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References:

ACTEX Study Manual for SOA/CAS Course 3 Examination, 2003 Edition, Michael

A. Gauger. 2002. Actex Publications.

Introduction to Stochastic Processes. 1987. Paul G. Hoel, Sidney C. Port, Charles J.

Stone. Waveland Press.

An Introduction to Stochastic Modeling. 1998. Howard M. Taylor, Samuel Karlin.

Harcourt/Academic Press; 3rd edition.

Introduction to Stochastic Processes. 1997. Erhan Cinlar. Prentice-Hall.

Against the Gods: The Remarkable Story of Risk. 1998. Peter L. Bernstein. Wiley.

Spring 2003 Examination Dates and Time:

Course 1: Wednesday, May 21. 8:30 am-12:30 pm.
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Information on SOA Course 3 (or CAS Exam 3):
Actuarial Models.

The examination for this course consists of four hours of multiple-choice questions

and is identical to CAS Exam 3. This course develops the candidate’s knowledge of the

theoretical basis of actuarial models and the application of those models to insurance and

other financial risks. A thorough knowledge of calculus, probability and interest theory

is assumed. A knowledge of risk management at the level of Course 1 is also assumed.

The candidate will be required to understand, in an actuarial context, what is meant by

the word ”model,” how and why models are used, their advantages and their limitations.

The candidate will be expected to understand what important results can be obtained

from these models for the purpose of making business decisions, and what approaches can

be used to determine these results. A variety of tables will be provided to the candidate

in the study note package and in the examination booklet. These include values for the

standard normal distribution, illustrative life tables, and abridged inventories of discrete

and continuous probability distributions. These tables are also available on the SOA and

CAS Web sites. Since they will be included with the examination, candidates will not be

allowed to bring copies of the tables into the examination room.

Texts:

• Actuarial Mathematics (Second Edition), 1997. Newton L. Bowers; Hans U. Gerber;

James C. Hickman; Donald A. Jones, and Cecil J. Nesbitt. Society of Actuaries.

Chapters 3-4, Sections 5.1-5.4, 6.1-6.4, 7.1-7.6, 8.1-8.4, 9.1-9.5, 9.6 (excluding 9.6.2),

9.7-9.8, Chapter 10 (excluding 10.5.2 and 10.5.5), Sections 11.1-11.3 and Chapter 13

(excluding autoregressive discrete-time model and appendix). Note: Some notation

presented in Chapter 13 of Actuarial Mathematics is introduced in Chapter 12.

Candidates may find it helpful to refer to Chapter 12 when studying the readings

in Chapters 13.

• Introduction to Probability Models (Seventh Edition), 2000, by Ross, S.M., Sections

2.8, 4.1-4.4, 4.5.1, 4.6, 5.3-5.4, 10.1-10.3.

• Loss Models: From Data to Decisions. 1998. Stuart A. Klugman, Harry H. Panjer,

Gary Venter, Gordon E. Willmot. Wiley. Sections 1.3, 1.4, 3.1, 3.2.1-3.2.2, 3.3.1-

3.3.2, 3.4.1, 3.5 (through first full paragraph on page 222), 3.7 (excluding Example

3.15, Theorem 3.4, Example 3.18 and following), 3.10.1 (excluding Example 3.34 and

following), 3.10.2 (excluding Example 3.38 and following), 4.1-4.3, 4.5, 4.6 (excluding

Theorem 4.4 and Sections 4.6.2-4.6.5), 4.8, 6.2.3, 6.3.1, 6.3.2.1. Note: Some notation

presented in Loss Models: From Data to Decisions is introduced in Section 3.6.1.

The candidate may find it helpful to refer to Section 3.6.1 when studying the later

sections of the text.



• Simulation. 2002. 3rd Edition. Sheldon M. M. Ross. Academic Press. Sections 3.1,

4.1-4.3, Chapter 5 (excluding 5.3 and 5.5).



Math–450. 1st Homework. Due Wednesday February 5, 2003.

1. A car goes for inspection. To pass the brakes and the tires must be good. The

probability of bad brakes is 0.3. The probability of bad tires is 0.2. The probability

of both bad brakes and bad tires is 0.1. What is the probability that the car passes

inspection?

Solution: Let A be the event that the brakes are bad. let B be the event that

the tires are bad. We know that P(A) = 0.3, P(B) = 0.2 and P(A ∩ B) = 0.1.

So, P(A ∪ B) = 0.4 and P((A ∪B)c) = 0.6, i.e. the probability that the car passes

inspection is 0.6.

2. A person who visits the dentist may get a cleaning a filling or a root canal. The

probability he gets a cleaning is 0.6, a filling 0.4 and a root canal 0.3. The probability

he gets a filling and a cleaning is 0.2, a filling and a root canal 0.1 and a cleaning

and a root canal is 0.1. The probability he gets all of these things done to him is

0.05. Find the probability of each of the following events.

(a) He gets at least one of the above items.

(b) He gets the cleaning but not the root canal.

(c) He receives none of the above.(He neglected his teeth so long that extraction is

the only alternative.)

(d) He gets only one of the above items.

(e) He gets at least two of the above items.

Solution: (a) 0.95; (b) 0.50; (c) 0.05; (d) 0.65; (e) 0.30

3. How many ways can 8 people line up to get on a bus if there is one couple (husband

and wife) that insists on staying together?

Solution: There are six people and a couple. In total we have 7 entities which

can be permutated in 7 ways. Also, inside the couple, husband and wife can be

permutated in 2ways. So, there are 7! · 2! = 1028 possible permutations.

4. If it is assumed that all the
(

52
5

)
poker hands are equally likely, what is the probability

of being dealt three of kind? (This occurs when the cards have denominations

a, a, a, b, c where a, b, and c are all distinct.)

Solution:
(13

1 )(
4
3)(

12
2 )(

4
1)(

4
1)

(52
5 )

= 0.021128

5. (The Birthday Problem) What is the probability of a room with 5 people contains

at least two people who were born the same day of the year?

Solution:

1− 365
365

· 364
365

· 363
365

· 362
365

· 361
365

= 0.0271.



6. Rachel, Susan and Tiffany are shooting at a target in archery. With each arrow,

the probability of hitting the center is: Rachel 1/3, Susan 1/4, Tiffany 1/5. What

is the probability that:

• Rachel hits the center given that exactly two girls hit the center?

• exactly two girls hit the center given that Rachel hits the center?

• Susan hits the center given that at least two girls hit the center? at least two

girls hit the center given that Susan hits the center?

Solution:

(a)

P(Rachel hits the center | exactly two girls hit the center)

= P(RST c)+P(RScT )
P(RST c)+P(RScT )+P(RcST )

=
1
3
· 1
4
· 4
5
+ 1

3
· 3
4
· 1
5

1
3
· 1
4
· 4
5
+ 1

3
· 3
4
· 1
5
+ 2

3
· 1
4
· 1
5

= 7
9

(b)

P( exactly two girls hit the center | Rachel hits the center)

= P(RST c)+P(RScT )
P(R)

=
1
3
· 1
4
· 4
5
+ 1

3
· 3
4
· 1
5

1
3

= 7
20

(c)

P(Susan hits the center | at least two girls hit the center)

= P(RST c)+P(RcST )+P(RST )
P(RST c)+P(RScT )+P(RcST )+P(RST )

=
1
3
· 1
4
· 4
5
+ 2

3
· 1
4
· 1
5
+ 1

3
· 1
4
· 1
5

1
3
· 1
4
· 4
5
+ 1

3
· 3
4
· 1
5
+ 2

3
· 1
4
· 1
5
+ 1

3
· 1
4
· 1
5

= 7
10

(d)

P(Rachel hits the center | exactly two girls hit the center)

= P(RST c)+P(RcST )+P(RST )
P(S)

=
1
3
· 1
4
· 4
5
+ 2

3
· 1
4
· 1
5
+ 1

3
· 1
4
· 1
5

1
4

= 7
15

7. A student taking a multiple choice test knows the answer 60% of the time; otherwise

he guesses. If he knows the answer he gives the correct response with probability 1; if

he guesses he gives the correct answer with probability 1/5. What is the probability

a student really knows the answer to those questions he answered correctly?

Solution:

P(student knows the answer | student responds correctly hit the center)

= 0.6
(0.6)+(0.4)(1/5)

= 60
68

= 0.8823

8. A congressional committee has recommended mandatory HIV testing for all health

care workers. Research shows that 5% of all health care workers are HIV positive.

A new test was given to people who were known to be HIV positive and they had

positive results 90% of the time. When the test was given to people who are not

HIV positive, it gave correct results 95% of the time.



(a) With this new testing scheme, how often will health care workers with Aids be

identified properly?

(b) How often will the test tell you that health care workers are HIV positive when

in fact they are not?

Solution:

(a)

P(test is positive | person has AIDS ) = 0.90

(b)

P(test is positive | person does not have AIDS ) = 0.05

9. Suppose 25% drivers exceed the speed limit by more than 20 miles per hour. Suppose

that 85 % of the accidents involve drivers who are speeding by more than 20 miles

per hour. How much greater is the probability of having an accident if you are

speeding by more than 20 miles an hour than if you are not?

Solution: Let S be the event that a driver speeds. Let A be the event that a driver

is involved in an accident. We have P (S) = 0.25, and P (S|A) = 0.85. So,

P(A|S) = P(A)P(S|A)
P(S)

= P(A)(0.85)
0.25

;

P(A|Sc) = P(A)P(Sc|A)
P(Sc)

= P(A)(0.15)
0.75

;

P(A|S)
P (A|Sc)

=
P(A)(0.85)

0.25
P(A)(0.15)

0.75

= 17;

10. Two cards are dealt without replacement from a standard pack of 52 cards. What

is the probability that:

• the first is a diamond, given that the second is a diamond

• the first is a diamond, given that the second is not a diamond

• the first is a diamond, given that the second is a club

• the first is a diamond, given that the second is not a club?

Solution:

(a) 12
51

(b) 13
51

(c) 13
51

(d)

P(D, D) + P(D, H) + P(D, S)

P(D) + P(H) + P(S)
=

13
51
· 12

51
+ 13

51
· 13

51
+ 13

51
· 13

51
13
52

+ 13
52

+ 13
52

=
38

153
= 0.2483



Math–450. 2nd Homework. Due Friday February 14, 2003.

1. A loss random variable has a continuous uniform distribution between 0 and 100.

An insurer will insure the loss amount above a deductible d. The variance of the

amount that the insurer will pay is 69.75. Find d.

A. 65 B. 70 C. 75 D. 80 E. 85

Solution: We have that

E[(X − d)+] =
∫ 100
d (x− d) 1

100
dx = (100−d)2

200

E[(X − d)2
+] =

∫ 100
d (x− d)2 1

100
dx = (100−d)3

300

69.75 = Var((X − d)+) = (100−d)3

300
− (100−d)4

2002

So, d = 70.

2. Let X and Y denote random losses with joint density function f(x, y) = 3
4
x for

0 < x < y < 2, and 0 elsewhere. To cover its losses, the manufacturer purchases an

insurance policy. The insurance company offers 3 types of policies.

(i) Policy C pays the total of the two losses.

(ii) Policy B pays the total of the two losses to a maximum payment of 2.

(iii) Policy A has a deductible of 1.

Find the expected value and the variance of the payment the insurer will make

under each of these policies.

Solution: First, we find the cdf of Z = X + Y . For 0 < z < 2,

P(Z ≤ z) =
∫ z/2
0

∫ z−x
x

3x
4

dy dx = z3

32

For 2 < z < 4,

P(Z > z) =
∫ 2
z/2

∫ y
z−y

3x
4

dy dx = z3

32
− 3z2

4
+ 3z

2
.

So,

1− FZ(z) =

{
1− z3

32
if 0 < z < 2

z3

32
− 3z2

4
+ 3z

2
if 2 ≤ z ≤ 4

(i) We have that

E[Z] =
∫∞
0 (1− FZ(z)) dz =

∫ 2
0 (1− z3

32
) dz +

∫ 4
2 ( z3

32
− 3z2

4
+ 3z

2
) dz = 5

2

E[Z2] =
∫∞
0 2z(1− FZ(z)) dz =

∫ 2
0 2z(1− z3

32
) dz +

∫ 4
2 2z( z3

32
− 3z2

4
+ 3z

2
) dz = 34

5

Var(Z) = 34
5
−
(

5
2

)2
= 11

20
.

(ii) We have that

E[Z ∧ 2] =
∫ 2
0 (1− FZ(z)) dz =

∫ 2
0 (1− z3

32
) dz = 15

8

E[(Z ∧ 2)2] =
∫ 2
0 2z(1− FZ(z)) dz =

∫ 2
0 2z(1− z3

32
) dz = 18

5

Var(Z ∧ 2) = 15
8
−
(

18
5

)2
= 27

320
.



(iii) We have that

E[(Z − 1)+] = E[Z]− E[Z ∧ 1] = 5
2
−
∫ 1
0 (1− z3

32
) dz = 193

128

E[(Z − 1)2
+] =

∫∞
0 2(z − 1)(1− FZ(z)) dz

=
∫ 4
0 2(z − 1)(1− FZ(z)) dz −

∫ 1
0 2(z − 1)(1− z3

32
) dz

= E[Z2 − 2Z]−
∫ 1
0 2(z − 1)(1− z3

32
) dz =

= 34
5
− 5 +

∫ 1
0 (2− 2z − z3

16
+ z4

16
) dz

= 34
5
− 5 + 2− 1− 1

64
+ 1

80
= 179

64

Var((Z − 1)+) = 179
64
−
(

193
128

)2
= 8575

16384
.

3. A company’s dental plan pays the annual dental expenses above a deductible of

$100 for each of 50 employees. The distribution of annual dental expenses for an

individual

Expense probability

0 0.1

100 0.2

200 0.4

500 0.2

1000 0.1

(i) Find the mean and the variance of the aggregate annual claims for the 50 em-

ployees.

(ii) Using the normal approximation, find the 95th percentile of the aggregate annual

claims distribution that the company pays.

A. 11,640 B. 12,640 C. 13,640 D. 14,640 E. 15,640

Solution: After a deductible, the distribution of the losses is

x P ((X − 100)+ = x)

0 0.3

100 0.4

400 0.2

900 0.1

We have that

E[(X − 100)+] = (100)(0.4) + (400)(0.2) + (900)(0.1) = 210

E[(X − 100)2
+] = (100)2(0.4) + (400)2(0.2) + (900)2(0.1) = 117000

Var((X − 100)+) = 117000− (210)2 = 72900

The aggregate claims are S =
∑50

j=1 (Xj − 100)+. So,

E[S] = (50)(210) = 10500

Var(S) = (50)(72900) = 3645000



Let q be the 95th percentile of the aggregate annual claims distribution that the

company pays. Then,

0.95 = P(S ≤ q) ' P(N(0, 1) ≤ q−10500√
3645000

),

1.645 = q−10500√
3645000

,

q = 10500 + (1.645)
√

3645000 = 13640.61

4. Suppose that N |Λ has the Poisson distribution with mean λ and that the distribution

of the parameter Λ has pdf fΛ(λ) = 1
2
e−

λ
2 , λ > 0. Calculate Pr{N = 2}.

Solution: We have that

P(N = 2|Λ = λ) = e−λ λ2

2
,

P(N = 2) =
∫∞
0 P (N = 2|Λ = λ)fΛ(λ) dλ =

∫∞
0 e−λ λ2

2
1
2
e−

λ
2 dλ

= 1
4

∫∞
0 λ2e−

3λ
2 dλ = 1

4
(2)

(
2
3

)3
= 4

27
,

where we have used that
∫∞
0 xα−1e−

x
θ dx = Γ(α)θα.

5. You are given:

• An aggregate loss distribution has a compound Poisson distribution with ex-

pected number of claims equal to 1.25.

• Individual claim amounts can take only the values 1, 2 or 3, with equal prob-

ability.

(i) Determine the probability that aggregate losses exceed 3.

(ii) Calculate the expected aggregate losses if an aggregate deductible of 1.6 is

applied.

Solution: Since N has a Poisson distribution with mean 1.25,

P(N = 0) = e−1.25 = 0.2865, P(N = 1) = e−1.25(1.25) = 0.3581,

P(N = 2) = e−1.25 (1.25)2

2
= 0.2238, P(N = 3) = e−1.25 (1.25)3

6
= 0.0933.

So,

P(S = 0) = P (N = 0) = 0.2865,

P(S = 1) = P (N = 1, X1 = 1) = 0.3581(1/3) = 0.1194,

P(S = 2) = P (N = 1, X1 = 2) + P (N = 2, X1 + X2 = 2)

= (0.3581)(1/3) + (0.2238)(1/9) = 0.1443,

P(S = 3)

= P (N = 1, X1 = 3) + P (N = 2, X1 + X2 = 3) + P (N = 3, X1 + X2 + X3 = 3)

= (0.3581)(1/3) + (0.2238)(2/9) + (0.0933)(1/27) = 0.1726,

P(S > 3) = 1− P(S = 0)− P(S = 1)− P(S = 2)− P(S = 3)

= 1− 0.2865− 0.1194− 0.1443− 0.1726 = 0.2772.



We also have that

E[(S − 1.6)+] = E[S]− E[S ∧ 1.6]

= (2)(1.25)− (0)P (S = 0)− (1)P (S = 1)− (1.6)P (S ≥ 2)

= (2)(1.25)− 0.1194− (1.6)(1− 0.2865− 0.1194) = 1.4300

6. For an aggregate model S =
∑N

j=1 Xj. You are given:

(i) The conditional distribution of N given Λ is Poisson distribution with mean Λ.

(ii) Λ has a gamma distribution with parameters α = 3 and θ = 4.

(iii) X1, X2, X3 are identically distributed r.v.’s with p(1) = p(3) = 0.5; and

(iv) N, X1, X2, X3 are independent.

Find the mean and the variance of S.

Solution: As to the mean and the variance of N ,

E[N ] = E[E[N |Λ]] = E[Λ] = αθ = 12,

Var(N) = Var(E[N |Λ]) + E[Var(N |Λ)] = Var(Λ) + E[Λ] = αθ + αθ2 = 60.

As to the mean and the variance of X,

E[X] = (1)(1/2) + (3)(1/2) = 2,

E[X] = (1)2(1/2) + (3)2(1/2) = 5,

Var(X) = 1

So, the mean and the variance of S are:

E[S] = E[N ]E[X] = (12)(2) = 24,

Var(S) = E[N ]Var(X) + (E[X])2Var(N) = (12)(1) + (2)2(60) = 252.

7. Assume that losses follow the pdf f(x) = x
18

for 0 ≤ x ≤ 6 and f(x) = 0 otherwise.

What is the loss elimination ratio for the deductible of 2.

Solution: Let cdf of X is FX(x) = x2

36
, for 0 ≤ x ≤ 6. So,

E[X ∧ 2] =
∫ 2
0 (1− FX(x)) dx =

∫ 2
0

(
1− x2

36

)
dx = 52

27
,

E[X] =
∫ 6
0 (1− FX(x)) dx =

∫ 6
0

(
1− x2

36

)
dx = 4.

The loss elimination ratio is

LER =
E[X ∧ 2]

E[X]
=

13

27
.

8. Let S be the number total time spent in a hospital for an insured in a year. Let

N be the number of admissions in a year. Let {Xj}∞j=1 be the time spent in the

hospital in each visit. So, S =
∑N

j=1 Xj. Assume that N, X1, X2, . . . are independent

r.v.’s. The distribution of N is given by



Number of admissions probability

0 0.6

1 0.3

2 0.1

Assume that {Xj}∞j=1 are i.i.d.r.v.’s with a gamma distribution with mean 5 and

variance 25. Find the mean and the variance of S.

Solution: We have that

E[N ] = (0)(0.6) + (1)(0.3) + (2)(0.1) = 0.5

Var(N) = (0)2(0.6) + (1)2(0.3) + (2)2(0.1) = 0.7

E[X] = 5, Var(X) = 25

E[S] = E[N ]E[X] = 2.5,

Var(S) = E[N ]Var(X) + (E[X])2Var(N) = 23.75.

9. For a compound Poisson process, the expected number of claims is 2 and the claim

amount distribution is lognormal. That is, the claim amount X is a random variable

X = eY where Y and is normally distributed with expected value 1 and standard

deviation 2. Find the expected value and the variance of the aggregate claims.

Solution: Let N be the number of claims and let X be the amount of the claims.

Then, X = e1+2Z , where Z has a standard normal distribution. Using that E[ea+bZ ] =

ea+ b2

2 , we have that

E[X] = e3, E[X2] = e10.

So,
E[S] = E[N ]E[X] = 2e3,

Var(S) = E[N ]E[X2] = 2e10.

10. S has a compound Poisson claims distribution with the following properties:

(i) Individual claim amounts equal to 1, 2 or 3

(ii) E[S] = 56.

(iii) Var(S) = 126.

(iv) λ = 29.

Determine the expected number of claims of size 2.

Solution: Let a = P(X = 1) and let b = P(X = 2). Then, P(X = 3) = 1− a− b.

We have that

56 = E[S] = λE[X] = 29E[X], 126 = Var(S) = λE[X2] = 29E[X2],

So, E[X] = 56
29

and Var(X) = 126
29

. Hence,

56
29

= (1)(a) + (2)(b) + (3)(1− a− b)
126
29

= (1)2(a) + (2)2(b) + (3)2(1− a− b)



and a = 10
29

and b = 11
29

. So, the expected number of claims of size 2 is

E[
N∑

i=1

I(Xi = 2)] = (29) · 11

29
= 11.



Math–450. 3rd Homework. Due Friday, March 20, 2003.

1. Let

P =

(
p 1− p

1− p p

)
where 0 < p < 1. Show by induction that for each positive integer n,

P n =

( 1+(2p−1)n

2
1−(2p−1)n

2
1−(2p−1)n

2
1+(2p−1)n

2

)

Answer: We prove by induction that

P n =

( 1+(2p−1)n

2
1−(2p−1)n

2
1−(2p−1)n

2
1+(2p−1)n

2

)
(1)

We need to prove the case n = 1 and prove that the case n implies the case n + 1.

(a) The formula (1) is true for n = 1:

P 1 =

( 1+(2p−1)1

2
1−(2p−1)1

2
1−(2p−1)1

2
1+(2p−1)1

2

)
=

(
p 1− p

1− p p

)

(b) Assuming that the formula (1) is true for n, we have that the formula (1) is

true for n + 1:

P n+1 = P nP =

( 1+(2p−1)n

2
1−(2p−1)n

2
1−(2p−1)n

2
1+(2p−1)n

2

)(
p 1− p

1− p p

)

=

( 1+(2p−1)n

2
p + 1−(2p−1)n

2
(1− p) 1+(2p−1)n

2
(1− p) + 1−(2p−1)n

2
p

1−(2p−1)n

2
p + 1+(2p−1)n

2
(1− p) 1−(2p−1)n

2
p + 1+(2p−1)n

2
(1− p)

)

=

( p+p(2p−1)n+1−p−(1−p)(2p−1)n

2
p+p(2p−1)n+1−p−(1−p)(2p−1)n

2
p+p(2p−1)n+1−p−(1−p)(2p−1)n

2
p+p(2p−1)n+1−p−(1−p)(2p−1)n

2

)

=

( 1+(2p−1)n+1

2
1−(2p−1)n+1

2
1−(2p−1)n+1

2
1+(2p−1)n+1

2

)

2. Let P be a three state Markov Chain with transition matrix

P =

 0.25 0.50 0.25

0.10 0.20 0.70

0.80 0.10 0.10


Suppose that chain starts at time 0 in state 2.

(a) Find the probability that at time 3 the chain is in state 1.

(b) Find the probability that the first time the chain is in state 1 is time 3.

(c) Find the probability that the during times 1,2,3 the chain is ever in state 2.



3. Suppose that on each play of a game a gambler either wins $1 with probability p or

losses $1 with probability 1 − p, where 0 < p < 1. The gamble continuous betting

until she or he is either winning n or losing m. What is the probability that the

gambler quits a winner assuming that she/he start with $i?

4. There are three slot machines in a row. Cody Pendant, an addicted gambler, believes

that when a machine pays out it is less likely to pay again for awhile. Therefore,

Cody chooses which machine to play according to the following rule: Whenever a

machine pays him anything, he changes to another machine adjacent to the one he

was playing; if he was playing the middle machine, he chooses at random from the

other two machines. Otherwise, when a machine does not pay out, he plays that

machine again. The machines pay out, in order from left to right, 5%, 10%, and

10% of the time.

(a) Find and clearly label the transition probability matrix for the Markov chain

that governs Cody’s movement.

For the remaining questions, suppose Cody plays the left machine first.

(b) What is the probability that on the 3rd play Cody is playing the middle machine?

(c) What is the probability that on the 3rd play Cody is playing the middle machine

for the first time?

5. In Glenwood, California, there is a shift in population from the city to the suburbs.

Each year, 7% of those in the city move to the suburbs, while only 1% of those in

the suburbs move to the city. If the Johnson family lives in the city in August 1999,

what is the probability that they live in the city in August 2001?

6. Suppose that 3 white balls and 5 black balls are distributed in two urns in such a

way that each contains 4 balls. We say that the system is in state i is the first urn

contains i white balls, i = 0, 1, 2, 3. At each stage 1 ball is drawn from each urn at

random add the ball drawn from the first urn is placed in the second, and conversely

the ball of the second urn is placed in the first urn. Let Xn denote the state of the

system after the n–th stage. Prove {Xn}∞n=1 is a Markov chain.

(a) Find the matrix of transition probabilities.

(b) Assuming that initially there are 3 white balls and 1 black ball in the first urn,

find the probability that at stage 2 there are i white balls, i = 0, 1, 2, 3, in the first

urn.

7. A market survey of 1500 soft-drink consumers having a choice of three brands,

Loca-Cola (L), Tipsi (T ) and Dr. Spark (D), reveals the following results:

N =

L

T

D

 250 175 75

100 400 250

100 100 50

 .



Here, Nij is the number of consumers changing their loyalty from brand i to j in

one year. Suppose we use this data to create a Markov chain model of consumer

brand-switching behavior.

(a) Estimate the transition probability matrix.

(b) What was the market share for the three brands in the prior year? The following

year? In two years? in 3 years?

(c) What is the probability that a Loca-Cola drinker does not switch brand for 3

years?

(d) What is the probability that a Loca-Cola drinker switches brands for the first

time 5 years from now?

8. Let {Xn} be a Markov chain with one–step transition probability matrix

P =



0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 .5 0 .5 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

.3 .7 0 0 0 0 0 0

.2 .4 0 0 .1 0 .1 .2

0 0 .3 0 0 .4 0 .3


.

and states E = {1, 2, 3, 4, 5, 6, 7, 8}. Represent using graphs the one-step accessibil-

ity of states. Find the communicating classes. Classify the states as transient or

recurrent.

9. Consider a random walk on E = {0, 1, 2, 3, 4, 5, 6} with transition matrix

P =



0 1 0 0 0 0

0 0 .5 0 0 .5

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0


.

Represent using graphs the one-step accessibility of states. Find the communicating

classes. Classify the states as transient or recurrent.

10. Consider the Markov chain with state space E = {1, 2, 3, 4, 5, 6} and transition

matrix

P =



0.5 0.5 0 0 0 0

0.8 0.2 0 0 0 0

0 0 0.7 0.3 0 0

0 0 0.4 0.6 0 0

0 0 0.3 0 0.2 0.5

0.5 0 0 0 0.2 0.3


.



Represent using graphs the one-step accessibility of states. Find the communicating

classes. Classify the states as transient or recurrent.



Math–450. 4th Homework. Due Tuesday, April 1, 2003.

1. Harry, the semipro. Our hero, Happy Harry, used to play semipro basketball where

he was a defensive specialist. His scoring productivity per game fluctuated between

three state states: 1 (scored 0 or 1 points), 2 (scored between 2 and 5 points),

3 (scored more than 5 points). Inevitably, if Harry scored a lot of points in one

game, his jealous teammates refused to pass him the ball in the next game, so

his productivity in the next game was nill. The team statistician, Mrs. Doc, upon

observing the transition between states concluded these transitions could be modeled

by a Markov chain with transition matrix

P =

 0 1
3

2
3

1
3

0 2
3

1 0 0

 .

What is the long run proportion of games that our hero had high scoring games?

Check that the Markov chain is irreducible and ergodic. Find the long run propor-

tion vector (π1, π2, π3).

2. A boy and a girl move into a two–bar town on the same day. Each night the boy

visits one of the bars, starting in bar A, according to a Markov chain with transition

matrix

Pboy =

(
1
3

2
3

2
3

1
3

)
.

Likewise, the girl visits one of the other two bars according to a Markov chain

transition matrix

Pgirl =

(
1
2

1
2

1
2

1
2

)
,

but starting at bar B. Assume that the two Markov chains are independent. Natu-

rally the game ends when boy meets girl, i.e., when they go to the same bar. Argue

that the progress of the game can described by a three–state Markov chain:

State 1 is when the boy is at bar A and the girl at bar B.

State 2 is when the boy is at bar B and the girl at bar A.

State 3 is when the boy and the girl go to the same bar.

Find the transition matrix of this Markov chain. Find the communicating classes.

Classify the states as transient, positive recurrent or null recurrent. Let H denote

the number of the night on which the boy meets the girl. Find ki = E[H | X0 = i],

for i = 1, 2.

3. Prove that if the number of sates in a Markov chain is M , where M is a positive

integer, and if state j can be reached from state i, where i 6= j, then it can be

reached in M − 1 steps or less.



4. A 3-state, discrete-time, Markov chain is to be used to model the three conditions

of an insured individual:

State 1: alive and active (i.e., not disabled)

State 2: alive but disabled

State 3: dead

Transitions may occur at the end of each year and the matrix of one-step (one-year)

transition probabilities is given by

P =

 0.85 0.10 0.05

0.15 0.75 0.10

0 0 1

 .

(a) If an individual is currently alive and active, what is the probability that she

will ever become disabled?

(b) If an individual is currently disabled what is the probability that she will ever

return to active life?

(c) For an insured individual who is currently active what is the expected number

of years until death?

(d) For an insured individual who is currently disabled what is the expected number

of years until death?

(e) What is the expected length of a period of disablement?

(f) For a currently active insured life what is the expected number of disablements?

5. Compute the matrix (si,j)1,j=1,...,4 and the matrix (fi,j)1,j=1,...,4 for the transition

matrix

P =


0.2 0.8 0 0

0.6 0.4 0 0

0 0.2 0.3 0.5

0 0 0.5 0.5

 .

6. On any given day Buffy is either cheerful (c), so–so (s) or gloomy (g). If she is

cheerful today then she will be (c), (s), or (g) tomorrow with respective probabilities

.7, .2 and .1. If she is so–so today then she will be (c), (s), or (g) tomorrow with

respective probabilities .4, .3 and .3. If she is gloomy today then she will be (c),

(s), or (g) tomorrow with respective probabilities .2, .4 and .4. What long run

proportion of time is Buffy cheerful? If she is gloomy today, what is the average

number of days that it will take her to get cheerful?

7. The victims of a new deadly disease being treated at Stanford Medical Center are

classified annually as follows: cured, in temporary remission, sick, or dead from the

disease. Once a victim is cured, he/she is permanently immune. Each year, those

in remission get sick again or are cured with probabilities 1/2 each, while those who



are sick get cured, go into remission, or die of the disease with probabilities of 1/3

each. If Jack gets sick with this disease,

(a) What is the probability he is eventually cured?

(b) How many years are expected to pass until Jack is cured or dies from the disease?

8. In a certain state, a voter is allowed to change his or her party affiliation (for primary

elections) only by abstaining from the next primary election. Experience shows that,

in the next primary, a former Democrat will abstain 1/3 of the time, whereas a Re-

publican will abstain 1/5 of the time. A voter who abstains in a primary election is

equally likely to vote for either party in the next election (regardless of their past

party affiliation).

(a) Model this process as a Markov chain by writing and labeling the transition

probability matrix.

(b) Find the percentage of voters who vote Democrat in the primary elections. What

percentage vote Republican? Abstain?

For the remaining questions, suppose Eileen Tudor-Wright is a Republican.

(c) What is the probability that, three elections from now, Eileen votes Republican?

(d) How many primaries, on average, does it take before Eileen will again vote Re-

publican? Until she abstains?

9. Three tanks (X,Y, & Z) are fighting a battle, with Y and Z united against X. In each

”round” of this battle, the tanks fire simultaneously, and X always fires at Y unless

Y has already been destroyed, in which case he fires at Z. Tank X has probability

1/2 of destroying the tank it fires at, while for Y and Z the probabilities are 1/4

and 1/5, respectively. They continue to fire until either X is destroyed or both Y

and Z are destroyed. Using as states the set of currently surviving tanks, set up a

Markov chain

a. How many states are in this chain?

b. How many states are absorbing?

c. Find the expected length of the battle, i.e., the number of rounds fired.

d. Find the probability that X ultimately survives.

10. Consider a branching process with probabilities Pj for the number of off-spring of

one individual to be j, and suppose that the process starts with one individual.

Calculate the probability hi, i.e., the probability that the population dies out, in

each of the following cases:

(a) P0 = 1/2, P1 = 1/4, P2 = 1/4.

(b) P0 = 1/4, P1 = 1/4, P2 = 1/2.



Math–450. 5-th Homework. Due Wednesday, April 16, 2003.

1. Let X and Y be two independent identically distributed random variables. Suppose

that their common distribution is exponential with mean 2. Find the probability

density function of the random variable Z = X + Y .

Answer: fXZ(z) = ze−
z
2

4
, if z > 0.

2. Let X and Y be two independent r.v.’s. Suppose that X is exponential distributed

with mean 2, and Y is an exponential r.v. with mean 3. Find

Cov(min(X, Y ), max(X, Y )).

Answer: Cov(min(X, Y ), max(X, Y )) = 36
25

.

3. A device that continuously measures and records seismic activity is placed in a

remote region. The time, T , to failure of this device is exponentially distributed

with mean 3 years. Since the device will not be monitored during its first two years

of service, the time to discovery of its failure is X = max(T, 2). Find the mean and

the variance of X.

Answer: E[X] = 2 + 3e−
2
3 and Var(X) = 18e−

2
3 − 9e−

4
3

4. Three customers A, B and C enter a bank. A and B to deposit money and C to buy

a money order. Suppose that the time it takes to deposit money is exponentially

distributed with mean 2 minutes, and that the time it takes to buy a money order

is exponentially distributed with mean 4 minutes. If all three customers are served

immediately, what is the probability that C is finished first? That A is finished last?

Answer: The probability of A is finished first is 2/5

The probability of B is finished first is 2/5

The probability of C is finished first is 1/5

The probability that A is finished last is 8/15.

5. Let {N(t) : t ≥ 0} be a Poisson process with rate λ = 4. Compute:

(i) P (N(1) = 4, N(3) = 4, N(6) = 5).

(ii) P (2N(5)−N(2) = 3).

(iii) E[2(N(3))2 − 4N(5)].

(iv) Var(2N(3)− 4N(5)).

(v) E[N(5)− 2N(6) + 3N(10)].

(vi) Var(N(2)− 2N(3) + 3N(5)).

(vii) E[N(1)|N(4) = 2].

(viii) E[2N(1)− 3N(7)|N(3) = 1].

(ix) Var(N(1)|N(3) = 3).

(x) Var(N(5)|N(3) = 2).



Answer:

(i) P (N(1) = 4, N(3) = 4, N(6) = 5) = e−4 44

4!
· e−8 80

0!
· e−12 121

1!
.

(ii) P (2N(5)−N(2) = 3) = e−8 83

3!
· e−12 120

0!
+ e−8 81

1!
· e−12 121

1!
.

(iii) E[2(N(3))2 − 4N(5)] = 232.

(iv) Var(2N(3)− 4N(5)) = 176.

(v) E[N(5)− 2N(6) + 3N(10)] = 92.

(vi) Var(N(2)− 2N(3) + 3N(5)) = 108.

(vii) E[N(1)|N(4) = 2] = 1
2
.

(viii) E[2N(1)− 3N(7)|N(3) = 1] = −151
3

.

(ix) Var(N(1)|N(3) = 3) = 2
3
.

(x) Var(N(5)|N(3) = 2) = 8.

6. Let N(t) be a Poisson process with rate λ = 3. Let Sn denote the time of the

occurrence of the n–th event. Let Tn = Sn − Sn−1 be the elapsed time between the

(n− 1)–th and the n–th event.

(i) P(S2 > 4).

(ii) P(T3 > 5|N(4) = 1).

(iii) P(S2 > 3, S3 > 5).

(iv) Find the expected value and the variance of S4.

(v) Find the expected value and the variance of T3.

(vi) Find Cov(T3, T5).

(vii) Find Cov(S3, S6).

Answer: (i) P(S2 > 4) = 13e−12.

(ii) P(T3 > 5|N(4) = 1)− e−15.

(iii) P(S2 > 3, S3 > 5) = 88e−15.

(iv) E[S4] = 4
3

and Var(S4) = 4
9
.

(v) E[T3] = 1
3

and Var(T3) = 1
9
.

(vi) Cov(T3, T5) = 0.

(vii) Cov(S3, S6) = 1
3
.

7. Customers arrive for service according to a Poisson process with rate λ = 6 per

hour. In the first half-hour of a one hour period only 2 customers arrive. Calculate

the probability that 6 or more will have arrived by the end of this hour.

Answer: 1− 13e−3.

8. A certain theory supposes that mistakes in cell division occur according to a Poisson

process with rate 2.5 per year, and that an individual dies when 196 such mistakes

have occurred. Assuming this theory find

(a) the mean lifetime of an individual,



(b) the variance of the lifetime of an individuals.

Also approximate

(c) the probability that an individual dies before age 67.2

(d) the probability that an individual reaches age 90.

(e) the probability that an individual reaches age 100.

Answer: The lifetime of an individual is S196.

(a) E[S196] = 78.4. (b) Var(S196) = 31.36. (c) 0.022750. (d) 0.019226. (e) 0.000059.

9. Let X1, X2, X3 be 3 independent r.v.’s with an exponential distribution with respec-

tive means λ1, λ2, λ3. Find:

(i) The expected value and the variance of min(X1, X2, X3).

(ii) E[max(X1, X2, X3)].

(iii) P(X1 = min(X1, X2, X3).

(iv) P(X1 < X2 < X3).

Answer:

(i) E[min(X1, X2, X3)] = 1
1

λ1
+ 1

λ2
+ 1

λ3

and Var(min(X1, X2, X3)) =
(

1
1

λ1
+ 1

λ2
+ 1

λ3

)2

.

(ii)

E[max(X1, X2, X3)] = λ1 + λ2 + λ3 −
1

1
λ1

+ 1
λ2

− 1
1
λ1

+ 1
λ3

− 1
1
λ2

+ 1
λ3

+
1

1
λ1

+ 1
λ2

+ 1
λ3

(iii)

P(X1 = min(X1, X2, X3) =
1
λ1

1
λ1

+ 1
λ2

+ 1
λ3

(iv)

P(X1 < X2 < X3) =
1

λ1

1

λ2

1
1
λ2

+ 1
λ3

1
1
λ1

+ 1
λ2

+ 1
λ3

.

10. Customers arrive at a bank according with a Poisson process with a rate 20 cus-

tomers per hour. Suppose that two customers arrived during the first hour. What

is the probability that at least one arrived during the first 20 minutes?

Answer: 5
9
.



Math 449. First Midterm. Tuesday, February 18, 2003.

Name: ............................................................................................................................................

Show all your work. No credit for lucky answers.

1. A insurer classifies insurance applicants according sex and whether they are home-

owners or not. From its insurance pool the insurer has the following information:

45 % of applicants are female, 35 % of applicants are homeowners and 25 % of

applicants are male who do not own a house. Which percentage of homeowners are

females?.

Solution: Let F be the event that an insured is a female. Let H be the event

that an insured is a homeowner. We have that P (F ) = 0.45, P (H) = 0.35 and

P (F c ∩Hc) = 0.25. So, P (F ∪H) = 0.75 and

P (F ∩H) = P (F ) + P (H)− P (F ∪H) = 0.05.

We have to find

P (F |H) =
P (F ∩H)

P (H)
=

0.05

0.35
=

1

7
= 0.14.

2. One of the questions asked by an insurer on an application to purchase a life in-

surance policy is whether or not the applicant is a smoker. The insurer knows that

the proportion of smokers in the general population is 0.30, and assumes that this

represents the proportion of applicants who are smokers. The insurer has also ob-

tained information regarding the honesty of applicants: 40 % of applicants that are

smokers say that they are not non-smokers on their applications, none of the appli-

cants who are non-smokers lie on their applications. What proportion of applicants

who say they are non–smokers are actually non–smokers?

Solution: We know that

P ( applicant is a smoker) = 0.3

P ( applicant is not a smoker) = 0.7

P (applicant says he is a smoker| applicant is smoker) = 0.4

P (applicant says he is a nonsmoker| applicant is smoker) = 0.6

So,
P ( applicant is a nonsmoker|applicant says he is a nonsmoker)

= (0.7)(1)
(0.7)(1)+(0.3)(0.6)

= 70
88

= 0.7955.

3. Assume that losses follow the pdf f(x) = xe−
x
10

100
for x ≥ 0 and f(x) = 0 otherwise.

Find the expected amount of a claim for a policy which has a deductible of 2 and

it pays to a maximum of 3.



Solution: By the change of variables t
10

= u,

1− F (x) =
∫∞
x

te−
t
10

100
dt =

∫∞
x/10 ue−u dt = −(u + 1)e−u

∣∣∣∣∞
x/10

= e−
x
10

(
x
10

+ 11
)
.

By the change of variables x
10

= t,

E[(X ∧ 5)− (X ∧ 2)] =
∫ 5
2 e−

x
10

(
x
10

+ 11
)

dx

= 10
∫ .5
.2 e−t(t + 1) dt = −10e−t(t + 2)

∣∣∣∣0.5

02.
= 22e−0.2 − 25e−0.5 = 2.8488.

4. The distribution of a random loss is a continuous r.v. with density function

f(x) =

{
e−x/10

10
for x > 0

0 else.

With a deductible of d, the expected insurer payment per loss is 3. Find the de-

ductible amount d.

Solution: We have that

1− F (x) =
∫∞
x

e−t/10

10
dt = e−

x
10

So,

3 = E[(X − d)+] =
∫∞
d e−

x
10 dx = 10e−

d
10

and d = −10 ln(0.3) = 12.0397.

5. A group of insureds experiences losses, X, which are exponentially distributed with

mean 500. The number of losses per year, N , is assumed to follow a Poisson process

with expected number of losses 100. A claim results from a loss if the loss exceeds

a deductible of 100. What are the expected value and the variance of the aggregate

claims?

Solution: We have that

f(x) = e−x/500

500
, x ≥ 0,

1− F (x) = e−
x

500 , x ≥ 0,

So,

E[(X − 100)+] =
∫ ∞

100
e−

x
500 dx = 500e−0.2

By the change of variables x− 100 = 500t,

E[(X − 100)2
+] =

∫∞
100 2(x− 100)e−

x
500 dx = (2)(500)2e−0.2

∫∞
0 te−t dt = (2)(500)2e−0.2

Since N is Poisson with mean 100,

E[S] = E[N ]E[(X − 100)+] = (100)(500)e−0.2 = 40937

Var(S) = E[N ]E[(X − 100)2
+] = (100)(2)(500)2e−0.2 = 6766764.



6. The number of claims, N , made by an insurance portfolio follows the following

distribution

n P(N = n)

0 0.7

2 0.2

3 0.1

It a claim occurs the benefit is 0 or 10 with probability 0.8 and 0.2, respectively. The

number of claims and the benefit for each claim are independent. Determine the

mean and the variance of the total amount of claims paid by the insurance portfolio.

Solution: We have that

E[N ] = (0)(0.70) + (2)(0.2) + (3)(0.1) = 0.7

E[N2] = (0)2(0.70) + (2)2(0.2) + (3)2(0.1) = 1.7

E[X] = (0)(0.8) + (10)(0.2) = 2

E[X2] = (0)2(0.8) + (10)2(0.2) = 20

So, Var(N) = 1.21, Var(X) = 16

E[S] = E[N ]E[X] = (0.7)(2) = 1.4

Var(S) = E[N ]Var(X) + Var(N)(E[X])2] = (0.7)(16) + (1.21)(2)2 = 16.04.

7. Consider the aggregate model S =
∑N

j=1 Xj, where X is a loss variable with an

exponentially distributed with mean 10. Suppose that E[S] = 100 and Var(S) =

1250. What is the expected value of aggregate claims after a deductible of 2 is

imposed?

Solution: Using that

1000 = E[S] = E[N ]E[X] = (10)E[N ],

we get that E[N ] = 10. Let S ′ be the a aggregate claims when the deductible

of 2 is imposed. We have that E[(X − 2)+] =
∫∞
2 e−

x
10 dx = 10e−0.2 and E[S ′] =

E[N ]E[(X − 2)+] = (10)(10)e−0.2 = 81.87.

8. A company provides insurance to a concert hall for losses due to power failure. You

are given:

(i) The number of power failures in a year has a Poisson distribution with mean 1.

(ii) The distribution of ground up losses due to a single power failure is:

x Probability of x

10 0.3

20 0.3

50 0.4



(iii) The number of power failures and the amounts of losses are independent.

Calculate the probability that the amount of claims paid by the insurer in one year

is exactly 20.

Solution: We have that

P(S = 20) = P(N = 1, X1 = 20) + P(N = 2, X1 + X2 = 20) = e−1(0.3) + e−1

2
(0.3)2 = 0.1269.



Math 450. Second Midterm. Tuesday, April 1, 2003.

Name: ............................................................................................................................................

Show all your work. No credit for lucky answers.

1. Let {Xn} be a Markov chain with one–step transition probability matrix

P =



0.7 0.2 0 0 0 0 0.1

0 0 0 0 0.2 0.8 0

0 0 0.8 0 0.2 0 0

0 0 0.7 0.3 0 0 0

0 0.2 0.4 0 0.5 0 0

0 0.4 0 0 0.6 0 0

0 0 0 0.4 0 0 0.6


and states E = {1, 2, 3, 4, 5, 6, 7}. Represent using graphs the one-step accessibility

of states. Find the communicating classes. Classify the communicating classes as

transient or recurrent.

Solution: The communicating classes are {2, 3, 5, 6}, {1}, {4}, {7}. The class

{2, 3, 5, 6} is recurrent. The classes {1}, {4} and {7} are transient.

2. (”Sleepless in Seattle”) John leaves in Seattle, Washington. When it rains, the

sound of the rain does not let John sleep. The weather in Seattle is cloudy, rainy,

or fair, and changes from day to day according to the transition matrix

N =

c r f
c

r

f

 0 1/2 1/2

1/4 1/2 1/4

1/3 1/3 1/3

 .

(a) If it rains on Wednesday (April 2, 2003) and on Thursday (April 3, 2003), what

is the probability of fair weather on Saturday (April 5, 2003)?

(b) If it rains on Saturday (April 5, 2003), what is the probability that the first fair

day after that is Monday (April 7, 2003)?

Solution:

(a) Assuming that it rains on Thursday, the possible changes in weather, from

Thursday to Saturday, ending with fair weather on Saturday are

r 7→ c 7→ f with probability 1
4

1
2

= 1
8

r 7→ r 7→ f with probability 1
2

1
4

= 1
8

r 7→ f 7→ f with probability 1
4

1
3

= 1
12



So, the total probability is 1
8

+ 1
8

+ 1
12

= 1
3
.

(b) Assuming that it rains on Saturday, the possible changes in weather, from Thurs-

day to Saturday, ending with fair weather on Saturday for the first time are

r 7→ c 7→ f with probability 1
4

1
2

= 1
8

r 7→ r 7→ f with probability 1
2

1
4

= 1
8

So, the total probability is 1
8

+ 1
8

= 1
4
.

3. (”Escape From New York”) The New York metropolitan area is served by three

major airports; J. F. Kennedy, La Guardia, and Newark. Suppose that Avis has a

fleet of 500 cars serving the three airports. Customers rent and return their cars to

the various airports with probabilities shown in the transition matrix below:

(rented from)

K L N (returned to)
K

L

N

 3/5 2/5 0

1/2 1/4 1/4

0 1 0


What is the long run proportion of cars which are in each airport?

Solution: We solve the equations:

π1 = 3
5
π1 + 1

2
π2

π2 = 2
5
π1 + 1

4
π2 + π3

π3 = 1
4
π2

1 = π1 + π2 + π3

The solutions are π1 = 5
10

, π2 = 4
10

and π3 = 1
10

.

4. (”Material Girl”) A 3–state, discrete time Markov chain is used to model the 3 pos-

sible states of a woman with regard to her subscription status to Today’s Billionaire

Magazine:

state 1: alive and subscribing for the calendar year

state 2: alive and not subscribing for the calendar year

state 3: dead and not subscribing.

You are also given:

(i) Transitions between states occur at the end of a calendar year;

(ii) The matrix of 1–step (1–year) transition probabilities is

P =

 0.65 0.32 0.03

0.25 0.72 0.03

0 0 1

 .

(a) For an individual alive and subscribing on January 1, what is the probability of

ever being alive but not subscribing?



(b) For a new subscriber on January 1, what is the expected number of years in her

life time that she will be subscribing?

Solution: We have that 1 and 2 are transient states. So,

PT =

(
0.65 0.32

0.25 0.72

)

(I − PT )−1 =

(
140
9

160
9

125
7

175
9

)
.

(a) f(1, 2) = s(1,2)
s(2,2)

= 32
35

.

(b) s(1, 1) = 140
9

.

5. (”Live and let die”) A joint life model may be used to model the lifetimes of a

married couple, the husband and the wife, using time-continuous Markov chain. It

has four states:

State 1: both husband and wife are alive,

State 2: husband is alive but wife is dead,

State 3: wife is alive but husband is dead,

State 4: both are dead.

Transitions can occur from state 1 to state 2 or 3, and from state 2 or 3 to state

4. Denote the transition rates between the states by Pi,j and assume that these

transition rates per year are as follows:

P =


0.7 0.1 .2 0

0 0.8 0 0.2

0 0 0.9 0.1

0 0 0 1

 .

(a) A married couple are both alive at the beginning of the year. Compute the

probability that they will both be dead within two years.

(b) A married couple are both alive at the beginning of the year, compute the

probability that the man ever becomes a widower (find the probability that the

woman dies before the man).

Solution:

(a) The possible ways they can die in two days is

1 7→ 2 7→ 4 with probability (0.1)(0.2) = 0.02

1 7→ 3 7→ 4 with probability (0.2)(0.1) = 0.02

So, the total probability is 0.04.

(b) We take A = {2} and set up h1 = 0.7h1 + 0.1 to get h1 = 1
3
.



6. A retirement home has separate accommodation for healthy residents and a nursing

facility for ill residents. Residents who get ill may spend time in the nursing facility

on a temporary basis if they recover. Residents are only move from one facility to

another at the end of the month. Residents only leave the retirement home when

they die. A 3-state, discrete-time, Markov chain is to be used to model the health

status of an resident:

State 1: healthy

State 2: sick

State 3: dead

Transitions may occur at the end of each month and the matrix of one-step (one-

month) transition probabilities is given by

P =

 0.9 0.09 0.01

0.7 0.2 0.1

0 0 1

 .

(a) Determine the expected number of months lived by a currently healthy life.

(b) Determine the expected number of months lived by a currently sick life.

(c) If an individual is currently healthy, what is the probability that she will ever

become sick?

(d) If an individual is currently sick what is the probability that she will ever become

healthy?

Solution: We have that 1 and 2 are transient states. So,

PT =

(
0.9 0.09

0.7 0.2

)

(I − PT )−1 =

(
800
17

90
17

700
17

100
17

)
.

(a) s(1, 1) + s(1, 2) = 890
17

.

(b) s(2, 1) + s(2, 2) = 800
17

.

(c) f(1, 2) = s(1,2)
s(2,2)

= 9
10

.

(d) f(2, 1) = s(2,1)
s(1,1)

= 7
8
.

7. A production process contains a machine that deteriorates rapidly in both quality

and output under heavy use, so that it is inspected at the end of each day. Immedi-

ately after inspection, the condition of the machine is noted and classified into one

of the four possible states:

State Condition

State 1: Good as new



State 2: Operable - minimum deterioration

State 3: Operable - major deterioration

State 4: Inoperable and thrown up

P =


0 7/8 1/16 1/16

0 3/4 1/8 1/8

0 0 1/2 1/2

0 0 0 1

 .

(a) Find the average life of new machine.

(b) A machine in state 2 has just been bough, find its average life.

Solution: We take A = {4} and solve the equations

k4 = 0

k1 = 1 + 7
8
k2 + 1

16
k3

k2 = 1 + 3
4
k2 + 1

16
k3

k3 = 1 + 3
4
k2 + 1

8
k3

to get k1 = 11
2
, k2 = 5, k3 = 2.

(a) k1 = 11
2
.

(b) k2 = 5.

8. Consider a branching process with probabilities Pj for the number of off-spring of

one individual to be j, and suppose that the process starts with one individual.

Calculate the probability h1, i.e., the probability that the population dies out, if

P0 = 1
5
, P1 = 1

2
, P2 = 1

10
, P3 = 1

5
.

Solution: We solve the equation

h1 =
1

5
+

1

2
h1 +

1

10
h2

1 +
1

5
h3

1

to get h1 = −2, 1/2, 1. The smallest positive solution is 1/2.



Math–450. Final Exam. May, 12, Monday, 08:30 am-10:30 am. EBN22.

1. A manufacturer’s annual losses follow a distribution with density function

f(x) =

{
(2.5)(0.6)2.5

x3.5 if x > 0.6

0 else

To cover its losses, the manufacturer purchases an insurance policy with an annual

deductible of 2. What is the mean of the manufacturer’s annual losses not paid by

the insurance policy?

2. Let {Xn} be a Markov chain with one–step transition probability matrix

P =



0.5 0.5 0 0 0 0

0 0 0.7 0.3 0 0

0 0 0.4 0.6 0 0

0 0 0.3 0 0.2 0.5

0.5 0 0 0 0.2 0.3

0 0 0 0 0 1


and states E = {1, 2, 3, 4, 5, 6}. Represent using graphs the one-step accessibility

of states. Find the communicating classes. Classify the communicating classes as

transient or recurrent.

3. A study of the strengths of Ivy League football teams shows that if a school has a

strong team one year it is equally likely to have a strong team or average team next

year; if it has an average team, half the time it is average next year, and if it changes

it is just as likely to become strong as weak; if it is weak it has 2/3 probability of

remaining so and 1/3 of becoming average.

(a) A school has a strong team. On the average, how long will it be before it has

another strong team?

(b) A school has a weak team; how long (on the average) must the alumni wait for

a strong team?

4. Automobile insurance claims arrive at an insurance company according to a Poisson

process at the rate of 8 per day. Claims are classified as either ”inexperienced” or

”mature” driver. A randomly selected claim has a 3/4 chance that it is from an

”inexperienced” driver. Calculate the probability that there will be more than one

claim from an ”inexperienced” driver on a given day.

5. A Poisson Process has a claims intensity of λ = 0.05 claims/minute.

(i) What is the mean time until the tenth claim?

(ii) What is the probability that the time from the fifth claim to the sixth claim is

less than 10?



6. You are given:

(i) An insured’s loss distribution is exponential with mean 1,000 ;

(ii) The insured’s number of losses is Poisson with mean 4;

(iii) An ordinary deductible of $200 per loss is in effect.

Calculate the expected amount of the losses paid to the insured.

7. Let {N(t) : t ≥ 0} be a Poisson process with rate λ = 2. Compute:

(i) Var(3− 2N(3)− 4N(5)).

(ii) Cov(3− 2N(3)− 4N(5), 5−N(5)− 2N(6) + 3N(10)).

8. Customers arrive at the automatic teller machine in accordance with a Poisson pro-

cess with rate 12 per hour. The amount of money withdrawn on each transaction

is a random variable with mean $30 and standard deviation $50. (A negative with-

drawal means that money was deposited.) The machine is in use for 15 hours daily.

Approximate the probability that the total daily withdrawal is less than $6,000.

9. Let {B(t) : t ≥ 0} a standard Brownian motion. Find:

P[0 ≤ B(4)−B(2) ≤ 8|B(7)−B(5) = 6].

P[0 ≤ B(5) ≤ 8|B(3) = 6].

10. You own one share of a stock. The price is 28. Let P (t) be the stock price at time

t. P (t)
P (0)

changes according to a Geometric Brownian Motion model with µ = 0.1 and

σ2 = 0.49, with time measured in months. Find the mean and the variance of the

price of the stock in 6 months.



Tables for the normal distribution The table below gives the values of Φ(x) =
1√
2π

∫ x
−∞ e−w2/2 dw for certain values of x. The integer of x is given in the top row,

and the first decimal place of x is given in the column. Since the density function

of x is symmetric, the value of the cumulative distribution function for negative x

can be obtained by subtracting from unity the value of the cumulative distribution

function for x

x 0 1 2 3

0. 0.5000000 0.8413447 0.9772499 0.9986501

0.1 0.5398278 0.8643339 0.9821356 0.9990324

0.2 0.5792597 0.8849303 0.9860966 0.9993129

0.3 0.6179114 0.9031995 0.9892759 0.9995166

0.4 0 .6554217 0.9192433 0.9918025 0.9996631

0.5 0.6914625 0.9331928 0.9937903 0.9997674

0.6 0.7257469 0.9452007 0.9953388 0.9998409

0.7 0.7580363 0.9554345 0.9965330 0.9998922

0.8 0.7881446 0.9640697 0.9974449 0.9999277

0.9 0.8159399 0.9712834 0.9981342 0.9999519

Selected points of the normal distribution

Φ(x) x

0.800 0.8416212

0.850 1.0364334

0.900 1.2815516

0.950 1.6448536

0.975 1.9599640

0.990 2.3263479

0.995 2.5758293


