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MATH 2130 Test 2 June 3, 2025 60 minutes

. Find all directions at the point (1, 1) in which the rate of change of the function f(x,y) = zy—x%y?

is equal to V2.

The gradient of f(z,y) at (1,1) is

Vi = (y —2zy% 2 — 20%y) a0y = (=1, -1).
If we let v = (a,b) be a unit vector in the required direction, then

\/5 = vf|(1,1) : (CL, b) = (_L _1) ' (CL, b) = —a—b.

Since v is a unit vector, a® + b> = 1. When we solve these equations, we get a = b = —1/v/2.
Thus, v = (—1,—1,)/v/2. This is the gradient direction, and this should be expected since v/2 is
the length of the gradient.

. Find all unit tangent vectors to the curve

22y? + xydz = 4, xsin (zz) + xy = 2
at the point (1,2,0).

If we set F(z,y,2) = 22y*> + 232 — 4 and G(z,y, 2) = zsin (vz) + vy — 2, then normals to these
surfaces at the point (1,2,0) are

V};’\(1,2,0) = (2$y2 + ySZ’ 2x2y + 3$y22> xyg)\(l,Q,O) = (8> 4, 8)>
VGa,2,0) = (sin (zz) + 2z cos (z2), z,2” cos (x2))|(1,2,0) = (0,1,1).

A tangent vector to the curve of intersection of the surfaces at (1,2,0) is

= (-1,-2,2).
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All unit tangent vectors are therefore +(1,2, —2)/3.



14 3. The equations
z? :u2—v2, :Ey:2u2v+v3

define u and v as functions of z and y. Find Ou/dx when uw =2, v =1, and = > 0.

If we set F(x,y,u,v) = u? —v? — 2% and G(x,y,u,v) = 2u?v + v — 2y, then

a(F,G) Iy By -2z =2
ou By |Ga Go| | —y 20+ 307
aflf o M o Fu F’U o 2 —% .
O(u,v) 5 )
G, G, duv  2u® + v

When u = 2 and v = 1, we find z = v/3 and y = 3/3, and

-2v3 -2
-3v3 11 ‘ _ —22V3-6V3 _7V3

or ‘4 —2‘ 44 + 16 15
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12 4. Find all critical points of the function
flz,y) = a® — day + 49

and classify them as yielding relative maxima, relative minima, saddle points, or none of these.

For critical points, we solve
0= f, =2x — 4y, 0=f, = —4x + 8y.
Every point on the line x = 2y is critical. When we calculate
Joea =2, fay=—4 [y =38,

we find that B2 — AC = 0 for all critical points, so that the second derivative test fails. However, if
write the function in the form f(z,y) = (z — 2y)?, we can conclude that every critical point yields
a relative minimum of 0.



