Chapter 6

Brownian Motion

6.1 Normal Distribution

Definition 6.1.1. A r.v. X has a normal distribution with mean p and variance o2, where

(z—p)?
1 —53
2
27r0€ 7

w e R, and o > 0, if its density is f(x) =

The previous definition makes sense because f is a nonnegative function and

0 _(m—mw)?
oo e 2?2 dr = 1.
Note that by the changes of variables = =t

+2

ffooo 2171.0. f 0o ﬁ Tz dt.
By a change to polar coordinates,
(ffooo % das) = [Z [T TR dxdy— I 2 o~ df dr

=2r [* _2rdr:27r( Tz)’ = 2.
0

Theorem 6.1. If X has a normal distribution with parameters p and o?, then E[X] = p
and Var(X) = o2,
Proof. By the change of variables £ = t,
(z— 2
E[X] :ffooox@e o da:—f (u—l—to)f 2 dt
=L f_oooo ﬁe_% dt +o f_oo tme_* dt =
+2
because the function tﬁe’T is odd.
By the change of variables *># =t and integration by parts,
E[(X — S de = [° o dt
00 = ) = 72 = e o = [ % e
:Tf td(—‘?)—ﬁf e~ T dt = o2
Q.E.D.
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The following formulas could be useful:

ffooo e_é dr = /27, f_oooo me_§ dz =0, ffooo xQe_é dr = /27

A normal r.v. with mean zero and variance one is called a standard normal r.v. Proba-
bilities for a standard normal r.v. can be found in table at the back of the book. Given a
standard normal r.v. Z, to find P(Z < —a), where a > 0, we do

PZ < —a|=P[Z >a)|=1-P[Z < a].
To find P(|Z| < a), where a > 0, we do

Pl|Z]| <a]| =P[-a < Z < d]
=P|Z<a-P[Z<—a]l=P[Z<a|—-(1—-P[Z>a])=2P[Z >a]—1.

22

We usually will denote the density of a standard normal r.v. by ¢(z) = %e .

We denote the cumulative distribution function of a standard normal r.v. by ®(x) =
2

[ )

Theorem 6.2. The moment generating function of a r.v. X with a normal distribution with

parameters p and o2, is

t20'2

]\4_)((75)2615“+ 2,

Proof. By the change of variables £ =y,

_(e-p)?

2
_ [ w1 D [0 tuttoy 1~
Mx(t)=["_e o 2; de= [~ e e 7 dy
202 oo _ (y—ot) t252
= elFt f_oo —L%e T dy = et 2,

Q.E.D.

2
A standard normal r.v. Z has moment generating function: My(t) = eT.

Theorem 6.3. If X has a normal distribution with parameters i and o2, then Z = % has
a standard normal r.v.

X—u

o

Proof. The moment generating function of Z =

+2

MX(t) = E[et%] = e*%E[e%] =ez,
which is the moment generating function of a standard normal r.v. Q.E.D.

Theorem 6.4. Let Xq,...,X, be independent r.v.’s with a normal distribution. Then,
S Xi has a normal distribution.

Proof. Let p; = Ele'*i] and let 02 = Var(X;). Then, E[e!Xi] = exp (t,uz- + t2;i2>. So, the

moment generating function of Z?Zl X, is
n n 2,2
2 n 0__2
= exp (t Z?:l i + tzz%) .
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2 n 2
Now, exp (t o i+ M) is the moment generating function of a normal distribution
with mean Y., p1; and variance > o7.
the distribution, we conclude that Z¢:1 X; has a normal distribution with mean ", u; and

variance y .| 07 Q.E.D.

Since the moment generating function determines

Example 6.1. If X is a normal random variable with parameters p =1 and 0* = 4, compute
P[5 > X > 3].

X-1

Solution: We standardize the variable: Z = i has a standard normal distribution. So,

o~

<z<X 1)
] =0.9772 — 0.8413 = 0.1359.

&I“

PBZX>ﬂ:PB<X<5 (
—P[l<Z<2=P[Z<2-P[Z<

—_

Example 6.2. A manufacturer produces an item which has a label weight of 20.4 grams. Let
X denote the weight of a single mint selected at random from the production line. X has a
normal distribution with mean 21.37 and variance 0.16. Find P[X < 20.4].

Solution: 7 = % has a standard normal distribution. So,

20.4 — 21.37
P[X <204] =P |z < ——"""| — P[Z < —2.45] = .008.
V0.16

Example 6.3. Let Z be a standard normal r.v. Find ¢ such that P[|Z] < ¢] = .95.

Solution: Using the previous formula,

0.95=P[|Z| < =2P[Z < —1.

So, P[Z < ¢] = Y225 = (0.975. From the normal table, ¢ = 1.96.

Exercise 6.1. The height, X, that a college high jumper will clear each time she jumps is a
normal random variable with mean 6 feet and variance 5.765 inches*. What is the probability
the jumper will clear 6 feet 4 inches in on a single jump?

Exercise 6.2. The length of the time required to complete a college achievement test is found
to be normally distributed with mean 70 minutes and standard deviation 12 minutes. When
should the test be terminated if we wish to allow sufficient time of 90 % of the students to
complete the test?

Exercise 6.3. Suppose that X is a standard normal random variable with parameters p = 1
and o* = 4. Find P[X? > 1].

Example 6.4. If X and Y are independent identically distributed standard normal random
variables, compute Pr{—1 < X +Y < 3}.

Solution: X + Y has normal distribution with mean zero and variance 2. So,

P[-1 <X +Y <3] =P[5 <N(0,1) < H]

= P[—0.70 < N(0,1) < 2.12] = 0.98 — (1 — 0.75) = 0.73.
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Example 6.5. If X and Y are independent identically distributed standard normal random
variables, compute the density of U =14+ X +Y.

Solution: By the previous theorem, U has a normal distribution. E[U] = 1 and Var(U) =
Var(X) + Var(Y) = 2. So, the density of U is

_ (u-1)? (=12
e 22 e 1
u) = = .

6.2 Central Limit Theorem

If Y is a normal r.v. with mean p and variance o2, then % has a standard normal dis-
tribution. The central limit theorem says that we can do something like that for sums of
iidrv.s. Let X;,...,X, beiid.r.v.’s with mean p and variance 2. Then,

E ZX] = ZE[}Q] =np

and
ar (Z X,) Z Var(X;) = = no?
i=1
The central limit theorem says that for n large enough

i, Xo) — B, Xil _ > (Xi — )
Var(} ! | X;) ovn

has approximately a normal distribution. Precisely, the central limit theorem says that:

Theorem 6.5. Let {X;}5°, be a sequence of i.i.d.r.v.’s with finite second moment. Then, for

each a € R, .
where ®(a) = P[N(0,1) < a.

The central limit theorem is also true for open intervals and bounded intervals:

lim P {ELl()\(/iﬁ_aE[Xi]) < a] = P[Z < ]

where Z denotes a r.v. with a standard normal distribution.
Instead of .7 | X;, we can use = - 3" | X;, and get that

and

lim P

nsoo L/\/— } = PN(0,1) < a].
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For most distributions, the central limit theorem gives a good approximation to the prob-
ability if n > 30. For some distributions n = 20 is enough.

A common application of the central limit theorem is the estimation of probabilities of a
binomial distribution with large n. In this case,

Theorem 6.6. Let S, be the a r.v. with a binomial distribution with parameters n and p,
then
lim P

n—oo

[ S, —np
np(l — p)

< a] = ®(a).

When handling discrete distributions, a continuity correction can be made. If a is an
integer, then for each 0 <t <1

P Sn < =P Sn < =P Sn—np < _att-np ~ ® at+t—np .
S, <a]=P[S, <at1 { g ot

Since each 0 <t < 1 gives a different approximation, the average of these t’s is taken. So,

P[S,<al=® at05-np

\/np(1-p)

P[S, <a]~® (&2

\/np(1-p)
P < Sn <bl~d b+0.5—np — P a—0.5—np
o < < f) v/ np(1-p) np(1-p)
P < Sn <bla~d b—0.5—np — P a+0.5—np
@ ) np(1—p) \/np(1-p)
Example 6.6. Let S be the number of heads in 1000 independent tosses of a fair coin. Find
the probability that 480 < S < 515.

Solution: S has a binomial distribution with parameters n = 1000 and p = 1. Then,

2
E[S] = np = 1000 - 3 = 500 and Var(S) = np(1 — p) = 1000 - £ - 2 = 250. So,

P[480 < S < 515] & P[*R2=2% < Z < 22200

= $(0.9803) — ®(—1.2965) = 0.8365 — (1 — 0.9026) = 0.7391.

7

Exercise 6.4. Let X be the number of heads in 10000 independent tosses of a fair coin. Find
the probability that 4900 < X < 5150.

Exercise 6.5. One thousand independent throws of a fair coin will be made. Let X be the
number of heads in these thousand independent throws. Find the smallest value of a so that

P[500 — a < X < 500 + a] > 0.70.

Exercise 6.6. Let X be the number of heads in 10,000 independent tosses of a fair coin.
Find ¢ so that the probability that 5000 — ¢ < X < 5000 + ¢ is 95 %.

Exercise 6.7. One thousand independent rolls of a fair die are made. Let X be the number
of times that the number 6 appears. Find the probability that 150 < X < 200.
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Exercise 6.8. One thousand independent rolls of a fair die will be made. Let X be the
number of sixes which will appear. Find the probability that 160 < X < 190.

Exercise 6.9. One thousand independent rolls of a fair die will be made. Let X be the sum
of these thousand independent rolls. Find the value of a so that

P[350 —a < X <350+ a] =0.9.

Exercise 6.10. [t is assumed that the probability that a student in college has a GPA in
high school of A- or above is 15%. Suppose that 500 students from that college are chosen at
random, what is the probability that 10 students or less of these 500 students have a GPA in
high school of A- or above.

Exercise 6.11. Let Yi,..., Y5 itndependent identically distributed random wvariables with
exponential distribution of parameter A = 2. Find (approzimately)

Pr[Y + - + Yago > 110].

Exercise 6.12. One has 100 bulbs whose light times are independent exponentials with mean
5 hours. If the bulbs are used one at time, with a failed bulb being immediately replaced by a
new one, what is the probability that there is still a working bulb after 525 hours.

Exercise 6.13. From past experience a professor knows that the test score of a student taking
her final examination is a random wvariable with mean 70 and variance 25. Assuming that
the distribution of grades is approzimately bell-shaped, what can be said about the probability
that student’s score is between 60 and 807

Exercise 6.14. A manufacturer of booklets packages them in boxes of 1000. It is known
that, on the average, the booklets weigh 1 ounce, with a standard deviation of 0.05 oz. The
manufacturer is interested in calculating

P[100 booklets weigh more 100.4 oz,

a number hat would help detect whether too many booklets are being put in a box. Estimate
last probability.

Exercise 6.15. The scores of a reference population in the Wechsler Intelligence Scale top
5% of the population?

Exercise 6.16. Suppose that the weight (in ounces) of major league baseball is a random
variable with mean p =5 and standard deviation o = 2/5. Find the probability that a carton
of 144 baseballs has a total weight less than 725 ounces.

Exercise 6.17. A manufacturer packages some item in boxes of hundred. The weight of each
item has mean 1 oz. and standard deviation 0.1 oz. Approximate the probability that a box
weights more than 102 oz.
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6.3 Brownian Motion

Definition 6.3.1. A stochastic process { B(t) : t > 0} is said to be a Brownian motion process
with variance parameter o > 0 if:
(i) B(0) =

(ii) (independent increments) For each 0 <t <ty < -+ < ty,,
B(t1), B(t2) — B(t1),..., B(tm) — B(tm-1)

are independent r.v.’s.
(i11) (stationary increments) For each 0 < s <t, B(t) — B(s) has a normal distribution with
mean zero and variance o*(t — s).

If 02 = 1, we said that {B(t) : t > 0} is a standard Brownian motion. If {B(t) : ¢t > 0}
is a Brownian motion process with variance parameter ¢ > 0, then {c7'B(t) : t > 0} is
a standard Brownian motion. So, the study of Brownian motion reduces to the case of a
standard Brownian motion. Unless, it is said otherwise, { B(t) : ¢ > 0} will denote a standard
Brownian motion.

Theorem 6.7. Let {B(t) : t > 0} a standard Brownian motion. Then, the probability density
function of B(t) is

Example 6.7. Let {B(t) : t > 0} a standard Brownian motion. Let 0 < s <t. Let a,b € R.
Show that:

(i) Cov(B(s), B()) =

(ii) Vax(B(t) — B(s)) = t — 5.

(iii) Var(aB(s) + bB(t)) = (a + b)?s + b*(t — s).

(iv) The distribution of aB(s) + bB(t) is normal with mean zero.

S.

Solution: (i) Since B(s) and B(t) — B(s) are independent r.v.’s,

Cov(B(s), B(t)) = Cov(B(s), B(s) + B(t) — B(s))
= Cov(B(s), B(s)) + Cov(B(s), B(t) — B(s)) = Var(B(s)) = s.

(ii) Since B(t) — B(s) has a normal distribution with mean zero and variance ¢ — s,
Var(B(t) — B(s)) =t — s.
(i)
Var(aB(s) + bB(t)) = Var(aB(s) + b(B(s) + B(t) — B(s))
= Var((a+b)B(s) + b(B(t) — B(s))) = Var((a + b)B(s)) + Var(b(B(t) — B(s))
= (a+0b)%s+b*(t —s)

(iv) Since B(s) and B(t)— B(s) are independent r.v.’s and they have a normal distribution,
(a+0)B(s) + b(B(t) — B(s)) = aB(s) + bB(t) has a normal distribution.
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Example 6.8. Suppose that {X(t) : t > 0} is a Brownian motion process with variance
parameter 0® = 9. Find:

(i) P{X(2) < 15}
(i) Var(3X (2) — 2X(5)).
(iii) P{X(2) — 2X(3) < 4}

Solution: We have that {B(t) : t > 0} is a standard Brownian motion, where B(t) = %
(i) We have that

P{X(2) <12} = P{B(2) < 4} = P{N(0,1) < £} = P{Z < 2.8284} = 0.9976609
(i)
Var(3X(2) — 2X(5)) = Var(9B(2) — 6B(5)) = Var(3B(2) — 6(B(5) — B(2)))
= BP @)+ (=67 (3) = 117
(iii) X (2) —2X(3) has a normal distribution with mean zero and variance
Var(X(2) — 2X(3)) = Var(3B(2) — 6B(3)) = Var(—3B(2) — 6(B(3) — B(2)))
— (-3)(2) + (~6)2(3 - 2) = 54
So,
P{X(2) -~ 2X(3) < 4} = P{Z < -} = P{Z < 0.54433} = 0.7068928

Example 6.9. Let {B(t) : t > 0} a standard Brownian motion. Let 0 < s < t < u. Show
that E[B(s)B(t)B(u)] = 0.

Solution: Let X = B(s), let Y = B(t) — B(s) and let let Z = B(u) — B(t). Then, Z
and Y and Z are independent r.v.’s with mean zero and E[X?] = s, E[Y?] =t — s and let
let E[Z?%] =u —t. So,

E[B(s)Bt)B(u)] = EX(X+Y)(X+Y +2)|=E[X3+2XYZ+ XY?+ X?Z + XY 7]
= E[X°|+2E[X?E|Y|E[Z] + EIX|E|Y? + E[X?)E|Z) + E[X|E[Y]E[Z] =0

Exercise 6.18. Let {B(t) : t > 0} a standard Brownian motion. Let 0 < s < t < u. Let
a,b,c € R. Show that:

(i) Var(aB(s) + bB(t) + cB(u)) = (a + b+ ¢)?s + (b+ ¢)*(t — s) + *(u — t).
(i) The distribution of aB(s) + bB(t) + cB(u) is normal with mean zero.

Exercise 6.19. Find the density function of X = B(s) + B(t), where 0 < s < t?
Exercise 6.20. Find the density function of X = 2B(2) — 3B(3) + 4B(5).

Exercise 6.21. Suppose that {X(t) : t > 0} is a Brownian motion process with variance
parameter o® = 8. Find:

(1) P{|X(4) = X(2)] > 10}.
(i) Var(3 + X(4) — 2X(2) + X(3)).
(iii) Cov(3 + X (4) — 2X(2),5 — X(3)).
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Recall that if (Xy,...,X,,) is a r.v. with joint density function fx,  x, (z1,...,%m),
and h is a smooth transformation on the domain of (Xj,...,X,,), then the joint density of
Vi, Vi) = (X1, ..., Xn), is

fY1 ,,,,, Ym(y17 SR 7ym) = le ,,,,, Xm(h71<y17 S 7ym>>|‘]h71(y17 <. 7ym)‘7

where Jh™(y1, ..., ym) is the determinant of the partial derivatives of the function A" (the
Jacobian of the h™1).

Theorem 6.8. Let {B(t) : t > 0} a standard Brownian motion. Let 0 <ty < --- ,t,,. Then,
the joint probability density function of (B(t1),...,B(tm)) is
exp (—% (x—% 4ol —(W‘$m71)2>>

t1 to—t1 tm—tm—1
(V2m)m\/ti(ta — t1) - (b — tin—1)

PTOOf. Let X1 = B(tl),Xg = B(tg) — B(tl), R ,Xm = B(tm) — B(tm_l) Xl,XQ, Ce ,Xm are

independent r.v.’s. X; has normal distribution with mean 0 and variance t;—t;_1. So, the den-
2

IB) Btw) (T15 -+, T) =

x

sity of X, is fx,(x;) = ﬁe_ 4D and the joint density function of (Xi, Xs, ..., X;n)
T (Ui —li—1
is
@3

le ,,,,, Xm (xlv SR 7$m) - H:il sz' (‘T’L> - H:il me ity

_ 1 ex <_ﬁ_x_%_...__¢)

o (\/ﬂ)m\/tl(tgftl)---(tmftm,l) b 2t1 2(t2—t1) 2(tm—tm—1)
Consider the transformation (y1,y2, ..., Ym) = (21,22, ..., xp) = (x1, 21 + X2, ..., 21+ -+

Tm). We have that b= (y1, 92, .- -, Ym) = (W1, Y2 = Y1 -+ s Ym — Ym—1) and [T (y1, ..., ym)| =
1. Then,

(Y1,Ys, ..., Y,) = (X, Xo, ..., Xpn) = (B(t1), B(ta), ..., B(tn)).
The joint density of (Y7,Y5,...,Y,,) is

fY1 ~~~~~ Ym(yla"‘aym):le ----- Xm)(h_l(yla"‘7ym))|Jh_1(y17"'7ym)
:fX1 ..... Xm)(y17y2_yla-"aym_ym—l)

1 A () (ym_ym—l)2)

B (m)m\/tl(tQ*tl)"'(tm*tmfl) b < 2t1 2(t2—t1) S 2(tm—tm1)

Q.E.D.

Markov property of the Brownian motion: Given 0 < s1 < -+ < s, < t1 < -+ < tp,
we have that the distribution of B(ty),...,B(t,) given B(sy),..., B(sg) agrees with the
distribution of B(t1),..., B(t,) given B(sy).

Theorem 6.9. Let {B(t) : t > 0} a standard Brownian motion. Given 0 < 51 < -+ < § <
ty < -+ < tm, we have that the conditional density of B(ty), ..., B(tm) given B(sy), ..., B(sk)
agrees with the conditional density of B(t1),..., B(tm) given B(sy).

Proof. Let
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The joint density of (Xq,..., Xy, Y1,...,Y,,) is

le,...,Xk,Yl,‘..,Ym ('T17 vy Ty ?Jl, ... 7ym)
_ 1
(m)m+k\/51(52*51)"'(3k75k71)(t175k)(t2*t1)”'(tm*tm—1)
1 (z2—w1)? (@r=zp-1)® _ —zx)® _ (y2—y1)? (ym—ym—1)*
X eXp <_ﬁ T 2sa-s1) T 20sh-sk_1)  2(ti-sk)  20ta—s) 2(%7%_1)) .

The joint density of (X7,..., X}) is

le,...7Xk (:)31, PN ,:L‘k)
= 1 _o (wemm)? L (@k—wke)?
- (\/ﬁ)k\/81(827‘91)---(Sk78k,1) eXp < 2511 2(s2—s1) 2(sk—sk_1)>

So, the conditional density of (Y7,...,Y,,) given (Xi,..., Xj) is

vt Yl X Xe (Y1 - s Yl @1, -, 2g)
- - exp (_(ylka)Q _ ey M)
(vVar)™ \/(t1—sk) (ta—t1) - (tm—tm—1) 2i=s)  20a—tr) sl )

The joint density of (X, Y1, ..., Y,,) is

me,Yl,.A.,Ym (xk, Y1, - ,ym)
1

- (vV2r) " for(ti—si) (s2—81) (b —tm—1)

zp (y1—mp)? (y2—u1)? (Ym—ym—1)*
X exp <_ﬁ o Qyélfgk) - 21’(2t2£/il) ______ 2y(tm;ytm—11)> ’

The joint density of X is

Cﬂ2
ka (xk) = J;er €xXp (‘ﬁ)

So, the conditional density of (Y7,...,Y,,) given X} is

Iyl Xe Y1s o Ul Tk)
- - exp <_(ylka)2 _ ey M)
(x/ﬂ)m\/(tl—sk)(tz—tl)...(tm—tm,l) 2(t1—s1) 2(ta—11) St ) )
Therefore, the two conditional densities fy, _v,.|x;..x, (1, Yml|T1, ..., 7)) and
leanYm‘Xk (y17 e 7ym|xk;) agree. QED

Theorem 6.10. For 0 < s < t, the distribution of B(t) given B(s) is normal with mean
B(s) and variance t — s. B(t)|B(s) 2 N(B(s),t—s).

Proof. By the computations in the previous theorem, the conditional density of Y = B()
given X = B(s) is

—)2
frix(yle) = %l(t_s) exp (‘ (2y(t—;)> :
This is the density of a normal r.v. with mean x and variance ¢t — s. Q.E.D.

Example 6.10. Suppose that {X(t) : t > 0} is a Brownian motion process with variance
parameter o® = 4. Find:

(i) PX(3) < 1X(2) = 1/2}

(i) P{X(4) — X(2) > 1| X(2) = 1/2}.
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Solution: We have that {B(t) : ¢ > 0} is a standard Brownian motion, where B(t) = =~.
(i) So,

P{X(3) <1|X(2) = 3} =P{B(3) < 3|B(2) = ;} =P{B(3) - B(2) < 5 — 1|B(2) = }}
= P{B(3) - B(2) < }B(2) = 1} = P{B(3) - B(2) < 1} = P{Z < 0.25} = 0.5987063

(ii) Since X (2) and X (4) — X (2) are independent r.v.’s

P{X(4) — X(2) > 1|X(2) = 1/2} = P{X(4) — X(2) > 1} = P{B(4) — B(2) > 1}
= P{Z>;15} = P{Z > 0.353553} = 0.361837

Theorem 6.11. For 0 < s < t, the dz’stm’bution of B(s) given B(t) is normal with mean
$B(t) and variance *=2. B(s)|B(t) & N(£B(t), *2),

Proof. Let X = B(s) and let Y = B(t¢). By the computations in two theorems above, the
joint density of (X,Y)

z2 (y—x)2> .

fX,Y(ﬂC, y) = m exp (_2_3 T 2(t—s)

The marginal density of Y is

oly) = =ep (-%).

The conditional density of X given Y =y is

QTr\/Sl(TS) exp<7%7(2y(t_f§> 2 22 (y—z)?
fXIY($|y) = i exp(_g) \/2 S@ o &XP <_ T2 T 2(t—s)>
2 2 ,y2 ZEy
\/2 s(t 5 P 5 920_5 T 2(t—s) +is Q(f—s)
t T
\/2 s(t s) eXp( 25(tz s) 2t(t s) + y)
t
_ 1 (=)
- \/27r@ eXp ( 2@ Y
which is the density of a normal r.v. with mean %! and variance @ Q.E.D.
Example 6.11. Suppose that {X(t) : t > 0} is a Brownian motion process with variance

parameter o* = 3. Find: P{X (1) < 1|X(2) =2}

Solution: We have that
p {X(l) <1IX(2) = §} _p {B(l) < LB = L} _p {3(1) <

We have that
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and

6.4 Hitting Time

Let {B(t) : t > 0} be a standard Brownian motion. Let a > 0. Let T, denote the first time
the Brownian motion process hits a. Then for ¢ > 0,

P{B(t) > a} = Pr{T, <t} Pr{B(t) > a|T, <t} + Pr{T, > t} Pr{X(t) > a|T, > t}
= Pr{T, <t} + Pr{T, > t}0 = Pr{T, < t}1.
So,

Pﬂj;gt}:2P{B@)za}:2pgva)z;%}=2<1—¢(§9)::ﬁ%fze*%dy

The density of T}, is

; 2 a2 @ ae” %
= t =
fTa( ) /27_‘_6 2t3/2 /27Tt3/2 .

We also have that
Pr{T, <t} = 2P{B(t) > a} = P{|B(1)| > a}.

Example 6.12. Let T, be the time until a standard Brownian motion process hits a. Show
that E|T,] = cc.

Solution:

00 00 a2 a2

ae” 2t < ae” 2

Eﬂ:/tatﬁ:/t———ﬁ:/-———ﬁ:w
[ ] 0 fT ( ) 0 vV 27Tt3/2 0 vV 27‘('751/2
GE_%
. Nozs 1/2 _ o0 a o
because lim;_ m:{l/z =1land [ T dt = 0.

Exercise 6.22. Suppose that you own one share of a stock whose price changes according to
a standard Brownian motion process. Suppose that you purchased the stock at a price a and
the present time price is b, where b < a. You decide to sell the stock when it reaches the price
a. What is the average time it takes the stock to recover to the original purchase price?

Example 6.13. Let T, be the time until a standard Brownian motion process hits a. Calcu-
late the following:

(i) P{T, < 8}.

(ii) The median of Ty.
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Solution: (i)

P{Ty < 8} = 2P{B(8) > 2} = 2P { } — 2P{Z > 0.7071068} = 0.4795001

7
(ii) Let m be the median of T;. Then,
1/2 = P{Ty < m} =2P{B(m) > 2}.

So, 0.75 = P{B(m) < 2} =P{Z < \/—% = 0.6744898 and m = 8.792437.

vt
Exercise 6.23. Let T, be the time until a standard Brownian motion process hits a. Calcu-
late the following probabilities and percentiles:

(i) P{T5 < 8}.
(ii) The 99-th percentile of Ts.

Problem 6.1. (# 15, November 2000). You own one share of a stock. The price is 18. The
stock price changes according to a standard Brownian motion process, with time measured in
months. Calculate the probability that the stock reaches a price of 21 alt some time within the

next 4 months.
(A) 0.0668 (B) 0.0735 (C) 0.0885 (D) 0.1096 (E) 0.1356

Solution: Let T3 be the hitting time of 3. We need to find
Pr{T; <4} =2(1 — ®(3/2)) = 0.1336
Theorem 6.12. Given a > 0 > b, then

6]

P{B(t) hits a before b} = +—|b|
a

Example 6.14. You own one share of a stock. The price is 18. The stock price changes
according to a standard Brownian motion process, with time measured in months. Calculate
the probability that the stock reaches a price of 21 before it reaches 12.

Solution: g.

Let {B(t) : t > 0} be a standard Brownian motion. The maximum process over [0, ] is
M; = maxo<s<¢ B(s). For a > 0,

Pr{M; > a} = Pr{T, <t} = P{|B(t)| > a}
and
Pr{M,; < a} = P{|B(t)| >a}—2fO = % d.

So, the density of M, is

2 672% ifa>0

fMt(a) = \/7 . N

0 it a <0

M; has the density of |B(t)|.
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Example 6.15. E[M,| = \/% and Var(M,) = tHr=2)

Solution:
& 2 a2 V2t a2 oo V2t
E[M,] = / aie_f a=——=¢e | ==
0 \ Tt ﬁ a=-= \/E
and

E[(M)*) = E[(B(t))"] = t.

Example 6.16. Suppose that {X (t)|0 <t < oo} is a Brownian motion process with variance
parameter 9. Calculate the following:

(7;) P{maxte[o’z] X(t) § 4}.

(ii) The median value of maxeio9 X (t).

(i) The mean value of maxcjo 2 X ().

Solution: (i)

P{maxcpoz X (t) < 4} = P{max,epy B(t) < 4} = P{|B(2)| < &}

=P{—;1> <z < A} = 06542214

(ii)
E[max X(8)] = 3E[max B(t)] = 3\@ 8

te[0,2] te[0,2]

(iii) Let m be mean value of max;cjo 2 X (¢). Then,

1/2 = P{maxcjo2 X (t) < m} = P{maxcjo 2 B(t) < m/3} = P{|B(2)| < m/3}
=2P{B(2) <m/3} —1=2P{Z < %5} - 1.

So, P{Z < J™-} = 3/4, S = 0.6744898 and m = 2.861618

Continuity of the Brownian motion: In some sense, a function of ¢, the Brownian
motion is a continuous function on t. A Brownian motion can be used to give probabilities
to continuous function. The price of a stock is a continuous function. A Brownian motion
can be used to estimate probabilities related with the price of a stock over time.

6.5 Modeling Stock Prices

Definition 6.5.1. X s said to have a lognormal distribution with parameters p and o, if
In X has a normal distribution with mean p and variance o>.

If X is said to have a lognormal distribution with parameters p and o, then X has the
distribution of e#*°Z  where Z is a standard normal r.v.

Example 6.17. Let X be a r.v. with lognormal distribution with parameters y = 2 and
o? =5. Find Pr{X < 3}.



6.5. MODELING STOCK PRICES (0]

Solution:

In3 —
\/_

Example 6.18. Let X be a r.v. with lognormal distribution with parameters . and o. Show
that: ,

(i) B[X] = et 7.

(i) E[X?] = e2#t20"

(i) Var(X) = et (7" — 1).

(iv) Fort >0, Pr{X <t} = (h‘%ﬁ), where ®(t) = Pr{Z < t}.

Pr{X <3} =Pr{lnX <In3} =Pr{Z < 2} — Pr{Z < —0.4031128} — 0.3434326

Solution: We have that X has the distribution of e#*?Z. So,
02
E[X] = E[ert7%) = etT'7
and
E[X2] — E[GQ;H—QJZ] —_ 62;;-1—202.
Example 6.19. Let X be a lognormal r.v. with E[X] = €® and E[X?] = e'*. Find:
(i) Pr(X < ¢€").
(ii) The third quartile of X .
Solution: We have that

2

¢’ = B[X] = "% | e = B[X?] = 227,
So,
o 2
5:,u—{—§, 14 =2u+ 20
Hence, 1 = 3 and 02 = 4. Thus,
7—3

Pr(X <e’)=Pr(lnX <m)=P(Z < T

) =P(Z <2)=10.9772499
Let ¢ be the third quartile of X. Then,

1 —
0.75 = Pr(X <m) = Pr(ln X <7) = P(Z < 2 3

<=

and 0.6744898 = 27=3 and m = 77.39944.

Definition 6.5.2. We say that a stochastic process {X(t) : t > 0} is a Brownian motion
with drift coefficient u and variance parameter o* if X (t) = o B(t) + ut, where {B(t) : t > 0}
is a standard Brownian motion.

If {X(t):t> 0} is a Brownian motion with drift coefficient 4 and variance parameter o2,
then:
(i) X(0) =
(i) {X (t) t > 0} has stationary and independent increments
(iii) X () is normally distributed with mean ut and variance o?t.
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Definition 6.5.3. We say that a stochastic process {X(t) : t > 0} is a geometric Brownian
motion with drift coefficient u and variance parameter o? if X (t) = e?POTH where {B(t) :
t > 0} is a standard Brownian motion.

Suppose that a share of a certain stock is currently (i.e. ¢ = 0) selling for Fy. Set
P(t) = PyZ(t) = Pye?BO+1t where Z(t) is a geometric Brownian motion with drift coefficient
p and variance parameter o and B(t) is a standard Brownian motion. {P(t) : ¢ > 0} is
called a price process model.

The geometric Brownian motion is used to model prices of stock, because it is assumed
that the rate of interest earned over disjoint interval of times are independent r.v.’s.

The difference P(t) — P(s) is the interest I[s, t] earned over the period [s,t]. The effective

rate of interest earned in the period [s, ] is %, i.e. this is the interest earned per unit

P(t)-P(s)

of investment in that period of time. I[s,t] = IZ0)

For the price process and 0 < t; < --- < t,,,

I[ty, ty) = 2EI=LEO) — po(Blta) =Bl tulta—h) _ 1,

") Pltn1) tmt,
Ity tm] = =g 5t = 7 BUm)=Blm-))tplln=tm-1) 7,
So, I[t1,ts], ..., I[t;m_1,t,] are independent r.v.’s.

o2
The average accumulation of P(t) is A(t) = E[P(t)] = Pye!*°z . Given an accumulation
function A(t), the force of interest at time ¢ is

A1) d
oy = A ElnA(t).

The force of interest of A(t) = E[P(t)] is

2

d o

Exercise 6.24. To model the price of a share of stock with current price of 20, we use the
model P(t) = 20X (t), where X (t) is a geometric Brownian motion model with u = 0 and
o? = 0.09.

(1) Calculate the probability that the price hits 20e® by time 2.

(i1) Calculate the median time that it is required for the price to hits 20e
0.15

0.15

(iii) Calculate the mean time that it is required for the price to hits 20e
(iv) Calculate the probability that the maximum price of the stock over the time interval [0, 2]
exceeds 2030,

(v) Calculate the median value of the maximum price of the stock over the time interval [0,2].
(vi) Calculate the median value of the mazimum price of the stock over the time interval [0, 2].
(vii) Calculate the expected value and the variance of the price of the stock at the time 2.

(viii) Calculate the probability that the stock increases by more than 20% in a two year period.

Exercise 6.25. To model the price of a share of stock with current price of 20, we use the
model P(t) = 12X (t), were X(t)is a geometric Brownian motion model with ;n = 1 and
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a? = 0.09.

(i) Calculate the probability that the price increases by more than 20% before it decreases by
more than 10%.

(ii) Calculate the probability that the price increases by more than 15% before it decreases by
more than 10%.

Exercise 6.26. Suppose that stock currently sells for 100 and that the price process { P(t) :
t > 0}is modeled by a multiple of a geometric Brownian motion, where the drift parameter
i = 0.02 and the variance parameter is 0? = 0.02. At a force of interest of § = 0.02 the
present value of the price at time t is e % P(t). Calculate the following:

(1) E[P(1)], Var(P(1)) and Pr{P(1) > 100e"%3}.

(ii) The probability the maximum present value of the price over [0, 1] exceeds 100e
(iii) The probability the present value of the price hits 100e®* before time 5.

() The probability the present value of the price hits 100e*%? before it hits 100e%-1.

0.03

Problem 6.2. (# 27, Sample Test). You are given:

e The logarithm of the price of a stock can be modeled by Brownian motion with drift
coefficient i = 0 and variance parameter o = 0.04.

e The price of the stock at time t = 0 is 10.

Calculate the probability that the price of the stock will be 12 or greater at some time between
t=0andt=1.
(A) 0.023 (B) 0.181 (C) 0.273 (D) 0.562 (E) 0.543

Solution: Let P(t) be the price of the stock at time t. P(t) = 10eY**B®) wwhere B(t) is
a standard Brownian motion. We need to find

Pr{supy<;<; P(t) > 12} = Pr{supy,<; 10eV*051) > 12}
= Pr{supg<;<; B(t) > (5)In(12/10)} = Pr{|N(0,1)| > (5)In(12/10)} = 0.362.

Problem 6.3. (# 8, November 2002). The value of currency in country M is currently the
same as in country N (i.e., 1 unit in country M can be exchanged for 1 unit in country N).
Let C(t) denote the difference between the currency values in country M and N at any point
in time (i.e., 1 unit in country M will exchange for 1+ C(t) at timet). C(t) is modeled as a
Brownian motion process with drift 0 and variance parameter 0.01. An investor in country
M currently invests 1 in a risk free investment in country N that matures at 1.5 units in the
currency of country N in 5 years. After the first year, 1 unit in country M is worth 1.05 in
country N. Calculate the conditional probability after the first year that when the investment
matures and the funds are exchanged back to country M, the investor will recewve at least 1.5
in the currency of country M.

(A) 0.3 (B) 0.4 (C) 0.5 (D) 0.6 (E) 0.7

Solution: We have that C(t) = v/0.01B(t) = 0.1B(t), where B(t0 is a standard Brownian
motion. We have to find
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P{A5 > 1.5|C(1) = 1.05} = P{1 > 1+ 0.1B(5)[1 + 0.1B(1) = 1.05}
= P{0> B(5)|1+0.1B(1) = 1.05} = P{0 > B(5)|B(1) = .5}
P{B(5) — B(1) < —0.5|B(1) = .5} = P{B(5) — B(1) < —0.5}
= P{N(0,1) < —0.25} = 0.4.

Problems

. Let {B(t) : t > 0} be a standard Brownian motion.

(i) Find the mean and the variance of B(2) + B(5) — 3B(3).
(ii) Find Pr(—2 < B(2) + B(5) — 3B(3) < 3).

. Let {B(t) : t > 0} be a standard Brownian motion. Show that for 0 < s <t < u < v,

the variance of
aB(s) + bB(t) + cB(u) + dB(v)
is
(a+b+c+d)?s+ (b+c+d)*(t—s)+ (c+d)*(u—1t) +d*(v —u).

. Let {X(t) : t > 0} be a Brownian motion process with variance parameter o = 3. Find

the following;:

(i) Pr(—1 < X(2) <5).

(ii) Pr(—1 < X(3) — X(4) <5).

(iii) Pr(—1 < X(1) —2X(2) + 3X(4) <5).

. Let {B(t) : t > 0} be a standard Brownian motion process. Find the following:

(i) Pr(—1 < B(2) < 3|B(1) = 1).
(ii) Pr(—2 < B(3) — B(4) < 1|B(1) = 3).
(iii) Pr(0 < B(3) < 4|B(5) = 3).

. Let {X(t) : t > 0} be a Brownian motion process with variance parameter ¢? = 9. Find

the following:
(i) Pr(3 < X(2) <9|X(1) =6).
(ii) Pr(—2 < X(2) < 1|X(5) — X(3) =3)

. Let {B(t) : t > 0} be a standard Brownian motion. Let ¢ > 0 and let M, = sup< <, B(s)

be the maximum process over t. Find:
(ii) The median of Mj.

. Let {B(t) : t > 0} be a standard Brownian motion. Let ¢t > 0 and let M; = sup<,<; B(5s)

be the maximum process over t. Find:

(i) Pr(My < 5).

(ii) The density of My,

(iii) The median of Mj.

(iv) The first and the third quartile of M.
(v) The mean and the variance of Mj.



6.5. MODELING STOCK PRICES 79

8.

10.

11.

12.

13.

14.

15.

Let {B(t) : t > 0} be a standard Brownian motion. Let T, be the first time that the
Brownian motion hits a. Find the following:

(i) Pr(Ty < 4).

(ii) The density of Ts.

(iii) The median of T5.

(iv) Pr(2 < T3 < 5).

(v) The first and the third quartile (the 25 % and 75 % percentile) of T_3.

Use a Geometric Brownian Motion model with p = 0 and ¢ = 0.09 to model the ratio
P(t)/20, where P(t) is the price at time ¢ for a share of a stock currently selling at 20.
What is the probability that the stock increases by more than 20% in a two-year period?

You own one share of a stock. The price is 12. The stock price P(t) changes according
to the model P(t) = 12e*°8®) where B(t), t > 0, is a standard Brownian motion and
the time is measured in months.

(i) Calculate the probability that the stock reaches a price of 30 at some time within
the next 4 months.

(ii) Calculate the median of the time that it takes the price to reach 30.

You own one share of a stock. The current price of the stock is 10. Let P(t) be the
stock price at time t. % changes according to a Geometric Brownian Motion model
with ¢ = 0.1 and 02 = 0.4, with time measured in months. Find:

(i) The mean and the variance of the price of the stock one year from now.

(ii) The probability that the price of the stock 6 months from now is more than 30.

You own 1 share of stock currently worth 102. Assume that the change in value of this
share over time follows a standard Brownian motion process where time is measured in
months. What is the probability that the price three months from now is greater than
1057

You own one share of a stock. The price is 50. The stock price P(t) changes according
to a geometric Brownian Motion model with = 0 and o2 = 0.36, with time measured
in months. Let S be the time, P(t) hits 70. Show that the distribution of S is that of
T,, where T, is the time that a standard Brownian motion hits a > 0, for some a. Find:
(i) a.

(i) Pr(2 <5 <4).

(iii) The median of S.

(iv) The first and the third quartile (the 25 % and 75 % percentile) of S.

Using a Geometric Brownian Motion model with g = 0, 6% = 0.09 to model the ratio
P(t)/20, where P(t) is the price at time for a share of a stock currently selling at 20,
calculate the probability that the price hits 25 by time 2.

You own one share of a stock. The price is 28. Let P(t) be the stock price at time t. %

0
changes according to a Geometric Brownian Motion model with = 0.1 and o2 = (.49,
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with time measured in months.
(i) Find the mean and the variance of the price of the stock in 6 months.

(ii) Find the probability that the price of the stock will be higher 20% or more in 6
months.

(iii) The mean and the variance of P(6).
(iv) The median of P(6).
(v) The first and the third quartile of P(6).



