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Abstract

This paper deals with a nonlinear errors-in-variables model where the error distributions are
nonparametric and a prediction equation for unobserved covariates is available. Consistent and
asymptotically normally distributed estimator is constructed using the combined approach of the
method of nonparametric estimation and the method of simulated moments (MSM) of McFadden
(1989) or Pakes and Pollard (1989). Necessary and sufficient conditions of identifiability of the
model are derived by using the Fourier deconvolution method.
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1 Introduction

Measurement errors occur frequently (e.g. Aigner et al (1984), Fuller (1987) and Hsiao (1992)).
If a model is linear in variables, the issues of random measurement errors can often be overcome
through the use of the instrumental variable method. If a model is nonlinear in variables, the
conventional instrumental variable method, in general, does not yield consistent estimator of the
unknown parameters when variables are subject to random measurement errors (e.g. Y. Amemiya
(1985) and Hsiao (1989)).

To obtain consistent estimators for nonlinear errors-in-variables models, two approaches have
been adopted. One is to assume that the variances of the measurement errors shrink towards zero
when sample size increases (e.g. Amemiya and Fuller (1988) and Wolter and Fuller (1982a, b)).

The other is to assume that sample observations are random draws from a common population (the
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so called structural errors-in-variables models, see, e.g., Kendall and Stuart (1977)). The former
approach may not be applicable to data sets often encountered by economists. The latter approach
will yield consistent estimators of the unknown parameters through the use of the maximum likeli-
hood or minimum distance principle only if the conditional distribution of the measurement errors
given the unobservables are known a priori. Unfortunately, the probability distribution of the
measurement errors typically is unknown to investigators unless validation data are available (e.g.
Carroll and Stefanski (1990), Sepanski and Carroll (1993)).

In this paper we propose an alternative approach to derive the consistent estimators for nonlin-
ear errors-in-variables models. We combine the nonparametric estimation method with the method
of Fourier deconvolution to separate the systematic part of the regression model and the probability
distribution of the unobservables. We demonstrate that, contrary to the common belief, instrumen-
tal variables do yield useful information with regard to identification and estimation of the unknown
parameters. To derive the estimators, we use a simulation based procedure. While the basic idea
of simulation is similar to the method of simulated moments (MSM) of McFadden (1989) or Pakes
and Pollard (1989), it is different in the sense that the knowledge of the true density function of the
unobservables is not required. Essentially, simulation generated from any arbitrary distribution is
capable of yielding consistent and asymptotically normally distributed estimators. The method is
also easier to implement than the semiparametric method recently proposed by Newey (1993).

In section 2 we set up the basic nonlinear errors-in-variables model under the assumption that
the instruments exist. Section 3 considers the identification condition. Section 4 proposes a simu-
lated semiparametric estimator which is consistent and asymptotically normally distributed. Con-

clusions are in section 5. The proofs of the theorems and lemmas are in appendices A and B.

2 The Model

Consider the regression model
y = g(z;00) +m, (2.1)
where y is the dependent variable, x is a k dimensional explanatory variable and 6 is a p dimensional

vector of unknown parameters. The function g(x;6p) is nonlinear in x. The explanatory variable x

is assumed to be related to the I dimensional instrumental variable w by
x =Tow+u, (2.2)

where I'g is a k x [ matrix of unknown parameters and the error u is assumed to be independent of

w. Suppose x is unobservable. Instead we observe z, where
z=x4+C. (2.3)

In other words, we observe y, w and z, but not . The 7, ( and u are unobserved errors which
we assume to satisfy E(n | w,u) = 0 and E(¢ | w,u,n) = 0. There is no assumption about the
functional form of the error distributions. Thus, the model is semiparametric. The primary interest

is to estimate the parameters 0y, I'g and the distribution of u, F},(u).
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Hausman et al (1991) analyzed a special form of model (2.1) - (2.3) where g(z; 6p) is a polynomial
of z. Hausman, Newey and Powell (1995) considered the general regression model via polynomial
approximations. Newey (1993) proposed consistent estimators of model (2.1) - (2.3) based on the

following moment equations

E(y|w) = /g(Pow + u; 0)dF, (u),
E(zy | w) = / (Tow + u)g(Tow + us 6)dF (u), (2.4)
E(z |w) =Tyw,

under the assumption that the parameters 6y, I'g and the distribution F,(u) are simultaneously
identified by (2.4). Hausman et al (1991) showed that the polynomial model is identifiable. Newey
(1993) conjectured that the identifiability holds for more general models. Assuming the model
to be identifiable, Newey (1993) derived a consistent simulated moment estimator for the model
where Fy,(u) belongs to a parametric family and a consistent semiparametric estimator when F,(u)

is nonparametric but may be approximated by a parametric family.

3 Identification

Following Newey (1993) we consider the question of identifiability of the parameters 6y, I’y and the
distribution F,(u) based on moment equations (2.4). That is, given the observed information (the
left-hand side of (2.4)), are 6y, 'y and F,(u) uniquely determined by (2.4)? Thus, in this paper,
that (69, T, F,) are identified means that they are uniquely determined by (2.4).

Obviously the last equation of (2.4) is a usual linear regression equation and, therefore, 'y is
identified in geneRal. In the following we show how 6y and Fy(u) are identified by the first two
equations of (2.4), given that I'y is identified. We assume that:

A 1. The distribution of w, Fy,(-), is absolutely continuous with respect to Lebesgue measure and

has support IR,
A 2. T'g has full rank k.

A 3. The functions g(z;6), xg(x;60y) € L' (IRF), the space of all absolutely integrable functions on
RF.

Let mi(Tow) = E(y | w) and ma(T'ow) = E(zy | w). Then, since the conditional expectations
in (2.4) depend on w only through v = T'gw, the first two equations of (2.4) can be respectively

written as

my(v) = /g(v + w; 00)dFy(u), (3.1)

ma(v) = /(v + u)g(v + u; 0p)dF,(u). (3.2)
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In this paper, unless otherwise indicated explicitly, all integrals are taken to be over the space IR.
Considered as functions of v € IR, m;(v) and mg(v) are well-defined by (3.1) and (3.2). Further-
more, condition A3 implies that mq(v), ma(v) € L' (IRF) and the Fourier transforms §(; 6p), 71 ()\)

and ma(A) of g(z;6p), m1(v) and ma(v) respectively exist, where, e.g.,

g(A;00) = /e_i)‘/zg(x;eo)dx.

Then taking Fourier transformation on both sides of (3.1) and applying the Fubini Theorem we

have

mi(\) = / e~ / g(v 4 u; 00)dF, (u)dv (3.3)

= /[/ e N ) g (4 4w B )dv] e U dFy, (u) (3.4)
= /e_i)‘/mg(x;eo)dx-/ei)‘/“dFu(u) (3.5)
= G(A;00) fu(N), (3.6)

where f,(\) = [ ¢*dF,(u) is the characteristic function of F,(u). Likewise taking Fourier trans-

formation on both sides of (3.2) yields
a(N) = 53 (% 00) FulV), (3.7)
where

(A 6y) = /ei)‘/mxg(a:;Qo)dx

_ ;99X 00)
oN
Now, if g(A;6p) # 0, then (3.3) is equivalent to
; 1 (A)
w(A) = = . 3.8
Tl 9(A;6o) (38)

It is apparent now that f,()\), hence the distribution F,(u), is uniquely determined by 6 through
(3.5). In order to derive the condition under which 6y is identified, we substitute (3.5) into (3.4)

and obtain
G(A;00)ma(X) = ga(A; bo)ma (A). (3.9)
It follows from the Uniqueness Theorem of Fourier transformation, that

/9@—vﬂwmﬂwmﬁi/@—vw@—vﬂwmﬂme (3.10)

holds almost everywhere on IR” (with respect to Lebesgue measure). In fact, from equations (3.1)
and (3.2) it is easy to verify directly that (3.7) holds for all ¢ € IR*. As a result, we have

G@ﬂw=/ﬁ@—m%n@—wmuw—mxmmUza (3.11)

Let © C IRP denote the parameter space. Then we have the following results.
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Theorem 3.1. (Pointwise Identification). Suppose A1 - A3 hold for model (2.1) - (2.3) and
G(X;00) # 0,Y\ € IR*. Then

1. if there exists a point & € IRF, such that G(&0;60) = 0 has unique solution 6y € O, then
(60, F,) is identified (by (2.4));

2. (0, F,,) is identified if and only if Oy is the unique point in O satisfying (3.8).

Since (3.8) contains k equations, from Theorem 3.1 we have immediately the following identifi-

cation conditions.

Corollary 3.1. Under the condition of Theorem 3.1,

1. a necessary condition for 0y to be identified by (3.8) is that k > p;

2. if k > p and the function G(§;0) in (3.8) is differentiable at 0y, then a sufficient condition
for identification is that there exists &y € IRF, such that

0G(&o; 00)

rank( 50 ) =

Remark 3.1. Assumptions A1 and A2 are made to ensure that the conditional moments mi(v)
and mo(v) are fully observed. It is easily seen that technically the derivation of the results in this
section still goes through even without assumptions A1 and A2, because my(v) and mo(v) are well-
defined functions by the right-hand sides of (3.1) and (3.2). In this sense m1(v) and mo(v) may be
viewed as extensions of the conditional expectations E(y | w) and E(zy | w) respectively. However,
my(v) and mo(v) may not be observed at every point v € IRF without A1 or A2. In applications
point of view neither is the assumption A8 as restrictive as it appears, because the relation g(x;0y)
can be considered as holding in a sufficiently large compact subset of IRF and outside this compact
subset it can be redefined such that A3 is satisfied.

Remark 3.2. The condition in Theorem 3.1 that g(\;0y) # 0, for all X € IR* may be replaced
by the condition that g(X\;0p) # 0 at X\ = 0 and the characteristic function fWu(X\) is analytic.
This is easy to see because g(\;0y) is a continuous function of X\ and, hence, §(0;0y) # 0 implies
g(X\;00) # 0 in a neighborhood of zero, which in turn implies that (3.5) holds in a neighborhood of
zero. Since now fu(\) is analytic, (3.5) must hold for all X\ € IRF.

The Fourier transformation turns out to be a useful tool for solving the problem of identifiability,
because the convolution of two functions can be transformed into the product of the corresponding
Fourier counterparts. In order to get more insight about the structure of model (2.1) - (2.3), we
proceed to find the solution g(\;6p) of the differential equation (3.6). As is shown in Appendix A,
the solution is given by

G(X;600) = §(0; 6)e™, (3.12)

where

= [ T,

iy (A
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and A; and mg;(A) are the j-th component of A and 72 () respectively. By (3.5)
= mi(\)e ")
Fuln = e
9(07 00)

Equations (3.9) and (3.10) suggest that the Fourier transform §(\;6y) and the characteristic func-
tion fu()\) can be respectively decomposed as a known function of 8y multiplied by a known function
of observed information. Furthermore, if the left-hand sides of (3.9) and (3.10) are absolutely inte-

(3.13)

grable on IR, then applying the Fourier inversion formula to them yields

g(z;00) = g((g;r?;)) /ei)‘,x+h(/\)d)\ (3.14)
and )
fulu) = CAG / e~ U= (V) d. (3.15)

To summarize, we have the following results with regard to the structure of the model.

Theorem 3.2. Under the conditions of Theorem 3.1,

1. the Fourier transform g(\;6p) has representation (3.9);
2. the characteristic function f,(\) has representation (3.10);
3. if G(\; 00) € LY(IR¥), then the regression function g(x;0g) has representation (3.11);

4. the density function of u, if exists, has representation (3.12).

To illustrate the results of this section, we consider a simple example.

Example 3.1. Consider a simple case of model (2.1) - (2.3) where all variables are scalars, the
regression function g(x;60) = %% with 6y > 0 and Ty = 1. Suppose the true distribution F,(u)
of u is the standard normal distribution N(0,1). Then by (3.1) and (3.2) it is straightforward to
calculate

mi(v) = (14 200) Y2 exp(— fo? )

1 0 p 1+260 )
Oyv?

=1 —3/2 SRS UL

ma(v) = (1 + 26p) vexp( 1+290)

To see that (3.8) identifies Oy, we calculate, for any 6 >0,

oy V(0 — bo)
G&0) = (1+260)(0 + 6o + 2065)3/2

e
0 + 0y + 200y

exp(

which equals zero if and only if 6 = 0y. To see the decompositions (3.9) - (3.12), we calculate

further the Fourier transforms
[T (1 + 26p) A\
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It follows that

ma(A) _ _L
zml()\) 2(90
and hence \ )
A A
h(\) = — —d\ = ——.
() /0 20, 40,

Therefore, the Fourier transform of g(x;0),

- T M- B
g(\;60) = %eXp(_T%) =g(0;6p)e

and , by (3.5), the characteristic function is given by

fun) = THOL _ o

which is easily seen to satisfy (3.10). The decompositions (3.11) and (2.12) can be verified analo-
gously.

4 Estimation

In this section we consider estimation of model (2.1) - (2.3). Let the data (y, z¢,we), t =1,2,...,T
be given with sample size T'. First we note that, if we have a consistent estimator of gy, say é, then
the distribution of u can be estimated through (3.5) as

; mi(A)

u(A) = -, 4.1
fu(A) i 0) (4.1)

where ﬁll(A) is the Fourier transform of m; which is a consistent nonparametric estimator of mj.
The estimator (4.1) is pointwise consistent under certain regularity conditions. Therefore, our focus
will be on deriving consistent estimator of 6. For ease of reading, we will only state the conditions
and results. The proofs are given in Appendix B.

The identification condition (3.8) also suggests a method to estimate y. Since it is not known
generally, at which point of & € IR is the 6y uniquely determined by (3.8), to make use of condition
(3.8), we propose a stochastic version of Theorem 3.1. Let f¢(§) be a function on IR*. Then a

necessary condition for (3.8) is
[ Gt st —o. (1.2

However, (4.2) is not sufficient for (3.8). A necessary and sufficient condition for (3.8) is
[ 1668001 el = o (1.3

where ||-|| denotes the Euclidean norm and f¢(€) is positive on IRF.
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Theorem 4.1. (Integrated Identification). Let fe(§) be a function on IR*. Then under the condi-

tions of Theorem 3.1,
1. if (4.2) has a unique solution Oy € ©, then (6y, F,) is identified;

2. if fe(§) > 0,V€ € IRE, then (0o, F,) is identified if and only if 0y € © is the unique solution
of (4.3).

4.1 A Simulation Estimator (SE)

Equation (4.2) provides k orthogonality conditions which may be used to estimate the parameter
0y € © C IRP by a method similar to the generalized method of moments (GMM) of Hansen (1982)
or the method of simulated moments (MSM) of McFadden (1989) or Pakes and Pollard (1989),
i.e., an estimator of 6y can be constructed by making the sample analog of (4.2) as close to zero as
possible. This estimation procedure however may not always yield unique estimate even when the
0y is identified.

To derive a more general estimation procedure, we use the condition (4.3) directly. Specifically,
define

Q(6) = / IG(E O fe(€)de, (4.4)

where

G(¢:6) = / 9(€ — v;0) [(€ — v)ma(v) — ma(v)] do. (4.5)

Then an estimator of 6y may be obtained by minimizing the function Q(6). However, Q(@) is a
multiple integral which often causes complications and difficulties in numerical computation. To

make the idea operational, we ”discretize” the integral (4.4) by

S
Q) = ¢ Y IGE O, (4.6
s=1

where &1, &2, ..., £s are randomly generated from an arbitrary density function fg¢(§) having support
IRF and S is large enough such that 92Q(6)/9006" is nonsingular (see assumption A16 below).
It is clear that under some mild conditions Q(#) converges in probability to Q(#) uniformly in a
neighborhood of 6y € ©.

Thus we propose the following procedure of estimation:
Step 1. From the third equation of (2.4) estimate I'g by the LS estimator

A T T
I'= (Z ztwé)(z wyw;) "t (4.7)
t=1 t=1

Then let v, = Dwy, ¢t = 1,2, ..., T and estimate the density function fo(v) of v = Tyw, the conditional
mean functions mi(v) = E(y | v) and mo(v) = E(zy | v) by kernel method as

T
Fuv) = g SOK(T), (4.8

T t=1
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i (v) = hkzyt K(55 0/ fo(0) (49)

T t=1

and

(V) = Tthztyt K(5 )/ folw), (4.10)

T t=1
where K (-) is the kernel function and hp is the bandwidth.
Step 2. Approximate the integral (4.5) by

1 ZTI I(| fu(ve)| = br)g(€ — vy;0)

—vg)ma(ve) — me(vy)], 4.
= Folvr) (€ )i (vr) 2(vt)] (4.11)

where I(-) is the indicator function and by are positive constants satisfying by — 0 as T" — oo.

Step 3. Construct the sample analog of (4.6) as

S
Z 1Gr(£s:0) (4.12)

CQ \

where each term Gr(&;6) is computed according to (4.11).
Step 4. The simulation estimator (SE) O7 is defined as the measurable function satisfying

Qr(0r) = inf Qr(9). (4.13)

0cO
The asymptotic properties of the estimator 1 are derived in the next subsection.

Remark 4.1. It should be noted here that there are several ways to proceed to construct consistent
estimators for 0y, depending on the definition of the optimality criterion. McFadden (1989) defines
the MSM estimators 6 which satisfy

Qr(h) < inf Qr(0) + 0,(1). (4.14)

This definition is similar to that of the estimators considered by Pakes and Pollard (1989) in which
Op(1) is replaced by o,(1). One advantage of criterion (4.14) is that the estimators thus defined
always exist, even if the infimum in (4.13) is not attained. The later can be avoided when the
parameter space © is subject to certain restrictions, e.g., when © is compact. Clearly any estimator
satisfying (4.13) satisfies (4.14) too. The estimators defined by (4.13) and (4.14) are global optima.
In general, to compute the global minimum can be a burdensome task. In such case it is more

convenient to define the estimators as the roots of the score equation

5 o0 (&,
o0 SZ D6y =0, (4.15)

The asymptotic properties of the estimators under these criteria are discussed in the next two

subsections.
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4.2 Consistency

The consistency of the SE Or may be derived following the traditional fashion by establishing the
uniform convergence of Qr(6) to Q(#) which has unique minimizer 6y € © and © is compact. From
(4.5) - (4.6) and (4.11) - (4.12) it is easily seen that the convergence of Qr(0) to Q(6) requires the
consistencies of the LS and nonparametric estimators (4.7) - (4.10) in the first step of the estimation
procedure. In fact, even the uniform convergence of the first stage estimators are desired. There is
large amount of papers in the literature dealing with convergence of nonparametric estimators. One
of the most recent one is Andrews (1995), which gives results on the rate of uniform convergence
of nonparametric estimators of density functions and conditional mean functions under general

conditions.

Definition 4.1. Let Dy, ¢ > 1, be the class of all real functions f(-) on IR* such that all partial

derivatives of order 0 through ¢ are continuous and uniformly bounded.

To use the results of Andrews (1995), we assume that
A 4. (y,zt,wy), t =1,2,....T are independent and identically distributed.
A 5. Ey? < o0, E||yz||? < o0, E |Jw||* < 0o, Bww' is nonsingular and | = k.
A 6. For some q > 1, the functions f,(v),m1(v), ma(v) € Dy.
A 7. For the ¢ > 1 in A6, the kernel function K (v) is bounded on IRF and satisfies:
(1) [K(v)dv=1 and [v{'v} - - v]*K(v)dv =0, for ¢; >0 and 1 < Z?:l g <q—1;
2) [ Il [K ()] dv < oo, for j =0 or g;
(3) supye g 10K (0)/00] (vl + 1) < 50;
(4) [e*VK(v)dv € L'(IRF).
A 8. AsT — oo, hp — 0,bp — O,Th%kbgw — o0 and h?pb3T — 0, where ¢ > 1 is as in AG.
To derive the consistency of the SE O defined by (4.13), we assume further that
A 9. The function g(x;0) satisfies that, for each ¢ € IRF,
(1) supgce ||0g(z;8)/0x| and supyeg ||0rg(x;0)/0x| are uniformly bounded;
(2) Esupgep [|9(§ —v;0)|| < oo and Esupyee [|(§ —v)g(§ — v 0)| < oo;
(3) Esupgee [l9(6 — v;0) [(€ = v)mi(v) = ma(v)] / fu(0) ]| < oo
A 10. © C IR? is compact.
A 11. 6y is the unique point in © for which Q(6y) = 0.
Then the consistency of Or is given in the following theorem.

Theorem 4.2. Under A1 — All, GATEH%, as T — oo.
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4.3 Asymptotic Normality

Similar to the consistency, the asymptotic normality of Or also may be obtained in the traditional
way by first Taylor expanding the derivative of Qr(0) at 6y and then showing that the Hessian
0?Qr /0000 converges to a nonsingular matrix and the gradian Q7 /96 times v/T has an asymp-
totic normal distribution. However, as in the case of Robinson (1988), the derivation becomes much
more complicated because of the presence of nonparametric estimators in function Q7(¢), which
have the convergence rate lower than VT. To achieve the \/T—consistency of his semiParametric
estimator, Robinson (1988) used higher order kernels combined with certain smoothness conditions
for the density and conditional mean functions. Essentially, he assumed the density and conditional
mean functions belong to G5, > 0, > 0, which is defined as a class of functions f : R - R
satisfying: (1) f(-) is (¢ — 1)-times partially differentiable, ¢ — 1 < p < ¢; (2) for some p > 0,
SUD|jy—u|j<p [[ (1) = f(v) = F(u,v)| / lu — || < ~(v) for all v, where ' = 0, when ¢ = 1; and F is
a (¢ — 1)-th degree homogenous polynomial in v — v with coefficients the partial derivatives of f
at v of orders 1 through (¢ — 1), when ¢ > 1; and (3) The function 7(-), f(-) and all its partial
derivatives of order ¢ — 1 and less have finite a-th moments. It is easy to see that every function
in D, belongs to gg and, thus, D, C gg.

Following Robinson (1988), to obtain the /T-consistency, we use the product kernel K(v) =
H?:1 £(v;) in the nonparametric estimators (4.8) - (4.10), where x(-) is a univariate kernel and v;
is the j-th component of v € IR*. However, to adapt to our consistency assumptions A7, we use a

modification of his definition for the class of kernel functions.
Definition 4.2. Let K, ¢ > 1, be the class of all even functions (-) : IR — IR satisfying

1) f]R 7"]"5 (r)dr = 00,7 = 0,1,...,¢ — 1, where §;; is Kronecker’s delta;
2) K(r) = O((1 + |r|*"+9)~1), for some € > 0;

3) sup,e g |0R(r) /07| (1] + 1) < o0 and sup,e g |92 (1) /072] < o0;

4) Tdinte* k(r)dr € L*'(IR).

~~ o~ o~~~

Thus, we make the following assumption.
A 12. For the ¢ > 1 in AG, the kernel function K(v) = H?Zl k(vj) with k(-) € Kog—1.
A 13. AsT — o0, Th4Tk+2b?p — oo and Thélqur;‘1 — 0, where ¢ > 1 is as in A6.

It is easily seen that every kernel function K (v) satisfying A12 satisfies A7 too. The following
discussion and result apply not only to the estimator defined by (4.13) but also to those satisfying
(4.15), though we will continue to use the notation Op. The estimators defined as the roots of the
score equation (4.15) are local optima. As far as the local optima are concerned, only the local

analogs of A9 - A1l are needed.

A 14. 0y is an interior point of ©.
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A 15. In addition to A9, the function g(x;0) satisfies

(1! g(x;6p), xg(x;00) € Da;

(2) There is an open neighborhood of 0y in which dg(x;0)/060 and 8*g(x;0)'0000" exist and have
the same property as A9 for the function g(x;0).

A 16. For each & € IR¥,
mi(v) 8g(§ — v;6p)(§ —v)  ma(v) Ig(§ — v;bo) 2

El fo(v) d(vecl)! "~ fu(v)  9(vecl) =9
0 v 0 v v
where vec is the column vector operator.
A 17. The matrix H = %235:1 D(&s;60)D(&s;00) is nonsingular, where
D& 80) = [ 09(€ — v360) /98 (€ — ehma(v) — ma(w)] do (4.16)

A 18. For each £ € IRF, V(&;00) = limp_eo ETG7(&;00)Gr(E;00) exists.
Then we have the following result.

Theorem 4.3. Under A1 - A18, for any estimator O satisfying (4.15), \/T(HAT—HO)AN(O, H-'WVHY,
where V = % 255:1 D(&s;60)V (&s;60)D(&s;00) .

5 Conclusion

In this paper we combine the nonparametric estimation of conditional moments and the Fourier
deconvolution method to separate the systematic part of the regression model from the errors. We
demonstrate that, contrary to the common belief, instrumental variables do yield useful information
with regard to the identification and estimation of the unknown parameters and the probability
distribution of the errors in nonlinear errors-in-variables models. We propose a simulated method
of moment estimator. However, this simulation based estimator is different from the conventional
simulated moments estimators in the sense that there is no need to perform the simulation based
on the probability distribution of the unobservables. In fact, simulation generated by any arbitrary
distribution is capable of yielding consistent and asymptotically normally distributed estimators
and the rate of convergence is v/T'. This remarkable result is achieved through the combined use
of nonparametric estimation and the Fourier deconvolution method. Although in this paper we
have confined the application of this approach to analyze the nonlinear errors-in-variables models,

it appears that this novel approach should have wider applicability.
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Appendices

A Proof of (3.9)

The result (3.9) follows from the following lemma.

Lemma A.1. Suppose p(z,vy), q(z,y) € C*(IR?) and f(x,y) satisfies the differential equations
Of(x,y)

Oz = f(wvy)p(x7y)’ (Al)
8ng -v) = f(z,y)q(x,y). (A.2)

Then the solution to (A.1)-(A.2) is given by

f(x, y) = efp(r,y)dm+cl — ef q(x,y)dy-{-cQ’

where ¢1 and ¢y are constants.
Proof: Considering the solution to each equation of (A.1)-(A.2) we have
f(z,y) = f PEdztP() = of d(@)dytar(@)
which implies
[ vtz mw) = [ iy + o). (43)

Furthermore, (A.1)-(A.2) and equality 0%f/0x0y = 0%f/0yOx imply that Op/dy = Oq/0x. Then
differentiating both sides of equation (A.3) about z yields

p(,y) = / (‘9(J(fb“7?J)dyJr 9q1(x)

ox ox

0q1(x)
ox

It follows that dqi(x)/0x = 0 and, hence, q1(z) is a constant. Similarly pi(y) can be shown to be

=p(x,y) +
a constant too. [l

B Proofs of Results in Section 4

Throughout the Appendix B we will maintain the following convention and notations.

1. For the sake of notational simplicity, when it does not cause confusion we will omit the
arguments of some functions and denote, e.g., §; = g(§ — fwt;é?), ft = fv(fwt), o= mi(fwt),
Pt = maefe, Jo = I(|f¢] > br) and

T

Ztht ¢ — Twr)in/ fr — Z Giiat/ fi

-1
= G — Gor.
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2. Define f,(v) and m;(v), i = 1,2 as the analog of f,(v) and h;(v) respectively where I is
replaced by T'g (see (4.8) — (4.10)). Further, denote g; = g(¢ — Towy; 0), fi = fo(Dowy), My =
mi(Lowy), Ti = M fr and

1 & 1
Gr = T ; Jige (& — Lowg)mae/ fi — T ; Jrgimat/ fi
= Gir — Gor.

3. Similarly, let f; = fu,(Towy), my = mi(Towy), mie = mif and

T
B 1 1
Gr = - ; NTJgs(§ — Lowe)mae/ fr — T ; Jrgimat/ fi

= Gir — Gar.

Further, let

T T
1 1
Gr =7 521 gr(& = Lowe)mae/ fe — ;:1 grmat/ [t

= G117 — Gor.

4. If F(A) is a matrix function of a matrix argument A, then the partial derivative is denoted
as OF /0A = OvecF/d(vecA)" (Magnus and Neudecker (1988)).

5. The phrase ”with probability converging to one” is denoted as w.p. — 1.

6. C always denotes a generic constant.

The proofs of Theorem 4.2 and Theorem 4.3 are based on the following Lemmas.

Lemma B.1. Under A1 — AS8,

sup | fu(v) = fo(v)| = Op(T~?hzF + hi), (B.1)
veIRF
sup  ||rii(v) — ma(v)l| = Op(T~2h*b7? + W b7?), (B.2)
|fv(v)|2bT
sup |fu(v) = fo(v)] = Op(T~?hiF + 1), (B.3)
veIRF
sup  [|mi(v) — mi(v)l| = Op(T~/2hi*b7? + h§b7?). (B.4)
|fv(”)|2bT

Proof: It is easy to check that all conditions of Theorem 1 of Andrews (1995) are implied by Al

— A8 and, therefore, the results follow immediately from that theorem. ]

Lemma B.2. Under A1 — AS,

sup | fo(Tw) — fv(row)) = 0,(T~V2h7H), (B.5)
welRk
sup Hmi(fw) - mi(Fow)H = O0,(T~2nFb0). (B.6)

| fo(Tw)|>br
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Proof: For any w € IR*, by the Mean-value Theorem we have

fo(Tw) — fu(Tow)5 Thk Z af;(;/@) (T — FO),Ew _ wj)’

where #; lies between T'(w — w;)/h and To(w — w;)/h. Tt follows from A7, VT |T' — To|| = O,(1)
and sup,, [|(w —w;) /Al /([[5;]| +1) = Op(1), that

A - r-r 0K (v w — wj 172, —
fultw)  fultow)| < | ThkO’Zn 2 = 0y,

which implies (B.5). Analogous it can be shown that, for i = 1,2,

sup ||7(Tw) — Fi(Fow)H = O, (T~V2h k). (B.7)
weEIRF
Further, because of (B.5) and A8,
: , = br
lim P( inf |fu(Dow)| > =) =1. (B.8)
T—00 | f,(Fw)|>br 2

Hence, by (B.4) and A6, we have, w.p. — 1,

sup [[mi(Tow)|| < sup [[mi(Low) — mi(Tow) || + [|mi(Tow) || = Op(1). (B.9)
| fo|>br | fo|>br

(B.6) follows then from

I7:(Cw) = 7iCow)|  ms(Tow) || fo(Tw) = foTow)]
fulPw)|

(B.1), (B.7) and (B.9). O

)

Lemma B.3. Under A1 -~ A9, for any € € IR¥, suppeo HG’T(f, 0) — G(&; 9)” = 0p(1)
Proof: For any ¢ € IR¥, first we show that

sup |G — Gr|| < sup ||Gir — Gir| + sup [|Gar — Gar| = 0,(1). (B.10)
6co 6cO 0cO

For any 6 € ©, we have

m2t m2t m2t
|Gar — Gor|| < *ZJtHQt 9t|H ZJtHgtH ’
=1

= A; + As. (Bll)

Now since the first derivative dg(x;6)/0z is bounded by A9(1) and

Ji |[ae]] < Jp |72 — mae|| + [|mae]| = Op(1)
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by (B.2) and A6, it follows from the mean-value theorem that

o T
c|l-r . _1/2,—
Ay < TS g il = 0,207, (B.12)
t=1
Further, because of (B.1)
. : br
lim P( inf |fu(Dow)| > =) =1. (B.13)
T—oo | fy(Fw)|>br 2

It follows from Lemma B.1 and A9(2) that, w.p. — 1,

- .
1 Mg — Moy mai(fe — ft)
Ay < 5 ) Jillgll (l——F— 1+ 1— Iy
T ; fe fof
< Op(T7Y2h*073 4+ hdb73). (B.14)

Thus, ||Gor — Gaor|| = op(1) by (B.11) - (B.14) and A8. Furthermore, since only the functions

g(z;0) and Jg(x;6)/0x involve the parameter 6, it is easily seen by A9 that (B12) and (B.14)

hold uniformly in # € ©, which together with (B.11) and A8 implies supycg ||Gar — Gar|| = 0p(1).

Completely analogous it can be shown that supgeg ||G17 — Gir|| = 0,(1), which implies (B.10).
Next we show that supgeg ||Gr — G| = 0,(1). First by Cauchy-Schwarz inequality

Esup |Gr — Gr|| < Esup||(1— J)ge [(§ — Towe)mar — mar] / fel
0cO 0cO
< [P(|fe] < br) B sup lgv (6 = Towe)mae — mad] /£
€
= o(1),
where the last equation follows from A9(3) and the fact

P(|fi| < br) < PUSiI < br+ |f - £

= o(1).

Finally, by A9(3) and Theorem 4.2.1 of Amemiya (1985), supycg |G — G|| = 0,(1), which com-
pletes the proof. O

Proof of Theorem 4.2: First, since S is finite and fixed and the Euclidean norm ||-|| is a continuous
function, Lemma B.3 implies that Q7 () converges to Q(#) in probability uniformly in §# € ©. Then
the consistency of the estimator 67 follows from A10, A11 and Theorem 4.1.1 of Amemiya (1985).
(]

Lemma B.4. For any ¢ € RF,

GT(f; 90) = GT(& 90) + (AT + BT)vec(f — Fo) + Op(Tfl/Q), (B.15)
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where .
Ap — ;; Jz[mu 9g(& — FOW;@?“O)({ —Dowy) Fiog 9g(& _5119% 90)]’
Br=r thg(f  Touss o) — Do 00/ T) _ Ot/ o)y
99(& —arrowt; bo) _ _89(5 —az?wt; fo) (we ® 1),
a(mégpt) = ﬁ2T2k+1 jé(zjyj - 2mat)ai,K(F0wt ; Lo, )(w — w;)' & Iy,

and where ® is the Kronecker product and Ij, is the k X k identity matriz.

Proof: First we consider the decomposition of Gor. By A15(1) the function ¢; has the second
order Taylor expansion at I'g:

09(§ — Towy; 90)v
or

g(€ —Twy; 09) = g(& — Towy; o) + ec(I' = To) + 74, (B.16)

where -
02g(¢ — Twy; 0p)
0xox!

and where T lies on the line segment connecting I' and T'y. Similarly, by A12 the second order

re = vee(I' = To) (wWt ® Ij,) (w; @ I)'vec(I' — T'g)

Taylor expansion of 79/ ft at T'g is

Mo _ My d(mau/ fr)

i T vee(I' — o) + Ry, (B.17)
t t

where

: O (i) fo) ¢
R, = vec(I' — Fo)’Tvec(F —T),

f; and 1y, are defined as f; and my; with Ty replaced by T, and 82 (mgt/ ft) /02 is given by

T ~
1 _ L 0?K (D
fT 3 [l = ) 11 @ (s = 20)) T P ) @
j=1
T . ]
0K (v, K (1.
3T2h2(k+1 Z —w;) @ Iy @ (2595 — 3mit)] 8€) i) . 81(/]) (wy — 'U)j), ® I,
T . . i
0K (9)) 0K (i) ,
f3T2h2 (k4 ]; ) @ H ov ® I - ;21 zjij(wt —wj) ® I

and where #; = T'(w; — w;)/h. Tt is easy to verify by A15(1) that
= [lwell” Op(T™H)
and by A5—A8 and A12 that

Ry = ([Jwel] + 1)?Op(T h"2057) + Op (T~ hy? 72,
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Substituting the right-hand side of (B.16) and (B.17) into Gar yields

A 1 T 1 T dgs
Gor = =Y Jigimar/fi + = Y (Jimat/) fr) wvec(I' — Tp)
2 = Z tgeman/ Ji + ; tm2t/ Jt) 5 0
T
Z /ft) veo(I' = To) + 0, (T7/?), (B.18)

=1

where the last term is 0,(T~'/2) because of A13. The analog of (B.18) for Gi7 can be derived in
the same way, which, combined with (B.18), leads to (B.15). O

Lemma B.5. For any € € RF,

P mi(v) 09(E —v;60)(§ —v)  ma(v) g(€§ — v;6o)
Ar—=A=E| ) 5T ) a0 ], (B.19)
BB B = Bg(e — vt —v) LI a0/ 1oy (B.20)
Proof: Analogous to the decomposition of G, we denote
_ 1 ZT: Jimi 0(€ — Towt) gt 1 ZT: Jrma gt
T T4 ar T4~ f or
= A1 — Aor
and
Jymys O 5 Fowt Jymay Ogy
Z T Z fi or
= Ay — Aor.
Then by A9(1)
- m Mot O
|Asr — Aozl < ZJtI = - ﬁ)ji( we ® L) |
<7 Z Ao (P2 4 | (B.21)

feft
It follows from (B.8), (B.13), Lemma B.1 and A8 that, w.p. — 1,

| Ao = Aor| < 0120407 + ) = 0, (1).

Analogous we have Ayp = Ajp + op(1) and, hence, Ay = Ar + op(1). Further, by Cauchy-Schwarz
inequality and A16

T
Bl Ay — & S 09l — Towe) _ mat Oy

T2\, ar T, or
P mye 0(& — Tow mat O
< (P(f] < op) ) e AE =Tl o By

=o(1).
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It follows that

1 o~ map Dge(€ — T )
Ap = 7 Yo onlE_Ton) _ ma By o ),

which implies (B.19) by the Markov law of large numbers (LLN). (B.20) may be proved analogously.
U

Lemma B.6. For any ¢ € IRF, Gr(&;00) = G(&;00) + 0,(T~1/2).
Proof: As the proof of Lemma B.5, we first show that Gy = Gr + o (T_l/z). Write

m m m _
Gor — Gar = — thgtu_fzj mai(fe = f1)

ft t=1 ftft
= A1 + As.
Then
J —
B4 |* = EZ § jfgs 20 — ) (s — may)
t,s s
J191 _ o 2T —-1) _JigiiJ292, _ '
E ma1 — mMa21 + FE = mo1 — M9y Moo — M9
- B1 + Bg.
Now
J191
B = T fl HF Thk: ZyJZJKU m21||
1
< mEQ%H Z(yjzj — ma1) Ky ?
T3p2kvs I
7j=1
2
2
< s B9t s = ma) KO + 7550 Bt Y (7 — man) K
T 7 7o =
where
v — V5
Ky = K( th 2).
T
By A5 and A15(1),
2 —_ — p—
Tt 20t | (21— ma) KO = O 7).
T 0T
It follows that
e _on. 207 -1
By < O(T~*hp™ ") + %EQ% [ (yaz2 — ma1) K1a2||?
T3h2k0L,
20T — )(T
( T3h)2§“b4 )EQ K3y K5 (yaza — ma1) (y3z3 — mai)

< O(T?hp* ") + Egi K, Kis(y2z2 — ma1) (y32s — mar)

2

Th3kb,

9 9k — 2 1/2

< O(T?h* ") + THEFo, [E g1 E1K12(mas — may)||* E || g1 E1 K13 (mas — mar) |12
T
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where the second inequality follows from A5 and A15(1) and the last follows from Cauchy-Schwarz
inequality and E) = E(- | v1). By Lemma 5 of Robinson (1988)

E ||g1 E1K12(maj — mar)||* = hQT(Hq),j =2,3.
It follows that
By < Op(T 2 hyp*b7") + Op (T b’ = 0,(T )
by A13. Similarly it can be shown that By = 0,(T7'), which implies that A; = o,(T~/?).
Analogous we have Ay = 0,(T~1/2). The Lemma follows then from

1 T

GT - Gr = T Z(l - Jt)gt [(f - Fowt)mlt - m2t] /ft

t=1
= op(T_l/Q).

0

Lemma B.7. For any & € IRF, the random vectors TGy (&;0) and v/Tvec(I' — To) jointly have

the asymptotic normal distribution with Zero mean.

Proof: By definition (4.7)

T T
=T+ Z 2 — Fowt)wé)(z wywy) !
=1 t=1

and hence .
vee(I' = To) =[O ww)) ™ @ L] () (wy ® Ii) (2 — Towy)).
= t=1
Let
I, 0
Dy = 1 T n—1 :
0 (7 2im wewp) ™ @ I
Then

G o) Towg)myy —m
JT 7(&;60) Z 9t [(§ — Towe)may — may] / f
vec(F Ty) (wy @ Ir) (2 — Towy)
which converges to normal distribution with zero mean by the Lindeberg-Levy central limit theorem
(CLT) and the Slutsky’s theorem (Amemiya (1985)). O

Proof of Theorem 4.3: By A12 the first derivative 0Q7(6)/06 exists and hAs the first order
Taylor expansion in A neighborhood of 6. Since GQT(éT) /00 = 0 and 9T5>90, for sufficiently large

T, we have
0Q(6o) n 02Qr(0)
a0 0000’

where 0 lies between 67 and 6. The first and second derivatives in (B.22) are given by

0Qr(0y) oG, (5&90)
00 S Z 00

0=

(O — 6o), (B.22)

G (&s;60) (B.23)
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and
2 S OGH( 55, ) G (&s; ) L Avec(9G (£, 0)/96)
g §:: Tael (GT(§S§ 9) ® p) ’ 2‘9/ ]

respectively. Since in GT(§ ;0) only g(&; 0) involves 0, analogous to the proof of Lemma B.3 it can be
shown by Al that the second derivative 9?Qr(#)/0006' converges in probability to 92Q(6)/0006'
uniformly in the neighborhood of y. It follows that

92Q(0) p 02Q(8y) 2
393(9/)_) 9000 _gz (€360)D(&s5600), (B.24)

where the last equation follows from G(&s;600) = 0. Furthermore, analogous to the proof of Lemma

B.3 it is easy to show
9Gr(&s; 90)

o B D (& o) (B.25)

By Lemma B.4 - B.7,
VTGr(Es;00) = VTGr(Es; 00) + (A + B)VTvec(T' — Tg) 4 0,(1)
LN(0,V (& 60)), (B.26)

where V' (§;6p) is given as in A16. The theorem follows then from (B.22) — (B.26). O
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