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Abstract—Quadratic compressive sensing, as a nonlinear exten-
sion of compressive sensing, has attracted considerable attention
in optical image, X-ray crystallography, transmission electron
microscopy, etc. We introduce the concept of uniform s-regularity
to study the uniqueness in quadratic compressive sensing and
propose a greedy algorithm for the corresponding numerical op-
timization. Moreover, we prove the convergence of the proposed
algorithm under the uniform s-regularity condition. Finally, we
present numerical results to demonstrate the efficiency of the
proposed method.

Index Terms—quadratic compressive sensing; sparsity; unifor-
m s-regularity; uniqueness; greedy algorithm

I. INTRODUCTION AND MOTIVATION

Compressive sensing (CS) has been intensively studied and
widely used in the last decade. The main goal is to reconstruct
sparse signals from the sampled measurements. Recently the
theory has been extended to nonlinear compressive sensing,
see, e.g., [3], [4], [13], [14] and [15] for more details. Particu-
larly, the so-called quadratic compressive sensing (QCS) aims
to find the sparse signal = to the problem

Hel]%n HxHO sty :xTAlw+b?x+CZ7 t=1,---,m, (1)
zERn

where ||z|lo is the number of nonzero elements of = and
yi,c; € Ryb; € R" and A; € R*"*™ 4 = 1,--- ,m are the
given real vectors and matrices respectively.

Similar to the linear compressive sensing, QCS has been
widely used in scientific discoveries. For example, [15] and
[16] point out that the relation between the measurements and
image for partially-spatially-incoherent light is quadratic and
demonstrate that the sub-wavelength optical images borne on
partially-spatially-incoherent light can be recovered from their
far-field or the blurred image, given the prior knowledge that
the image is sparse. Consequently, they introduce the QCS
to recover sub-wavelength information through bandwidth
extrapolation algorithms. Mathematically, their problems can
be described as follows: given an positive integer s and m
symmetric matrices Ap,---, A, € R™"*", find a vector x
satisfying

wl A =y,

i=1,m,

[zllo < s.
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Another example is the phase retrieval problem which plays
an important role in, e.g., X-ray crystallography, transmis-
sion electron microscopy and coherent diffractive imaging.
Generally speaking, the problem is to recover the lost phase
information through the observed magnitudes. Mathematically,
the phase retrieval problem is to find z € C” or R™ in the
following model
i=1,---

Yi = |<ai7x>|27 , M,

where a; € C" or R™ are given and y; € R are observed
variables ( [5], [6], [7], [10]). Let R(x) and Z(z) denote the
real and imaginary part for a complex number x respectively.
Then the above relationship can be rewritten as

Yi = uTA’iu7
where © = (R(z)T,Im(z)T)T and A; is

R(ai)R(a:)" Z(ai)R(a:)" — R(ai)T(a:)"

R(ai)I(ai)T - I(ai)R(ai)T I(ai)I(ai)T ’

In particular, in the real phase retrieval problem the goal is to
find z € R” such that

i=1,-,m,

yi = 27 (a;al )z, i=1,--+,m.

In the above two examples, the relationship between the
input and output signals has the form

(@3]

For the sake of discussion, (2) is called a purely quadratic mea-
surements model. A general quadratic measurements model
can be defined as

_ T c_
yi=ax Az, i=1,--- m.

Ui :acTAix—l-bei—l—ci, i=1,--- 3)

As is well-known in the literature, model (2) suffers the prob-
lem of identifiability because x and —z are not distinguishable
from the observed data. Usually this problem is dealt with
by adopting a modular mapping that identifies £x for any
x € R™, so that a unique solution for model (2) is obtained
up to a change of sign. This method is widely used in the
phase retrieval literature such as [1] and [12].

Therefore by including a linear term, model (3) is not only
more general than model (2) mathematically, but it also helps

, M.



to ensure unique solution. For this reason sometimes both
models are discussed separately below.

To solve problem (1) that includs sparse phase retrieval
problem, a general approach is to use a lifting technique and
recast it as a semi-definite programming (SDP) problem. See,
e.g., [14], [15] and [16].

Another approach to solving problem (1) is to use greedy
methods. For example, [4] shows that the iterative hard
thresholding (IHT) algorithm, a popular greedy method for
CS, can be used to accurately recover sparse or structured
signals from a few nonlinear observations. The main ideas
of this method is to first linearize the nonlinear mapping
between the input and output signals and then use the projected
gradient method to solve a sequence of linear least square
subproblems with sparse constraints. Further, [3] generalizes
the iterative hard thresholding method to solve a more general
problem of minimizing a continuously differentiable objective
function subject to a sparse constraint, which includes the
{y-constrained least squares methods for the sparse recovery
problems from quadratic measurements (2) as a special case.
To guarantee the convergence of the proposed algorithms, the
gradient of the nonlinear mapping in [4] or the objective
function in [3] is assumed to be Lipschitz. For recovering
a sparse signal in the phase retrieval problem, [17] employs
a fp-constrained nonlinear least square method and proposed
the GrEedy Sparse PhAse Retrieval (GESPAR) algorithm for
the corresponding numerical optimization. Generally speaking,
the GESPAR is an iterative local-search based algorithm for
solving the fy-constrained nonlinear least square problem,
where the support of the sought signal is updated iteratively
according to a set of selections and the damped Gauss-Newton
method is invoked to solve a subproblem for the given support.

Inspired by these works, we will employ the following £y-
constrained least squares method for solving the QCS problem
1), ie.,

m

. N Tp 3T 2
min f(z) = ;(x Aix+b; x4+ ¢ —y;)
. lello < 5 @

where s < n is a positive integer. Note that the algorithms
of [4] and [3] cannot be used here because the gradient of
f(+) is not Lipschitz. In the GESPAR algorithm, [17] shows
that each limit point of the iterative sequence is a stationary
point if the minimum eigenvalues of the Jacobian matrices
calculated in the subproblems are uniformly bounded from
below. Recall that in [3] the authors show that the iterative
sequence generated by their algorithm converges when the
mapping matrix is s-regular. In this paper we extend the
s-regularity to uniform s-regularity. We will show that the
uniform s-regularity plays an important role both in the
uniqueness of the solution in the QCS problem and in the
convergence of the algorithm we propose.

This paper is organized as follows. In section 2, we intro-
duce the concept of uniform s-regularity and provide some
sufficient conditions. We also prove the uniqueness in QCS
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problem. In section 3 we establish a fixed point equation
for the minimization (4) under the assumption of uniform s-
regularity. We also construct a projected gradient algorithm
and discuss the convergence of the proposed algorithm. In
section 4 we calculate some numerical examples to demon-
strate our method. Conclusions are given in section 5, while
some technical lemmas and mathematical proofs are given in
the Appendices.

Throughout the paper we use the following notations. For

any d-dimensional vector v = (vq,---,v9)7, let |v| =

d 1
(|U1|»"' 7|Ug‘)T7U2 = (U%,"' 7”3)T7HUH2 = (Zi:lU?)Z’
[ollv = X5y [vil and Jlvflee = max{fon],-- -, |val}. For
any set I' C {1,---,d}, |I'| denotes its cardinality and

e ={1,---,d}/T. For any n x d matrix A = [a,;], denote
IAllr = /30, Ygoy a3 and |Ale = maxi<ij<a lai;)-
Further denote by Ar the sub-matrix of A consisting of
the columns of A with index in I' C {1,---,d}, by AT
the sub-matrix of A consisting of the rows with index in
["C{1,---,n}, and by A™'T the sub-matrix of A consisting
of the rows and columns indexed by I and T' respectively.
Especially, we use the notation vr to denote the sub-vector for
either a column or a row vector v. Further, denote by A ® B
the Kronecker product of two matrices A and B. Finally, eq ;
denotes the jth column of the d x d identity matrix I.

II. UNIQUENESS
A. Uniform s-regularity

For a sparse linear model, [9] introduced the concept of
spark and showed that the uniqueness of the underlying signal
x can be characterized by the spark(B) which is defined
as the minimum number of linearly dependent columns of
the design matrix B. Another way to express this property
is via the s-regularity of B, i.e., any s columns of B are
linearly independent. Indeed, B is s-regular if and only if
spark(B) > s + 1 [3]. Further, in a linear model the
residual function R(z) = y — Bz has Jacobian matrix —B,
where ¥ = (y1,---,¥n)T. Correspondingly, in model (3)
the residual function R(z) = (Ri(z),--- ,Rn(x))T, where
Ri(z) = y; — 2T Ajx — bl'x — ¢;, has Jacobian (—2A;7 —
by, -, —2A,x— bn)T. This leads to the following definition.
Definition IL.1. The transform  A(z)
(Ayz,--- ,Amx)T is said to be uniformly s-regular if
A(x)r has full column rank for any I' C {1,---,n} with
IT'| = s and « € R™/{0} with supp(z) CT.

linear

Definition IL2. The affine transform A(z) = (Aiz +
by, - Az + bm)T is said to be uniformly s-regular, if
A(z)r has full column rank for any I' C {1,---,n} with

IT'| = s and = € R™ with supp(z) C T

It is easy to see that when all A; are zero matrices, the
affine transform .A(z) reduces to the constant transform B and
therefore the uniform s-regularity coincides with s-regularity.
Further, by taking z = 0 one can see that the uniform s-
regularity of the affine transform .A(x) implies the s-regularity



of B = (by,---,bm,)T. However, since the rank of the affine
transform A(z) depends on =z, its rank cannot always be
determined by the ranks of A;, i =1,--- ,m and B.

For any u € R®, denote Ar(u) = (ATu, - ,Afnru)T and

AF(U) = (A£Fu7 Tty A{nru)T + (bll"7 Tty bml")T
= Ar(u) + Br(u).

Then it is straightforward to verify the following results.

Property II.1. A(-) is uniformly s-regular if and only if Ap(-)
has full column rank for any I' C {1,--- ,n} with |I'| = s
and u € R*/{0}.

Property IL.2. A(-) is uniformly s-regular if and only if Ar(-)
has full column rank for any index set I' C {1,--- ,n} with
IT'| = s and u € R®.

Moreover, we have the following results, where we denote
by Vir = {v € R® : AlTw = X, A #£0}/{0},i=1,---,m,
for any index set I C {1,--- ,n} with |I'| =s.

Proposition II.1. (i) Suppose matrices {A;} are symmetric.
Then A(-) is uniformly s-regular, if for any I' C {1,--- ,n}
with |I'| = s and v; € Vjp,t = 1,--- ,m, either {v;},ex or
{v;}icke span R?® for every subset K C {1,---,m}.

(ii) Especially, if A; = a;al for some {a;} € R"/{0},
i = 1,---,m, then the uniform s-regularity of A(:) is
equivalent to the so-called s-complement property of {a;},
i.e., either {al};cx or {al}icke span R® for every subset
KC{l,---,m}and I' C{1,--- ,n} with [I'| =s.

Remark IL.1. In the phase retrieval problem, [1] and [2]
introduce the complement property and show that it is a
necessary and sufficient condition for the measurement vectors
to yield injective and stable intensity measurements. For the
sparse case, [12] propose the concept of s-complement proper-
ty which is less restrictive than the complement property. The
above proposition shows that the uniform s-regularity can be
applied to more negeral models.

Proposition IL2. If "7 | b;®A; = 0and B = (b1, ,by) T
is s-regular, then A(-) = A(-) + B is uniformly s-regular.
Especially, if A; =1, i=1,---,m, >..";b; =0and B =
(b1, -+ ,by)T is s-regular, then A is uniformly s-regular.

B. Uniqueness

In [12] it is pointed out that the unique recovery of an s-
sparse real signal is guaranteed by the s-complement property
of {a;}. As discussed above, the s-complement property can
be generalized to the uniform s-regularity. A natural question
is whether the later condition implies the uniqueness solution
in QCS. To answer this quesiton, we provide the following
results.

Theorem IL1. (i) Let 3; = z*TA;z*, i = 1,--- ,m. Then
model (2) has unique solution z* satisfying ||z*[|o < s if A(*)
is uniformly 2s-regular.
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(ii) Let g; = o*T Ao + ble* +¢i,i=1,---,m. Then
model (3) has unique solution x* satisfying ||z*||o < s if A(+)
is uniformly 2s-regular.

III. OPTIMIZATION ALGORITHM

In this section we discuss the numerical computation of
problem (4). To this end we define S = {z € R" : ||z|o < s}
for a positive integer s and Ps(-) to be the orthogonal
projection onto S, which is a vector consisting of the s
elements of = with the largest absolute values. For any x € R"”,
let M;(z) be the ith largest absolute value component in z,
where : =1,--- ,n.

We first establish a fixed point equation for the optimization
problem (4), which is used to construct a projected gradient
algorithm.

Theorem IIL1. Assume that (¢) in model (2), A(-) is uni-
formly s-regular; or (ii) in model (3), Y1, b; ® A; = 0 and
B = (b, ,bm)T is s-regular. Then there exists a vector
Z € R™ that is a minimizer of problem (4). Further, there exists
a positive constant L such that for any 7 € (0, min{L !, 1},
it holds

& ="Pg(&—7Vf(E)). ®)

Based on the fixed point equation (5), we propose the
following algorithm for the computation of (4).

Algorithm:

Step 0. Given A > 0,¢ > 0,7, € (0,1),5 > 0, choose an
arbitrary 2° and set k = 0.

Step 1. (a) Compute V f(z*) from
V@) =2 (a7 Aw + bz — y:) ((Ai + AD))w + bi);
i=1

(b) Compute zF+1 = Pg(z*—7,V f(2F)), where 73, = ya’*
and jj is the smallest nonnegative integer such that

(@)
Step 2. Stop if

— fa") >

Coghhs

6

%)
2 X

k+1 k||2

ot — o
max{L, ¥ ]2} ~ ©

Otherwise, replace k by k£ + 1 and go to Step 1.

Remark III.1. A key point in the above algorithm is to find
the smallest nonnegative integer j; such that (6) holds, which
can be done successfully by Lemmas B.3 and B.4 in Appendix
B. Another key point is the choice of the sparsity parameter s
which may not be known a priori in some applications. A pop-
ular and efficient method for choosing the penalty parameter in
{1 -regularized minimization is cross validation which can be
applied to problems such as compressed sensing. In the next



section we will calculate some numerical examples using 5-
fold cross validation to determine the sparsity parameter s. The
numerical results demonstrate the efficiency of this method.

Remark IIL.2. In [3] the authors studied the sparsity con-
strained optimization problem

min h(xz) st |zl < s, @)

zER™
where h(-) is a continuously differentiable function, and
introduced the so-called L-stationary point x that satisfies

1
x € Pg(zx — ZVh(m)), L>0.

They proved that the above relation holds if and only if ||zl <
s and

if i ¢ supp(z);

< LM,(z),
= if i € supp(z)

o ®)

when {
where Vh(z); is the ith element of the gradient vector Vh. In
articular, it is pointed out that if = is an L-stationary point for
some L > 0, then (¢) Vh(x) = 0 when ||z|lo < s; and (4)
Vh(z); = 0 for all ¢ € supp(z) when ||z||p = s. Furthermore,
it is shown in [3] that under the assumption that the gradient of
the objective function Vh is Lipschitz with constant L(h), the
minimizer of problem (7) must be an L-stationary point when
L > L(h). Unfortunately our function f(-) does not satisfy
this assumption. However, the problem can be overcome if the
uniform s-regularity is assumed.

Now we consider the convergence of the proposed algorith-
m.

Theorem III.2. Let {x*} be the sequence generated by the
above algorithm. Then,

(1) limg o0 [|[ 271 — 2F||2 = 0;

(i1) any accumulation point of {2*} is a stationary point of
the minimization problem (4).

IV. NUMERICAL EXAMPLES

In this section we demonstrate the efficiency of our proposed
algorithm by calculating some numerical examples related to
the phase retrieval problem with real measurement vectors and
real signal [1], [3], [12].

Example. Suppose that € R™ is a discrete signal and we
observe the squared modulus of the inner product between the
signal and some vectors a; € R"

(C))

Let the true value x* be generated randomly with s nonzero
components from the standard Gaussian distribution. To recov-
er *, we use the {y-constrained least squares method which
can be formulated as
m
min (z"a;)* - yi)2

TERN 4
i=1

yj:<aj7x>2: j=1--,m.

st zllo < s, (10)

where s is a positive integer and is treated as unknown here.
As mentioned in Remark III.1, we use cross validation method
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to choose the sparsity s. To evaluate the performance of
our algorithm, we carry out 100 Monte Carlo runs in each
simulation and report the mean and standard errors (SE) of
|Z]lo, where Z is a minimizer of the optimization (10). We
also report the successful recovery (SR) rate using the criterion
I'=T* and |& —2*||2 < 0.01, where I'* = {j : z; # 0} and
D= {j:& #0}

In [12] it is pointed out that a set of 4s — 1 independent
samples from an n dimensional standard Gaussian distribution
satisfies the 2s complement property with probability 1. There-
fore in our simulations vectors a; € R™ are generated from
the standard Gaussian distribution and the relation between
the dimension n and the sparsity s satisfies n > 4s. Similar
to [3] we consider the cases n = 120 and m = 80 with
s =3,4,---,10 respectively.

The numerical results are given in Table I. These results
show that the averages of ||&||p are fairly close to the corre-
sponding true values ||z*||o and the SE are very small overall.
They also confirm that the cross validation method works well
in choosing the right sparsity parameter. The rates of success-
ful recovery are over 50% and are stable when the sparsity of
true value increases. These rates are comparable with similar
studies in the literature. For example, compared to the results
in [3], our SR rates are lower in the cases where s = 3,4
but significantly higher in the cases where s = 5,6,7,8,9, 10.
Moreover, our SR rates can be significantly higher if more
relaxed numerical accuracy criterion is used. For example, if
an estimated value |2(i)| < 5x 10~ can be regarded as being
estimated as zero, then the SR can be higher than 90%.

TABLE I
THE AVERAGE RESULTS OF 100 SIMULATIONS
WITH n = 120 AND m = 80.

lz*llo (llZllo, SE) SR
3 (3.7, 0078) 052
4 49, 0127) 055
5 (58, 0.099) 050
6 69, 0.115) 051
7 (8.0, 0.124) 051
8 (89, 0.135) 058
9 (102, 0.154) 052
10 (107, 0.087) 0.50

To assess the efficiency of our method in the situation of
high-dimensional signal recovery with low sample size, we
also run the simulations with m = 3n/4, s = 0.05n and n =
100, 200, 300,400, 500, respectively. The numerical results
are given in Table II, which demonstrate further that cross
validation is an appropriate method for the choice of sparsity
used in the projection operator. While the last column in II
show that our method can recover the unknown signal with
higher success rates even in relatively high dimensional cases.



TABLE 11
THE AVERAGE RESULTS OF SUCCESSFUL RECOVERIES.

n lz*llo (l#llo, SE) SR
100 5 (59, 0.120) 0.1
200 10 (10.6, 0.103)  0.67
300 15 (1567, 0.111) 0.67
400 20 (20.6, 0.133)  0.71
500 25 (262, 0233)  0.64

V. CONCLUSION

Quadratic compressive sensing (QCS) has been widely used
in many fields such as optical images, X-ray crystallogra-
phy, transmission electron microscopy. We have introduced
the concept of uniform s-regularity to study the uniqueness
of the solutions in quadratic measurements models. In the
framework of sparsity-constrained nonlinear optimization, we
have derived a fixed point equation and proposed a greedy
algorithm for the numerical computaiton. The convergence of
this algorithm is proved under fairly mild assumptions. Finally,
we have presented a numerical example to illustrate the pro-
posed method. The numerical results show that the proposed
method performs well in cases with various dimensions and
sparsity.
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APPENDIX A
UNIQUENESS ANALYSIS

Proof of Proposition I1.1:

(i) First note that for any index set I' C {1,--- ,n} with
IT'| = s, it follows from the eigenvalue decomposition that,
foreachi=1,--- ,m,

T
AT = Z Xij 43 a5
=1

where {);;} are the nonzero eigenvalues and {g;, } are orthog-

onal eigenvectors with ||¢;;|] = 1 for j = 1,--- ,r;. Hence it
is easy to verify that for any u € R*/{0},
(A e Aru) T
71 Tm
=(Z Ajulquiqu, Z At GmGmy)" -
i=1 j=1

For any v € R®/{0}, we denote T {i + ulqy =
0, foreach j = 1,---,7;} and t |T|. Then for the
case t > 1 we can assume without loss of generality that
T={1,---,t}. It follows that

(A§Fu7 e 7A£‘nFu)T
Tt41 Tm
2(07 -0, Z )\t+1juTQt+1th+1j7 ce »Z )‘mjuTQijmj)T
Jj=1 j=1
which implies that
rank((ATw, - AITy))
Tt41 Tm
:rank(z )\t+1jUTQt+1th+1j7 te 72 )\mjuTQijmj)~
j=1 j=1
Foreachi = t+1,--- ,m, since {g¢;;} are linearly independent

and u # 0, we have

Z)\ijUTQijCIij e V.

j=1
Therefore by the definition of T and that ¢ ,
there exists nonzero vector wug such that ugqij 0
for ¢ € T and j 1,---,r;. It follows that
{@:5,7 = 1,---,ri}icr are linearly dependent, which
together with the assumption of the Proposition imply

> 1



m

that Z L A1 U Q1 Qg D )\m]u Gmjlmj S
pan R°. Therefore we have rarrk((AF S ATY)) = s,
Finally since w and I' are arbitrary, property II.1 implies the
uniform s-regularity of A(-).

(ii) Suppose {a;} € R™/{0} satisfy the s-complement prop-
erty. We use the above result to show that A(-) is uniformly
s-regular. For any I" C {1,--- ,n} with || = s, it is easy to
see that for each i = 1,---,m, |la;r||"ta;r is the unique
eigenvector associated with the unique nonzero eigenvalue
|air||?. That is, Vir = {v € R® : ATTv = Xv, X #£ 0}/{0} =
span(a;r)/{0}. Based on the s-complement property of {a;}
and the first result, it follows that A(-) is uniformly s-regular.

Given that A(-) is uniformly s-regular, we now show that
{a;} satisfy the s-complement property. To this end it suffices
to prove that either {a} };cx or {a} };cxe span R® for every
subset K C {1,--- ,m}. Without loss of generality we assume
that K = {1,--- ,k}. We prove the result by contradiction.
Suppose that both air,--- ,axr and agiir, - ,amr cannot
span R® and denote A; (air,--- ,arr)T and Ay
(@gi1r, - amr)T. Then there exists ug € R*/{0} such that
Ajug = 0 and it follows that

T
) (a%ruo)amr)

T
’(Ir];ﬂ‘uo))

((afruo)ar,- -
=(0, Agdiag(afﬂpuo, e
and therefore
(ayanuo)amr)T
aﬁruo))T.

it follows that

rank((alpuo)alra :
:rank(07 A2 dlag(akaUm Ty

Since k41T, " ,Gmr  Cannot span RS*,
rank(As) < s, which implies that

rank(O, AQTdiag(a£+1F1Ao, e ,agruo))
:rank(flgdiag(afﬂpuo, e ,aﬁruo))
grank(fig)
<S.

However, the uniform s-regularity of A(-) implies that
T
rank(Ar(u)) = rank((alruo)alp, -+, (al rug)amr)” has
full column rank, which is a contradiction.
|
Proof of Proposition I1.2: Denote by e; the jth column
of the n x n identity matrix I,. For each k,l =1,2,---
it follows that

ez(z AjxzbT e = xT(Z ATerel'b;) =
i=1 i=1

where the last equality follows from the assumption that
>t b; @ A; = 0. Therefore we have

Xn:AixbiT =
i=1

y 1,

)

Since
(A(z) + B)T(A(z) + B)

)
=A(z)TA(z) + A(z)TB+ BTA(z) + BT B,
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A(z)'B = z”: Aab]
and BTA = (ATB)T
(A(x) + B)"(A(z) + B)

For an index set I' C {1,---,n} with [I'| = s, we then
conclude from the s-regularity of Br that for any u € R*/{0}
the matrix

(Ar(u) + Br)" (Ar(u) + Br)

is positive definite, which implies that rank(Ar(u) +
Br)T(Ar(u) + Br) = s. Combing this and the fact that
rank(Ar(u) + Br) = rank(Ar(u) + Br)" (Ar(u) + Br), we
get the desired result.

, we have

= A(x)"A(z) + BT B.

= Ar(u)"Ar(u) + BE Br

|

Proof of Theorem II.1: We first prove the result

(7). Again we prove it by contradiction. Assume that 7 #
tz*, |20 < Jlz*lo, M(Z) M(£z*),z € R”, where
the operator M is defined as (M(z))(i) = 27 A;z. Denote
I’ = supp(Z) U supp( ) Then, |I'| < 2s. For any « € R", it

follows that (M(%))(i) = (z7)T ATzl and therefore
M(z) - ( ")
:((i,l“_ *F)TAI'T( 4ozt ) -
(i,l“ _ *I‘)TAFF(% +I ))T

:AF(SE‘F +I‘*F)(i‘r o ZL‘*F).

Since 0 75 #+2*T and A(-) is uniformly 2s-regular, it follows
that Ar (2" + 2*1') has full column rank, which implies 7' =
x*I'. This is a contradiction.

Next we prove result (i¢) by contradiction. Assume that
T # a Zlo < [lz*llo, M(Z) = M(2"),Z € R", where
the operator M is defined as (M(z))(i) = 27 Az + «Tb;.
Denote I' = supp(Z) U supp(x*). Then, |I'| < 2s. For any
x € R", it follows that (M(%))(i) = (z7)T AT 2t + (27) T}
and therefore

0=M(z) — M(z)

:((ij‘ .’L‘*F)T(AI;F+I){)(.%F+I*F),~-~ ;
(& — 2T (A, +0,) (@ +a™))
=Ar (" + 2 7)(@" - 2*T).

Since A(-) is uniformly 2s-regular, it follows that Ap(Z" +
2*T) has full column rank which leads to ' = z*I'. This is
a contradiciton.

T

APPENDIX B
OPTIMIZATION ALGORITHM ANALYSIS

Lemma B.1. For any b € R", consider the following projec-
tion problem
s.t.

min *IIJIj — 0|3 [zflo < .

E]R‘n

Then, the minimizer & satisfies & = Pg(b).



Lemma B.2. Let b; € R" and 4, € R"*" i =1,--- ,m
be the given matrices (vectors). Let s be a positive integer

satisfying s < n and I' be any subset of {1,2,---,n}
satisfying |I'| = s.

(i) If A(-) is uniformly s-regular, then the
function fir(u) = >, (uTAMu)? is coercive, ie.,
Lm0 f1(u) = 0.

(46) If " b; @ A; = 0 and B = (b1, ,by)7 is s-
regular, then the function for(u) = >"1"  (uT AFTu+uTb;r)?

is coercive, i.e., lim,| o0 for(u) = oo.

Proof: To show result (i), note that there exists a vector
v* € R* satisfying ||o*|| = 1 and

fir(v™) = min fir(v)

because fir(-) is continuous and the set |jv|]] = 1 is com-

pact. Then the uniform s-regularity implies that the ma-

trix Y0, ATTo*o*T ATTT s positive definite, and therefore

fir(v*) > 0. For any nonzero vector u € R®, it follows that
u

fir(w) = [|ul/* Z( H I

which implies that fir(u) — oo as |ju|| — oo. That is, the
first result holds.

To show the result (%), note that for any vector u € R®, we
have

s.t. lvll =1

u TFF

) =l fir(v7)

Tl

fQF(U)

_Z TAFFU +UszF)
i=1

= Z(uTAgFu)2 +2 Z(’U,TA{FU)(UTbiF) + Z(uTb,-p)z.
i=1 i=1 i=1

Analog to the proof of (11), we can show that the assumption
S bi®@A; =0 implies 23" (uT AT w) (uTb;r) = 0 and

therefore
Z:(uTAFF Z birbir)u.

Jor(u
It follows form the s-regulanty that fg[‘(u) — 00 as u — 0.
|
Proof of Theorem IIl.1: We first prove the existence
of #. By Lemma B.2 it is easy to show that f(z) — oo as
|z|| = oo and ||z||lo < s. It follows that there exists a positive
constant 7 such that the problem (4) is equivalent to

min (z)

zER

3

st zllo < s, |z]| < 7

Since f is continuous and the constrained set is compact, it
follows that the problem (12) has a minimizer Z which is also
a solution of (4).

We now prove the fixed point equation (5). For any 7 > 0,
define F;(z, %) := f(&) + (Vf(2),z — &) + 5=||o — &[] and
consider the following auxiliary problem

min F.(x,%)
st |zllo < s

z e R™. (12)
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Denote B; , = {x € R": ||z||2 < 7, ||z]lo < s} and Bpas =
{z e R" : |lzfl2 < 7, |lz[lo < 2s}. Tt is clear that there exists
a positive constant L such that L = SUp,ep, .. IV2f(2)]2-
Note that for any z,y € B; , the line segment [z, y] € By o5.
Therefore for any 7 € (0, ﬁ_l] and = € B; 4, we have

f(z)
f@@) +

1
F(x, )+ 5(1‘

13)
(V1) ) + 3@ - D)V — )

— &)V (€)@ - 2)

oo, 1 .
< F(,d) + 92 @lllle — 313 - 5
LA £ _ A2 ~112
< Fe(a,d)+ S lle - a3
< Fr(z,2), (14)

where £ = & + a(x — Z) for some a € (0,1) and the second
inequality follqws from the fact that { € B s and hence
IV2(€)]]z < L.

Further, let

Z €argmin Fr(z,2) st |z]o <s,

TER™
where 7 € (0, L™1]. Since f(#) = F,(&,4), one can conclude
from the inequality (13) that for any 7 € (0, L™],

f(@) < f(z) < Fr-(7,2),

which leads to F,(&,&) = F,(Z,&). Therefore & is also a
minimizer of the problem (12).

On the other hand, it is easy to check that the problem (12)
is equivalent to the following minimization problem

F.(z,%) < Fr(2,1) =

min fo — (& —7VF@))Z st |zllo<s
zER™ 2
which together with Lemma B.1 leads to the desired result. W
Lemma BJ3. Let g = |[Vf(@®)|lz and G, =
supsep, [V2f ()2, where By = {z € R" : |jz[ls <
|z*|l2 + gx}. For any § > 0,7, € (0, 1), define
0 (G +6) <1

o { —[log, ¥(G) + )1 +1, otherwise.
Then (6) holds.

Proof: From the definition of 7, and jg, it is easy to
verify that

1
G — — < —0.
Tk

15)
Indeed, by taking 7, = v we have
1 Grp—1
Gy — — = Iok — 2 <
g

Tk
when v(Gy 4 6) < 1. If v(Gy + §) > 1, then

-5,

1

Y(Gr+d)
Gr+96

T = yadk < ,yaloga

which also leads to (15).



Further, since

k+1

x € arg Fr, (z, ) (16)

min
z€R™, ||lz[o<s
and

25t |o < Jla* = 7V f(@0)[l2 < 2|2 + g

it follows that z**' € B;. Similar to (13), we obtain from
(15) that

f(.’[)k+1) (17)
. 1 1
< P (@ hat) + Sl =2tV el - )
1 1
< Fp(@hat) 4 5llat T - aMB(Gh - )
0
< Fr (™ ah) = Sl - a3,

where &, = xF + o(Z%* — 2*) for some ¢ € (0,1) and hence
the second inequality follows from & € Bj. Combining this
and (16), we have

f@F) = f@*Y) = F (2% 2F) - feft)  as)

> Fp (2™ ak) - f(a*)
0
e |
which completes the proof. ]

Lemma Bd4. Let {zF)} and {7} be generated by the
algorithm. Assume that A is uniformly 2s-regular. Then,
(1) {«*} is bounded; )
(ii) there is a nonnegative integer j such that T € [ya?, ~].

Proof: We prove the result (i) by contradiction. Suppose
{2*} is bounded, which implies that there exists a subsequence
{z*i} tending to infinity as j — co. By Lemma B.3, we
have f(2%7) — 0o as j — co. On the other hand, Lemma
B.3 implies that { f(x*)} is strictly decreasing which together
with f(-) > 0 implies that {f(z*)} converges to a constant
f*(>0), which is a contradiction.

To show (i1), we note that since f(-) is a twice continuous
differentiable function, it follows from the boundedness of
{x*} that there exist two positive constants g and G such
that sup,~o{gr} < g and sup,~o{Gir} < G. Define j =
max(0, [— log, v(G + )] + 1). Therefore 0 < jp < j and it
follows from the definition of 74 that 7 € [yad,~].

|

Proof of Theorem III.2: (i) From the definition of z*+!

and (6), we have

Sl - M B <2 3 AE) - fA)
k=0 k=0

=510 = F@ )

s%f(xo)-

Hence, Y ;2 ||z"T! — 2F||3 < oo and therefore ||z*+1 —
oF|ly — 0 as k — oo.
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(ii) Since {x*} is bounded, it has at least one accumulation
point. Let # be an accumulation point and suppose that the
subsequence {z*/} tends to . We show that it satisfies (5)
for some 7 > 0. If ||Z]lo < s, then V f(Z) = 0 and therefore
it follows from ||Z||o < s that for any 7 > 0,

I = Ps(z) = Ps(z — 7V f()).

Denote ' = supp(Z) and let z; be the ith element of a vector
z . If |Z]lo = s, then a:f] # 0 for large enough j when i € T.
It follows from the property of the projection Pg(-) and the
algorithm that

xfﬁl = xfl — 71, Vf(a);.

Since fo — Z; and Vf is continuous, by the first result (7)
and Lemma B.4 (i7) we have

Vf(i); =0, foreachiel, (19)
which together with ||Z|o = s yields that for any 7 > 0,
Since ||z ]lp < s, 2 — # and ||Z]o = s it follows that
x?j = 0 for large enough k; when i ¢ I". Combing this and
the iterative formula, we obtain that there exists a positive 7
such that

T, [V £ (@™)i] =lag? — 7,V f (™)
< min \lfﬂ — Tijf(fL'kj)l|
el
R PR |
— min [}/
ler
which further implies that

j+1|

lim sup 7, |V f(2*7);| < min lim sup \xf
j—o0 le Jj—oo

By Lemma B.4 (ii) and that z*i — %, we have

lim sup 73, |V f(2);| < min |#;] = M (7).
j lel

J—o0

On the other hand, (19) implies that for any 7 > 0,

min |Z; — 7V f(Z);| = min |Z].
lel el

From the above inequalities, we conclude that for each ¢ ¢ f‘,
|Zi — TV ()| <|Z; — (imsup 7y,)V f(2);]
j—o0

<min |7 — 7V f(Z)]
lef
for any 7 € (0,limsup,_, ., 7x;). For each i ¢ I, we
then obtain that Pg(%; — 7Vf(Z);) = 0 for any 7 €
(O, liminfy_, oo Tk). |



