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1. Motivations

The ruin probability of an insurance company is the probability that its surplus
process falls below 0 at some time.

Recently, the influence of tax payment on the ruin probability has become an
interesting problem in actuarial science. (See references.)

Their common assumptions:

oS = (St)t>0 is a stochastic process, with Sy = x > 0, representing the
underlying surplus process in a world without economic factors (tax, rein-
surance, investment, dividend, etc.).

e Taxes are paid at a fixed rate v € [0, 1) whenever the surplus process is at a
running maximum (called loss-carry-forward taxation).
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Loss-carry-forward taxation:
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Some known results:

e Assuming that .S is a compound Poisson process with positive drift and that
taxes are paid at a fixed rate vy € [0, 1) whenever S is at a running maximum,
Albrecher and Hipp (2007; Bl. DGVFM) and Albrecher et al. (2009; Insur-
ance Math. Econom.) proved the following strikingly simple relationship
between 1, (x) and v¢y(x), the ruin probabilities with and without tax:

Yayl@) =1 — (1 — (). (1)

e Albrecher eral. (2008; J. Appl. Probab.) further showed that the tax identity
(1) still holds for a spectrally negative Lévy surplus process under the loss-
carry-forward taxation.

e Albrecher et al. (2008; Insurance Math. Econom.) proved a similar tax
identity for a dual surplus process with general inter-innovation times and
exponential innovation sizes under the same type of taxation.
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What we do:

Shortcomings of loss-carry-forward taxation:

e In reality, taxes are usually paid periodically (e.g. monthly, semi-annually,
or annually).

e If S contains a diffusion part, then the moments of running maxima do not
form any continuous time interval.

We introduce periodic taxation as well as compensation to the risk model. Given
the company survives at time n,

e it pays tax at rate v € [0, 1) on its net income during the period (n — 1, n];
or,

e it gets compensation at rate § € [0,1) on its net loss during the period
(n—1,n].

We investigate the influence of such taxation and compensation rule on the
asymptotic behavior of the ruin probability.
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Periodic taxation:

Motivations
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Surplus Underlying surplus

Surplus with tax payment
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2. Model Description

We look at the loss process before tax and reinsurance,
Lt =T — St, t Z 0.

For each n = 1,2,..., the maximal net loss and the net loss of the company
within the period (n — 1, n] are, respectively,

Y, = Sup (Lt - Ln—l) ) Zp =Ly — Ly_1.

n—1<t<n

After introducing the periodic taxation at rate 0 < v < 1 and compensation at
rate 0 < 0 < 1, the loss of the company within the period (n — 1, n] becomes

Xo=Zn+vZ, —0Z; =(1-0)Z; —(1-7)Z,.

Then, the ruin probability in this situation is equal to

hy5(x) = (sup(nzka) ) 2

n>1 —1
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Assumptions on the loss process L:

e [ is a Lévy process (that is, it starts from 0, is right continuous with left
limit, and has stationary and independent increments) with mean EL; =

—u < 0.
e Consequently, the random pairs (X, Y,,), n = 1,2, ..., appearing in (2) are
1.1i.d. copies of the random pair

(Xa Y) —D ((1 o 5)[’2—[’— o (1 o 7)L1_7 Sup Lt) °
0<t<1

e Choose v € [0,1) and 0 € [0, 1) such that
EX=1-60)us— (1 —v)u-<0. 3)

So the insurance company still has positive expected profits under such tax-
ation and compensation and that the ruin is not certain.
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3. Preliminaries

3.1. Lévy-Khintchine representation

For a Lévy process L = (L), its characteristic function can be written in the
form
EeiSLt — e-t@(S)

)

where the characteristic exponent ®(-) has the Lévy-Khintchine representation

1 > :
P (s) =ias + 50282 + / (1 —e"" +iszly<n) p (dz)
with a € (—o00,00), ¢ > 0, and Lévy measure p on (—oo,00) satisfying
p({0}) = 0and [T (22 A1) p(dz) < co. The triplet (a, o, p) (called Lévy
triplet) uniquely determines the distribution of the Lévy process L.

Write p(z) = p((x,00)). When p(1) > 0, introduce II(-) =
(p(1)~"! p(+)L(1,00)» Which is a proper probability measure on (1, c0).
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3.2. Some popular classes of distributions

These classes of distributions have been extensively investigated and applied to
various fields by many researchers, such as Embrechts, Kliippelberg, Kyprianou,
etc..

Definition: A distribution F" on (—00, 00) is said to belong to the class L(«) for
some o > 0 if F'(x) > 0 for all = and

F
lim M =\ y € (—00,00).
T—00 F(Qj)

Example: ' is a gamma distribution with density

B
jitsia, 0) = L xﬁ_le_‘m, x,a, 3 >0,

r(g)
—> F € L(a).

A distribution F in £(«) with > 0 is usually said to have an exponential-like
tail.
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Definition: A distribution F on [0, c0) is said to belong to the class S(«) for
some « > 0if F € L(«) and
- Preliminaries
2%
lim @) _ o

exists and 1s finite.

Example: F'is an inverse Gaussian distribution with density

1/2 . .
f(x;u,A)I( 4 ) eXp{ A H)Q}, T, p, A > 0,

23 22w

— F € S(a) witha = 2%2

A distribution F' in S(«) with @ > 0 is said to have a convolution-equivalent
tail.




S(0) = S is the well-known class of subexponential distributions. A useful
subclass of § is §*. (Kliippelberg(1988; J. Appl. Probab.))

Definition: A distribution F" on [0, o) is said to belong to the class S* if F'(z) >
Oforallz >0, up = fooo F(z)dxr < oo, and

[P -y
lim —F(y)dy = 2urp.

Property: If F' € §*, then both F' € S and F; € S, where

1 T
Fi(w) = / F)dy, 330,

denotes the integrated tail distribution of F'.

Examples: Pareto (with finite expectation), heavy-tailed Weibull, lognormal dis-
tributions.
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Relations of these classes of distributions:

S(a)

L)
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4. The Case of Subexponential Tails

Theorem 1  If both IT and II; belong to the class S (which are satisfied when
IT € §*), then forevery 0 < v < 1and 0 < ¢ < 1 for which relation (3) holds,

we have
1

¢%5(5E) ~ (1 . 7)”— . (1 . 5)”4— /x ﬁ(y)dy (4)

Proof:  The proof of Theorem 1 is a direct combination of two results from
Rosinski and Samorodnitsky (1993; Ann. Probab.) and Palmowski and Zwart
(2007; J. Appl. Probab.).
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Comparison:

The tax identity (1) under loss-carry-forward taxation implies that

1
r(a) ~ T ).
While under our periodic taxation, substituting 6 = 0 to (4) yields that
1
¢%0(5€> ~ 1— = ¢0,0($>-
H——H4

Note that ¢y(z) and ¢ (x) are identical. The coefficients in the two relations
respectively capture the impact of the two taxation rules on the asymptotic be-
havior of the ruin probability. Now that 1 /(1 — puy) > 1, we conclude that

%(x) < wv,O(x), for all large ,

i.e., periodic taxation produces more significant impact on the ruin probability
than loss-carry-forward taxation does.
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5. The Case of Convolution-equivalent Tails

Theorem 2  Assume EL? < oo and IT € S(«) for some o > 0. If 0 < y < 1
and 0 < 0 < 1 are such that

Eea/((1—5)L1+—(1—7)L1_) <1 (5)

for some o’ > «, then,

Ca
| — per(0-0If-(a-7L7)

Pas(T) ~ p(z),

where the constant C', is defined as

Pr (Supogtgl Ly > x)

C, = lim —

Tim () € (0,00).

Proof:  The key part of the proof of Theorem 2 is a result from Hao er al.
(2009; J. Appl. Probab.).
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Lemma 2.1 (Braverman (1997; Stochastic Process. Appl.)) Let L be a Lévy
process with Lévy measure p such that IT € S(«) for some o > 0. Then for all
t >0,
Pr (L
lim SR> D) pate gy,
el p(w) The Case of...

There is a unique probability distribution G on [0, 1] satisfying fo t~1G(dt) <
oo with moments given by

1 (G) :M, n=1,2..
o R(t)dt
where
Up = / tlEea min1<ksn+l Lt’fdtl 000 dtn_H.
0<t; <+ <tpy1<1
Finally,

P L 1 1
fim CEGostsa Lo > 2) / t1G(dt) / h(t)dt .= Cy. (6
TT00 p(x) 0 0




Corollary 2.1 Assume

Ny
Lt:Z€k_pt7 tZOa
k=1

where p > 0 represents the constant premium rate, N is a Poisson process
with intensity A > 0, and &,&,, ... are i.i.d. copies of a random variable &
independent of N and with distribution F' on (0,00). Suppose that F' has a
bounded density f € Sd(a) for some o > 0 and that condition (5) holds. Then,

A a p—
e T()
1 — Fe((1=0Lf—(1-7)LT)

V6 (z) ~

with the constant C, given by

C _eA(Eeag—l)—ap
0=

1 1 t N N
+a/ (Z/ Pr Z & < ps | ds | (1 — ) POD(ES ) —ap(-1) gy
0 0 k=1
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6. The Case of Exponential-like Tails

Theorem 3  Assume EL? < oo, I € £L(a) for some o > 0, and II(z) =
) (ﬁ(m)) If0 <y <1landO0 < ¢ < 1 are such that condition (5) holds, then,

1
| — Eee(0-0Lf-(a-7L7)

Py () ~ Pr(L; > x).

Proof:  The proof of Theorem 3 is a combination of two results from Hao er
al. (2009; J. Appl. Probab.) and Albin and Sundén (2009; Stochastic Process.

Appl.).

The Case of ...




Two special and important cases of Theorem 3:

(i) A gamma process U = (Uy),- starts from 0, with stationary and in-
dependent increments, and U; having the gamma(,3) distribution with
density

B
o
f(z) = —a" e a, 3,z > 0.
7
Its Lévy triplet is given by a = (e —1) /o, 0 = 0, and p(dz) =
Ba~te~dz. It is easy to verify that II(z) = o (HQ* 7)),

Corollary 3.1 Assume
Lt:Ut_pta tzoa

where p > 0 and U i1s a gamma process as introduced above with param-
eters o, 3 > 0. If 0 < v < 1land 0 < ¢ < 1 are such that condition (5)
holds, then,

a1 (SC 4 p)ﬁ—l o—al(z+p)
1 _ Eea((1—5)L1+—(1—7)L1—)> F(ﬁ)'

Vy6(T) ~ (
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(i1) Consider a compound Poisson process with negative drift.

Corollary 3.2 Assume

Ny
k=1

where p > 0 represents the constant premium rate, N is a Poisson process
with intensity A > 0, and &;,&,, ... are i.i.d. copies of a random variable &
independent of N and follows exponential distribution with mean 1/a. If 0 <
v < 1and 0 < § < 1 are such that condition (5) holds, then,

Vy,5() Nl 2y M/ S /OW/QCI)< 2\ cos 0 — \/x——I—p>

_ pee(@-0Lf-(-1I;

where ®(-) is the standard normal distribution.
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7. Conclusion

We are the first who have considered the periodic taxation in ruin theory. Our
study covers the three cases:

1. the Lévy measure p has a subexponential tail;
2. the Lévy measure p has a convolution-equivalent tail;

3. the Lévy measure p has an exponential-like tail.

For each case, we have derived an asymptotic formula which captures the ex-
act impact of the tax and compensation on the asymptotic behavior of the ruin
probability. We have devoted ourselves to deriving explicit formulas.
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8. Open Problems

e In Theorems 2 and 3, in order to use the result from Hao er al. (2009; J.
Appl. Probab.) we have to assume that § > (0. Are the two theorems still
true when 6 = 0 ?

e So far we always assume a constant tax rate . Can our results be gen-
eralized to the case with surplus-dependent tax rate v(S;), or, even more
generally, surplus-dependent and time-inhomogeneous tax rate (S, t)?

e The existence of C, in Theorem 2 was proved by Braverman and Samorod-
nitsky (1995; Stochastic Process. Appl.). 1Is there any more explicit expres-
sion for C, than that given in (6)?
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