LP assumptions 

•Linearity: the impact of decision variables is linear in constraints and objective function
•Divisibility: noninteger values of decision variables are acceptable
•Certainty: values of parameters are known and constant
•Nonnegativity: negative values of decision variables are unacceptable
Linear programming problem (toughest topic in the area of management science for this course) 

Yamaha inc. is a renowned manufacturer of motor bikes. It has come up with an idea of manufacturing two new models. Ezee rider model is proposed for teenage customers and Lady sport model for health conscious women segment. The management has decided that for the time being they can come up with following resources for production. The production department has estimated that it will take 6 hrs of production time to manufacture each Ezee rider and 3hrs for each Lady sport model. Total production time available for the next month is at most 2100 hrs. The frame supplier for the lady sport model has expressed his inability to  supply more than 280 frames for the next month. It takes 2hrs of testing and assembly time per Ezee rider motorbike and 2.5 hrs per lady sport model. Total of 1000 hrs are available for testing and assembly. The marketing department has estimated $2400 profit for each Ezee rider and $1800 for each lady sport model. Formulate the problem as Linear Program in order to find the most optimal production plan.

(Intimidated do not worry as the drama unfolds you will see that you know most of it.)

just read the problem 2 times before we start discussions.

Remember that any  linear equation is of the type 

These equations have nothing to do with the problem above.

2X + 3Y =  25  or  LHS( left hand side) = RHS(right hand side)

2X + 3Y ( 25  or   LHS ( RHS (LHS should be at least 25)

2X + 3Y 25  etc. LHS RHS (LHS should be at most 25)


Any Linear Programme has the following components

· Decision Variables

· Objective function

· Constraints

· Non negativity constraint

Let us break the problem into some segments as per sentences

Sentences 1 and 2

Yamaha inc. is a renowned manufacturer of motor bikes. It has come up with an idea of manufacturing two new models. 

Ezee rider model is proposed for teenage customers and Lady sport model for health conscious women segment. 

Interpretation of the statements above

This information is enough for us to define our decision variables

How many variables do we have?

So two decision variables

Let the decision variable be denoted by

E = Where “E” is the number of Ezee rider bikes produced

L= Where “L” is the number of Lady Sport  bikes produced

Sentence 3

The management has decided that for the time being they can come up with following resources for production.

Superfluous mathematically though tells us it is a production problem.

Sentence 4

The production department has estimated that it will take 6 hrs of production time to manufacture each Ezee rider and 3hrs for each Lady sport model. Total production time available for the next month is at most 2100 hrs.
Interpretation 

Can you think about unlimited availability of any thing in this life?

Constraints 

This is a constraint regarding availability of production time 

Let us see if we can present this information in the form of a mathematical statement

Constraint equation 1 (                          6E  +  3L (  2100

The frame supplier for the lady sport model has expressed his inability to  supply more than 280 frames for the next month.

Constraint Equation 2    (                  L   (   280

It takes 2hrs of testing and assembly time per Ezee rider motorbike and 2.5 hrs per lady sport model. Total of 1000 hrs are available for testing and assembly.

Constraint Equation 3 becomes (               2E   +  2.5  L (  1000

The marketing department has estimated $2400 profit for each Ezee rider and $1800 for each lady sport model. Formulate the problem as Linear Program in order to find the most optimal production plan.

This gives us the objective( Objective is to Maximise the profit or Minimise the costs

 MAX   2400E  +  1800 L 

THE WHOLE Linear Program Becomes

  MAX   2400E  +  1800 L

Subject to 

6E  +  3L (  2100

L   (   280

2E   +  2.5  L (  1000

E, L  ( 0

Graphical LP

•Set up objective function and constraints in mathematical format
•Plot the constraints

•Identify the feasible solution space

•Plot the objective function

•Determine the optimum solution
Any line can be defined if two points on that line are known.


[image: image1.png]2E+2.5L=1000 L=280
6E +3L=2100

100 200 300 400 500 600 700




Take equation 1… ie: 6E + 3L ≤ 2100

This can be written as 6E + 3L = 2100 (+ less)

Solve for 6E + 3L = 2100 

Put E = 0

3L = 2100

L = 2100/3

L = 700

Put L = 0 we get…

6E = 2100

E = 2100/6

E = 350

Two points on the graph will be

[L,E] → [700,0] + [0,350]

Draw a line on graph.

Now take equation 2:

L ≤ 280

Separating it… L = 280 (+ less) OR 0E + L = 280

Draw a line for equation L = 280 on the graph.

Line is parallel to E axis.

Take Equation 3:

2 E + 2.5L ≤ 1000

It can be written as 2E + 2.5L = 1000 (+ less)

Solving for 2E + 2.5L = 1000 taking E = 0…

2.5L = 1000

L = 1000/2.5

L = 400

Taking L = 0

2E = 1000

E = 1000/2

E = 500

Two points corresponding to the line will be:

[L,E] → [400,0] + [0,500]

Feasible Solutions: The solutions that will satisfy all the constraints are termed as feasible solutions.

Feasible Region: Shaded or dotted portion (region) is known as the feasible solution region (the region bounded by A, B, C, D and E). 

Feasible Solution Point: Any point on the boundary or within the feasible region is called a feasible point.

Optimal Solution: For our problem objective is to maximize the profit within the constraints, the optimal solution will be a point, which is farthest from the [0,0] point depending on objective coeff. The optimal solution will always be on one of the vertices [A, B. C. D and E are the 5 vertices for this problem].

Coordinates for points are easily found if we are using graph paper (since we are not using them, we can calculate the coordinates by solving the equations for crossing lines).

Coordinates of:


A = [0,0]

B = [0,350] as it lies on line E, thus L = 0 and solving equation 6E + 3L = 2100, E = 2100/6 = 350

Coordinates for point C will lie on the line:


6E + 3L = 2100
1  and 


2E + 2.5L = 1000
2

Multiply equation 2 with 3 and subtract from 1:


2 * 3E + 2.5 * 3L = 3 * 1000

3

Subtracting:


6E + 3L = 2100


-6E -7.5L = -3000


6E-6E + 3L-7.5L = 2100-3000


-4.5L = -900


L = 900/4.5


L = 200

Putting the value of L in either 1 or 2 will give a value of E.

Substitute in equation 1:


6E + 3*200 = 2100


6E = 2100 – 600


E = 1500/6


E = 250

Coordinates of point C are [L,E] = [200,250]

Now coordinate for point D:


Point D lies on line 

L = 280
                  1   and 

2E + 2.5L = 1000
      2

Substituting value of L in equation 2 we get:

2E + 2.5*280 = 1000

2E = 1000-700

E = 300/2

E = 150

Coordinates for point D are [L,E] = [280,150]

Coordinates for point E


Point lies on line L, thus E = 0


Calculating for equation L = 280


We get coordinates = [L,E] = [280,0]

All the coordinates are:


       [L,E]


A = [0,0]


B = [0,350]


C = [200,250]


D = [280,150]


E = [280,0]

Substituting in the objective function will yield 


Obj = Max 2400E + 1800L

Substitute:

A = 0,0



Obj = 0

B = 0,350 (L=0, E=350)

Obj = 2400*350 + 1800*0 = $840,000

C = 200,250 (L=200, E=250)

Obj = 2400*250 + 1800*200 = $960,000

D = 280,150 (L=280, E=150)

Obj = 2400*150 + 1800*280 = $864,000

E = 280,0 (L=280, E=0)

Obj = 2400*0 + 1800*280 = $504,000

Profit associated with point C is $960,000 which is the highest, thus C is the optimal point or the solution is optimal when we make…



200 Lady Sport Model



+



250 EZ Rider Model

Note: There we got an integer value for both the variables in the optimal solution. This may not be the case always, but still we have to manufacture products in whole numbers and not fractions.

Slack and surplus 

•Binding constraint: a constraint that forms the optimal corner point of the feasible solution space
•Surplus: when the optimal values of decision variables are substituted into a greater than or equal to constraint and the resulting value exceeds the right side value

•Slack: when the optimal values of decision variables are substituted into a less than or equal to constraint and the resulting value is less than the right side value

Now let us substitute the value of the optimal solutions variables L = 200 + E = 250 in all the constraints equations:

1 – Manufacturing Time Constraint


6E + 3L ≤ 2100


6*250 + 3*200 ≤ 2100


2100 ≤ 2100


Hours available = 2100


Hours used = 2100


Unused hours = 2100 – 2100 = 0

2 – Frame Availability Constraint


L ≤ 280


200 ≤ 280


Frames available = 280


Frames used = 200


Frames not used = 80

3 – Assembly and Testing Constraints


2E + 2.5L ≤ 1000


2*250 + 2.5*200 = 1000


Assembly and Testing hours available = 1000


Assembly and Testing hours used = 1000


Assembly and Testing hours unused = 1000 – 1000 = 0

In L.P. terminology any unused capacity for a ≤ constraint is known as a slack associated with the constraint.

Similarly (as we will see later) with a ≥ (greater than equal to) constraint, anything on the L.H.S., which is greater than the R.H.S. is known as surplus.

Standard Form: Whenever a L.P. is written in a form with all constraints expressed as equalities, it is said to be written in standard form. 

Slack Variables: Variables added to formulating of L.P. problem to represent the slack or idle (unused) capacity.

For our problem:


Max 2400E + 1800L


St:


6E + 3L ≤ 2100
1


L ≤ 280

2


2E + 2.5L ≤ 1000
3


E,L ≥ 0

Now


Unused quantity for constraint 1 is 0.


So, S1 = 0

Unused quantity for constraint 2 is 80.

S2 = 80


Unused quantity for constraint 3 is 0.


S3 = 0

Interpretation of Slack Variables

Since S1 and S3 are zero, that means constraints 1 and 3 are binding constraints whereas S2 = 80, thus constraint 2 is not a binding constraint.

Remember: 


For ≤ type of constraint slack variable is added to L.H.S.:


Like: L.H.S.1 ≤ R.H.S.1

         L.H.S.1 + S1 = R.H.S.1

where S1 = slack


For ≥ type of constraint surplus is subtracted from L.H.S.:



L.H.S.2 ≥ R.H.S.2

L.H.S.2 – S2* = R.H.S.2
where S2* = surplus

Redundant Constraint

Now let us assume the frame availability constraint for L would have been L ≤ 500.

Our graph would be:
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The frame availability constraint does not affect the feasible region, thus cannot affect the optimal solution. It is called a redundant constraint (now).

But, as we saw earlier, the change in value makes it a constraint with a slack which influenced the feasible region, thus we should always keep redundant constraints in the formulation for future uncertainties.

In feasibility:

This means that no solution to the L.P. problem satisfies all the constraints including the non-negativity conditions simultaneously.

Example:


Max 2400E + 1800L


St.


6E + 3L ≤ 2100

1: production constraint total


L ≥ 500


2: production constraint for L


2E + 2.5L ≤ 1000

3: testing constraint
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This can be interpreted as: given the resources available it is not possible to manufacture 500 Lady Sport Model. We are short of assembly and testing by at least 250 hours as it takes 2.5 hours to test Lady Sport Model. Ie: the minimum capacity required = 2.5 * 500 = 1250 hours instead of the 1000 hours that are available.

Unbounded Solution

Solution to a maximization L.P. problem is unbounded if the value of the solution can be made infinitely large without violating any of the constraints. For a minimization problem, the solution is unbounded if the values may be infinitely small.

Example:


Max 2400E + 1800L


St.


6E + 3L ≥ 2100


2E + 2.5L ≥ 1000
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This means some mistakes have been made in formulation, as in a real life situation there is no possibility of unlimited capacity or unlimited demand.

Simple Minimization Problem

A chemical plant produces two products that are sold as raw materials to companies manufacturing both soaps and laundry detergents. Based on analysis of market demands and current inventory level, the management has decided that the combined production for products A and B must total at least 350 gallons. Separately, a major customer order for 125 gallons of product A must also be satisfied. Product A requires 2 hours of processing time per gallon while product B requires 1 hour of processing time per gallon, and for the coming month 600 hours of processing time is available. Production costs are $2 per gallon of product A and $3 per gallon for product B.

Decision Variables:

A: Number of gallons of product A

B: Number of gallons of product B

Objective Function:


Min 2A + 3B

Constraints:


1: Total Production Constraint



A + B ≥ 350


2: Production constraint for product A



A ≥ 125


3: Processing time constraint



2A + B ≤ 600


Non-negativity constraints:



A, B ≥ 0
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Coordinated for point X are given by:


A + B = 350

+


A = 125 

substituting A


B = 350 – 125 = 225


[A,B] = [125,225]

Coordinates for point Y:


Pt. Y:

A = 125

2A + B = 600

B = 600 – 2*125 = 350


Pt. B:


[A,B] = [125, 350]

Point Z coordinate:

A + B = 350

2A + B = 600

Solving for A +B by subtracting equation 2 from 1

A – 2A + B – B = 350 – 600

-A = -250

A = 250

Thus, B = 100

Point Z = [250,100]

Substituting the value of X, Y and Z in the objective function we get:

Pt. X = 125, 225

Obj: 2*125 + 225*3 = $925

Pt. Y = 125, 350

Obj: 2*125 + 350*3 = $1300

Pt. Z = 250, 100

Obj: 2*250 + 100*3 = $800

Optimal Solution is reached at Point Z (ie: A = 250 gallons and B = 100 gallons) and the optimal solution is $800.

Binding constraints are total production constraint and processing time constraint. Non-binding constraint is product A production constraint.

Surplus variable is always subtracted from the L.H.S. of the ≥ constraint.

Slack variable is always added to the L.H.S. of the ≤ type of constraint.

Some Pointers:

· If profits are mentioned in the problem, it is a maximization problem.

· If costs are mentioned in the problem, it is a minimization problem.

· If both relevant costs are mentioned, it is a maximization problem with objective function equation = sum of all revenues – sum of all costs.

· Generally the direction for objective is given in the problem. In case you do not understand, read the problem again.

· If you cannot understand the objective of the problem, you need more practice.

· Please use paper and pen for practicing L.P. problems.

Steps for using Solver

Take the cursor to the tools pull down menu and select 

In tools select solver option

Solver parameter dialogue box will appear

Linear programming problem 

Prob 1

Yamaha inc. is a renowned manufacturer of motor bikes. It has come up with an idea of manufacturing two new models. Ezee rider model is proposed for teenage customers and Lady sport model for health conscious women segment. The management has decided that for the time being they can come up with following resources for production. The production department has estimated that it will take 6 hrs of production time to manufacture each Ezee rider and 3hrs for each Lady sport model. Total production time available for the next month is at most 2100 hrs. The frame supplier for the lady sport model has expressed his inability to  supply more than 280 frames for the next month. It takes 2hrs of testing and assembly time per Ezee rider motorbike and 2.5 hrs per lady sport model. Total of 1000 hrs are available for testing and assembly. The marketing department has estimated $2400 profit for each Ezee rider and $1800 for each lady sport model. Formulate the problem as Linear Program in order to find the most optimal production plan.

Prob 2

A chemical plant produces two products that are sold as raw materials to companies manufacturing both soaps and laundry detergents. Based on analysis of market demands and current inventory level, the management has decided that the combined production for products A and B must total at least 350 gallons. Separately, a major customer order for 125 gallons of product A must also be satisfied. Product A requires 2 hours of processing time per gallon while product B requires 1 hour of processing time per gallon, and for the coming month 600 hours of processing time is available. Production costs are $2 per gallon of product A and $3 per gallon for product B.
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