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Credit default swaps

Credit risk is an investor’s risk of loss arising from a borrower who
does not make payments as promised.

The Depository Trust & Clearing Corporation estimates that the size of the
global credit derivatives market in 2010 was $1.66 quadrillion US
Dollars. Credit default swaps (CDSs) are the simplest and most
popular credit derivatives.

Single-name CDS: A bilateral agreement where the protection buyer
transfers the credit risk of a reference entity to the protection seller by
paying premiums up to the maturity or default of the reference entity.
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The Lévy first-passage model

Under the risk-neutral setting:
e A firm'’s asset process V = {V},t > 0} follows
Vi = Vy e,

where Z = {Z;,t > 0} is a Lévy process with downward jumps.
e E(V;) = Vy ¢" with r the constant interest rate.

o For a threshold level L < V|, default time is defined as

T=inf{t:V; <L} =inf{t:In(Vy/L)+Z; <0}.
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Shifted CMY process

We assume
Zt = ]/lt — St

with y > 0and S = {S;,t > 0} from the family of CMY processes with
CM>0and0<Y < 1.

CMY process: the stochastic process that starts at zero and has
stationary and independent CMY-distributed increments.

Lévy measure of Z:
IT(dx) = CM(—x)"1"Ydx, x<O.
Laplace exponent of Z:

$(s) := IE () = s + CT(=Y) (M+5)" = MY).
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@ Y = 0: Z reduces to a shifted gamma process with

P(s) = pus — Cln(1+s/M).

e Y = 0.5: Z reduces to a shifted inverse Gaussian process with

¥(s) = us — 2¢/TC(Vs + M — VM).
e Z has paths of infinite jumps and bounded variation.

See Carr et al. (2002; |B) for properties of the CMY processes.
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Remarks on the model

e According to the empirical study by Carr ef al. (2002; JB),
risk-neutral processes for equity prices should be processes of
infinite activity and finite variation.

e A firm’s asset value is exposed to shocks (represented by negative
jumps), which is the main concern in risk management practice.

e This structural default model was proposed by Madan and
Schoutens (2008; JCR).
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Random recovery rate

@ The CDS has a maturity of T.
o The reference entity defaults at time 7.

o If T < T, the protection seller is required to pay the protection
buyer 1 — R, for every insured currency unit, where R is the
recovery rate when default occurs at 7.

@ R:isnot fixed. Denote X; = In(Vy/L) + Z;. We assume
R = R(—X¢), where R(+) € [0,1] is a positive and non-increasing
function defined on [0, o).
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CDS par spread

Let ¢ be the continuously paid CDS spread. The value of the CDS is

]\E [eirr(l — R(—Xr))l{rgT}] —E [; (1 - eir(T/\T))} .

PV of loss leg

PV of premium leg

Then the par spread c is

E [e7"(1 - R(=X))lzery]

€= E[1— (o7
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Generalized expected discounted penalty function

Consider the process

Xt:x—i—Zt, w1thx20

The generalized expected discounted penalty function (EDPF) of X is

¢(x;7) :=E [e"Tw(—Xe, Xo—, Xo ) L{rao}| Xo = 1],

=T

and the generalized finite-time EDPF of X is

¢r(x;7) = [e"Tw(—Xe, Xo, Xo ) grepy| Xo = %],

with 7 > 0 and w a bounded measurable function on R3. = [0, o0)3.

v

Biffis and Morales (2010; IME) and Kuznetsov and Morales (2014; SA])
have introduced the generalized EDPF into actuarial literature.
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Double Laplace transform of ¢;(x;r)

The double Laplace transform of ¢;(x; ) is defined as

(A, 2) :/ / e M g (x;r)dtdx, A,z > 0.
x=0 Jt=0

Forr > 0 and w(—Xr, X;—, X,_) = w(—Xz), g(A, z) has the following
formula

8(A,z) o
- Ar + Al— ¥(z)) /v:o /uzow(v)n(_” —do) (e_Z” — e—lli[*”(rJrA)u) du

where y[=1(g) = sup {s > 0: ¥(s) = q},4 > 0.
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Double inverse Fourier transform

2(A, z) is analytic on the complex plane where Re(A), Re(z) > 0.

Let Ay, Ay, 21, 22 be real numbers with A1,z; > 0.
g(M —iAg, z1 —izp)
= / / exp{—A1t + Ayt — zyx + izox f ¢y (x; ) didx
x=0 Jt=0
= / / exp{idat + izpx} exp{—A1t — z1x} s (x; r)didx.
x=0 Jt=0

= g(Ay —iAp, z; — izp) is the double Fourier transform of
exp{—A1t — z1x} i (x; 7).
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By the inverse Fourier transform,
Pr(x;1) = T /H/ exp{At+zx}g(A,z)dAdz, (1)
I ={M+ida|Ady = —c0 -+ 00}, Ty = {z1 +iz|zp = —0c0- - 4 c0}.

T, h(A)=p(A/p)—r Ty

pr(x;7) = 4712/ / exp{At +zx}g(A,z)dAdz

= gz L [ W) exp N+ zgin), Ddadz. @)

The idea is from Rogers (2000; JAP).
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Proposition 2
Assume that ¢ (-), the Laplace exponent of process Z, satisfies the

following three conditions: for s € C with Re(s) > 0,
Cl: (¢(s) —us)/s — 0as |s| — oo,

C2: |pl=U(s)| = coas |s| — o0, and

C3: Re(yl~1(s)) > 0.

Then, altering contour I'y to contour Ty = ¢(T'1/u#) — r does not change
the value of the Fourier integration in (1).

v
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Now the problem is how to evaluate the r.h.s. of (2).

e Approximate by the following double sum

hlhz NI NIl
= Y. Y. H(ay+inhy)g(h(ay +inhy),ay + imhy)
T n:—Nh I’Vl:—le

x exp {th(ay + inhy) + x(ap + imhy) }

Sn =

. A
with a = m,az lez hl tll hz

e Use Euler sum to improve approx1mat10n accuracy:

K /K
k=0

e Choudhury et al. (1994; AnAP) and Rogers (2000; JAP) suggested
to choose appropriate values of Aj, Ay, I3, I, N and K to control
the aliasing error, the round off error, and the truncation error.
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Numerical experiments

o r=10.03

L/Vy=05

R(x) = 0.5exp{—x}, forx >0

o A=A, =168

el1=hL=2
e N=12
e K=15
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According to Lando and Mortenson (2005; [IM) there are different
styles of term structures of CDS spreads:

o Investment grade: the spreads are small and the curve is upward
sloping.

e Speculative grade: the spreads are larger and the curve is humped
in shape.

e Extremely speculative grade: the spreads are very large and the
curve shows a downward sloping.
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Figure 1: CDS spreads curve assuming that the logarithm of the asset value follows a
shifted CMY process withC =1, M =7,and Y =0
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Figure 2: CDS spreads curve assuming that the logarithm of the asset value follows a
shifted CMY process withC =1, M =3,and Y =0
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Figure 3: CDS spreads curve assuming that the logarithm of the asset value follows a
shifted CMY process withC =0.5,M =19,and Y =0
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Thank you!
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