (g,u) and there exists ug € U such
that the inequality holds, then ¢ is said to be better than g. Let £ be a class of estimators. Then
0 € L is said to be admissible in £, if no estimator in £ is better than §. The class of estimators
M C L is called a complete class in L, if for any g € L, there exists 6 € M, such that J is better
than g. Obviously the class of all admissible estimators in £ is contained in every complete class
in L.

In this subsection we consider the admissible estimators in the class

{Zazx (i, u) | a; € lRl}

First we establish the following results.

Theorem 3.1. For any estimator g = Y ;- aix (zi,u) in Ly, there exists an estimator § =
ey x (wi,u), such that for everyu € U, R (0,u) < R(g,u). Furtherif {u e U |0 < F (u) <1} #
@, then the equality holds if only if ay = a2 = -+ = a, = c.

Proof: For the g = Y"1 | a;x (2;,u), take ¢ = L 3% | a;. Then the results follow from (3.2) and
Cauchy-Schwarz inequality.
In the following we assume that {u € U | 0 < F'(u) < 1} # @. Then by Theorem 3.1 the class

Eo—{aZX Ti, U |aE]R1}

is a complete class in £1. Therefore we need only to consider the estimators in £y. For any estimator
ady i, x(zi,u) € Lo, to simplify notation we denote its risk as R (a,u). Let b> " | x (z;,u) be
another estimator in Ly. Then by (3.2) we have

2F (u)
(n—1)F (u)+1

R(a,u) — R (b,u) =nF (u) [nF (u) — F (u) + 1] (a — ) {a—i— b— (3.3)
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Denote Fy = inf,cpy F(u), F1 = sup,cpy F'(u) and

Fo Fl

R P L s L o NS AL

Then from (3.3) it is easy to see that: if a > 3, then 8" | x (4, u) is better than a | x (@i, u);
if a < o, then o> " | x (4, u) is better than a) ;" | x (zj,u); if @« < b < a < 3, then there exist
ui,ug € U, such that R (a,u1) < R(b,u1) and R (a,u2) > R (b,uz). Thus we obtain the following
result.

Theorem 3.2. If{u c U |0 < F(u) <1} # O, then the class of estimators

EO—{GZXJJ“ |a<a<ﬁ}

is a minimal complete class in L1, i.e. the class of all admissible estimators.

From the above theorem it is easily seen that under the theorem’s condition the class
{a Tix(ziu)|0<a< %} is a complete class in £1. In general F' is unknown, and so are the
values of o and . However, the above class provides a reference class of estimators. Furthermore,
from Theorem 3.2 we know that, when F; < 1, the commonly used estimator + "% |y (i, u)
is inadmissible. For example, take 0 < ¢ < (1 — Fy) /F1, then oy X (z4,u) is better than

% Z?:l X (x’h u)

n+c

3.3 Minimax estimators

Let £ be a class of estimators of F'. Then § € L is called a minimax estimator, if for any g € L,
it holds sup, ¢y R (9, u) < sup,cy R(g,u). In this subsection we consider again the class £;. For
notational simplicity we assume without loss of generality that the range of F (u) is the interval

[0,1]. By Theorem 3.2
1
ﬁo{aZX Ti, U 0<a<n}

is a minimal complete class in £;. Therefore a minimax estimator in £; (if exists) must be contained
in Lo. For any estimator a ;" | x (z;,u), by (3.2) its risk function is

R(a,u) = F? (u) (na —1)* + F (u) [1 — F (u)] na®.

Denote Q (a,F) = F2(na—1)* + F (1 — F)na®. Then max,cy R (a,u) = maxocr<; Q (a, F).
Therefore it is not difficult to calculate that max,ecy R (a,u) has the unique minimizer on the

interval [0, %]
3n —vn? +8n

= 2n(n—1)

Thus we have the following result.

Theorem 3.3. Suppose the range of F is [0,1]. Then in L1 there exists unique minimazx estimator
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From the above result we see that the usually used best unbiased estimator 2 3% | v (z;, u)
is not minimax estimator. In fact, direct calculation shows that its maximum risk is even greater
than that of the estimator n%_l " 1 X (zi,u). However, in the class of unbiased estimators
{0 aix (i,u) | Y0y a; =1}, 2377 | v (z;,u) is the unique minimax estimator, and also the

unique admissible estimator.

3.4 Consistency of the estimators

Let x1,x9,... be a sequence of random sets and ¢ (x1,...,x,;u) a sequence of estimators. If for
every u € U, as n — 00, § (21, ...,xp;u) — F (u),a.e.P, then 6 (z1,...,x,;u) is called a consistent
estimator for F' (u). If x1,z9,... is a sequence of independent random sets with identical shadow
function, then from Theorem 2.4 we know that % Yoy x (@i, u) is a consistent estimator for F' (u).

Furthermore, if F' (u) is continuous on U, then motivated by Theorem 2.3 of §2 we can construct
the following estimation procedure:

First partition the image space U as U = (J;2, U;, where U; C U are mutually disjoint and
0 < m (U;) < o0, i =1,2,.... Define the step function F (u) = Em (¢ N U;) /m (U;), when u € Us.
Then along with partitions U;,i = 1,2, ... becoming finer, F (u) gets closer to F' (u). Now if z1, zo, ...
is a sequence of strongly independent and regular random sets with identical shadow function, and
satisfies the condition of Theorem 2.5, then by Theorem 2.5, it holds

1 ae
ﬁzm(xiji) %Em(:vlﬂUi).
j=1

Let .
m (.%j N Uz) wel
m (UZ) Y (M

0 (21, ., Tpu) =

S|

J=1

Then 6 (1, ..., Tp; u) =5 ﬁ(u), Vu e U.
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