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Summary

In recent years, small area estimation has played an important role in statistics as it deals with
the problem of obtaining reliable estimates for parameters of interest in areas with small or
even zero sample sizes corresponding to population sizes. Nested error linear regression
models are often used in small area estimation assuming that the covariates are measured
without error and also the relationship between covariates and response variable is linear.
Small area models have also been extended to the case in which a linear relationship may
not hold, using penalised spline (P-spline) regression, but assuming that the covariates are
measured without error. Recently, a nested error regression model using a P-spline regression
model, for the fixed part of the model, has been studied assuming measurement error in
covariate in the Bayesian framework. In this paper, we propose a frequentist approach
to study a semi-parametric nested error regression model using P-spline with a covariate
measured with error. In particular, the pseudo-empirical best predictors of small-area means
and their corresponding mean squared prediction error estimates are studied. Performance of
the proposed approach is evaluated through a simulation and also by a real data application.

Key words: jackknife; linear mixed model; mean squared prediction error; penalised spline

1. Introduction

Sample surveys have been long used as a preferred means of gathering information about
a large population instead of census. Sometimes, to have a detailed analysis, estimating the

parameters for sub-populations within the overall population of interest is needed, but, due
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2 MEASUREMENT ERROR IN SMALL AREA ESTIMATION

to the cost and operational considerations, it is not always possible to have large enough
sample size to warrant accurate estimates for those sub-populations which are called small
areas. Since the traditional direct estimators do not provide adequate precision due to small
sample sizes corresponding to population sizes, the demand to use and develop small area
estimation methods has been greatly grown in recent years (Rao & Molina 2015). In order to
provide reliable estimates for areas with small or even zero sample sizes, "indirect” estimators
have been proposed in the context of small area estimation. The idea behind the indirect
estimators is to increase the effective sample size by borrowing strength from other sources
through a linking model using auxiliary information such as census data and administrative
data (Pfeffermann et al. 2013; Rao & Molina 2015; Jiang 2017).

Small area models, which are based on mixed model methodology, are divided into two broad
classes: (i) area-level models that relate the small area information on the response variable
to area-specific auxiliary variables, and (ii) unit-level models which relate the unit values of
the response variable to the unit-specific auxiliary variables with known area means and area-
specific covariates. Rao & Molina (2015) gave an extensive review of model-based small area
estimation under area-level and unit-level models. Focus of the current paper is on the unit-
level models.

One of the basic assumptions in unit-level models is that the covariates are measured
without error while this assumption may not be held in many real applications. Ignoring
the measurement error (ME) may cause the small area predictors perform worse than direct
estimators (Ybarra & Lohr 2008). In the context of classical ME model, there are two types
of ME models, functional and structural ME model. In the functional type, the unknown
true values of the covariate with ME are considered to be fixed which is in contrast with
the structural type where the unobserved covariate is assumed to be stochastic. Ghosh &
Sinha (2007), Datta, Rao & Torabi (2010), Torabi (2011) and Torkashvand, Jafari Jozani &
Torabi (2015) studied the functional ME for an area-specific covariate in the nested error
linear regression model. In these papers, the aim was to predict small area means with taking
into account functional ME in covariate. To estimate the ME in covariate, Ghosh & Sinha
(2007) proposed a moment estimator, Datta, Rao & Torabi (2010) suggested a maximum
likelihood estimator (MLE) and Torkashvand, Jafari Jozani & Torabi (2015) used a James-
Stein estimator to obtain pseudo-empirical Bayes (PEB) predictors of small area means.
Another basic assumption in the unit level model is that the mean of the continuous outcome
variable depends on the covariate value in a linear manner, while it might not hold in practice
and due to complexity of the relationship, assuming a linear trend might only be a crude
approximation. In such circumstances, parametric approaches will not properly work and to

express this relation, a semi-parametric smoothing method such as penalized spline (P-spline)
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R SEFIDKAR, M TORABI, AND A KAVOUSI 3

regression may be a good alternative (Eilers & Marx 1996). To see further applications of P-
spline, we refer readers to the overview of P-spline models written by Ruppert, Wand &
Carroll (2003).

In the context of small area estimation, Opsomer et al. (2008) studied P-spline regression
model in the linear mixed model set-up. Torabi & Shokoohi (2015) extended Opsomer et al.
(2008) model to a generalized linear mixed model (GLMM) to study normal and non-normal
responses. Shokoohi & Torabi (2018) studied the P-spline regression model in the class
of GLMMs to handle both time-series and cross-sectional response. Besides the P-spline
model, the non-parametric M-quantile regression has been also studied to model the non-
linear relationship between the gth M-quantile and the covariates in small area estimation
(Pratesi, Ranalli & Salvati 2008, 2009; Salvati, Ranalli & Pratesi 2011). Jiang, Nguyen & Rao
(2010) also proposed a procedure to select the small area model from a class of approximating
splines, using a fence method.

In practical applications, however, there are many situations in which not only the predictor
variable is not measured without error, but also the relationship between the response and
the covariate is not linear or it is even hard to find the relationship between the response
variable and the covariate. To deal with this problem, Hwang & Kim (2010, 2015) introduced
a non-parametric nested error regression model with truncated polynomial basis functions
and radial basis functions under functional ME model and predicted the small area means
via a Bayesian approach. Hwang & Kim (2016) extended their non-parametric model by
accommodating the covariates with and without ME again in a Bayesian framework.

In this paper, our aim is to take into account the functional ME in covariate in a semi-
parametric nested error regression model from a frequentist perspective. To that end, in
Section 2, we first rigorously study the model and present the "best" predictor of small area
means, which is the best linear unbiased predictor. We then estimate the true covariate, using
the maximum likelihood (ML) approach, to obtain the pseudo-"best" (PB) predictor of small
area means. We also obtain mean squared prediction error (MSPE) of PB predictor of small
area means. Furthermore, we use method-of-moments to estimate the model parameters to
derive pseudo-empirical "best" (PEB) predictor of small area means. To estimate the MSPE
of PEB predictor of small area means, we use the jackknife method. In order to evaluate our
proposed PEB predictor and its corresponding jackknife MSPE estimator, a simulation study
is conducted in Section 3. In Section 4, we employ the proposed model to predict the domain
(area) mean blood pressure measured in National Health and Nutrition Examination Survey
(NHANES), based on the cholesterol measured with error for some predefined domains,
which is an important national source of information examining the health status of the

population of the United States. Finally, we provide some concluding remarks in Section 5.
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4 MEASUREMENT ERROR IN SMALL AREA ESTIMATION
2. Model description

The nested error model with P-spline regression can be described as follows. Let ;; be
the variable of interest for the j-th unit (j = 1,..., N;) at the i-th small area (i = 1,...,m)

with corresponding observed covariate w;; as

Yis = fg(ﬂ?i)+l/i+€ij (iil,...,m;j:].,...,Ni), (1)
Wij = X+ Nij (i:l,...,m;j:l,...,Ni), 2)

where NN; is the population size of i-th area, x; is a continuous covariate which is fixed but

unknown, v = (vy,...,vy) " is the area-level random effects with v; YN (0,02), e; is the
. iid . . iid .

random error with e;; ~ N(0,02), ;; is ME with n;; ~ N(0,07), and the function fo(z;)

is generally unknown. Note that in the context of ME, we do not observe z;, but rather we

observe w;; as in (2). We can approximate fo(z;) sufficiently well using P-spline as

k
folws) = bo+biai+... +bal + 3 valzi — 1), 3)
a=1
where p is the degree of spline, (x)", denotes the function 2”1y, ¢y, with I as the indicator
function, {71,...,7,} is a set of knots which ties a sequence of line segments to trace the
continuous relation between the covariate and the response variable, b = (b, . . ., bp)T and

y=0m )" -
model, respectively. It is assumed that v, N (0, af/) and v, e;4, 17;; and ~y, are assumed to

are the regression coefficients of parameters and P-spline parts of the

be mutually independent. Considering k large enough and defining the knots in a way that
they vastly spread out over the range of x;, this class of approximation is very comprehensive
and can approximate most smooth functions. In this study, we determine the number of spline
knots (k) as the minimum of 40 and number of z;’s divided by 4, and the knots are quantiles
of the distribution of x; that are equally spaced (Ruppert 2002).

The goal is to predict the means of the response variable for the small areas of interest that is

given by
1
91‘ = ﬁ?zy” (’i: 1,...,m),
j=1
on the basis of the sample data which are denoted by {(vij,wi;);j=1,...,n:1=
1,...,m}, where n; is the sample size of i-th small area. It is assumed that the models

(1) and (2) hold for the sample data assuming that there is no sample selection bias and the

sampling design is not informative.
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R SEFIDKAR, M TORABI, AND A KAVOUSI 5

Clearly, as each of the P-spline and the small area models are in the class of random-effects
models, the combination of these two models can also be treated as a linear mixed effects

model as

y = Xb+Zv+Dv+e,

where y=(y1',.. ., Yn') » Yi= Yits- - Yin;) » and np =31 n; is the
total sample size. We define X = (11 ..., T1n,,--->Tmis---sTmn,, )  and
Z = (Z11s -y Zlngs - s Zmls - s Zmny, ) where zij=x; = (Lxy...,2)"
and z;; =z = ((x; —7)%,...,(x;, — 7))  are the vectors of the covariates
for each sample in ¢-th area, respectively, for j=1,...,n;, We also define
D= (di1,...,diny, - dmis. .. dpn,)"  where dij=d;=(0,...,0,1,0,...,0)"
which the i-th element is equal to 1 and e = (e],...,e] )7 ., e; = (i1, .., €in,) "

2.1. Best predictor

To predict the ¢-th small area mean, first, assume that the value of the covariate x; is not

subject to the ME. Then, using the observed response data, the best predictor is given by

ng Ni
07 (wi, 1) = Nfl{ZyijﬂL > Qz‘j}
Jj=1 j=n;+1

k
= (1-=foy+fi (bo +bix; + ...+ bpat + Z%(Ii — T )8+ 192'),
a=1
where f; =1 —n;/N;fori=1,....m,4=%,Z'V -y - Xb), 0 =%,D'V-i(y -
Xb), which are the BLUP of the random effects v and v, respectively, where V =
var(y) = Z5,Z" + DE,DT + . with £, = 021}, S, = 02, and B, = 021,,, and
¢1=(b",02,02,02) is assumed to be known. The corresponding M SPE of 67 is then

given by
E(0F - 0,) = f7a] (s - .0V 'QTE))q,,

where @ = (Z,D)",s = (v",v") T, qi = (z],1]) T, where 1, is a vector with one as the
¥, O
0o %=

As it is clear, the introduced best predictor depends on z; which may be measured with error

i-th element and zero in other (m — 1) elements, and X, =

in practice. As a result, the true values are not observed in such occasions. In the case of nested
error linear regression model, Ghosh & Sinha (2007) estimated x; with its moment estimator,

w;. For the same set-up, Datta, Rao & Torabi (2010) proposed a MLE for z; using all the
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6 MEASUREMENT ERROR IN SMALL AREA ESTIMATION

133 available data {y;;,w;;;j = 1,...,n;;4 = 1,...,m} which is more efficient than Ghosh &
134  Sinha (2007) estimator in terms of M S PE of small area predictors. Following Datta, Rao &

135 Torabi (2010), we use the MLE method to estimate the true value of the covariate x;.

136 2.2. Pseudo-best predictor

137 In order to estimate x;, we consider the sample means of our data {(yij,wij); j =

188 1,...,n;;i=1,...,m} through the equations (1)-(3) as

k
7 = b0+b1z,;+...+bpa:f+2'ya(xi—Ta)f_Jrl/iJréi
a=1
= b()-f—blei ++bpl'f+ﬂ1“ (4)
Wp = T+ U, 5

139 where wy; ~ N(O,O’?Y f (g — ) +o02 + ) and g = 7; ~ N(O ) Since 1;
140  is independent of u9;, the log-likelihood function, l(xz), can be expressed as the log of joint

141 density f(g;, wi|x;) = f(¥i|w) f(w;]2;) through

Uxi) = log(f(¥i,wilz:))

x —Ln-(w—mf—}log[%r(a Z 2P+U2+ig)}
20,2] A ! 2 p Yooy,

(ﬂi—bo—blxi—...—bpxi)
2[03 ZZ:l(xi - Ta)ip +o2+ %ﬁ}

142 Since [(x;) does not have a closed form, we use numerical methods for maximization.
143 Maximizing the likelihood function with respect to z; and substituting z;, which is the

144  estimate of x;, for z; in the best estimator leads to the following P B predictor

077 = 07P(9)

(L= f)gi + filbo + b1 + ... + bp& +Z% T; — 1a)% + 0i),

145 where ¢ = (¢1,07). Since E(0B — 6,]y;) = 0, the MSPE of PB predictor is given by

MSPE(FP) = E(FP —¢,)?
k
i CC R I S RO S O ot — @i— ] Y
+fia] (B = B.QVIQTE)a; = gui(9).
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R SEFIDKAR, M TORABI, AND A KAVOUSI 7

In reality, the P B predictor and corresponding M.SPFE are not computable as they depend

on the model parameters ¢.

2.3. Pseudo-empirical best predictor

In order to predict the small area means we now need to estimate ¢. Then substituting qg
for ¢ in éf B gives PE B predictor, éf EB _ of gmall area means. Here, we use the method-of-
moments to estimate the model parameters ¢. Following Ghosh & Sinha (2007), the estimates

of random error and ME variances are
9 SSWy

nr—m’

_ SSW,,

np—m’
where

m  n;

SSWy = > (wi; — 4’
i=1 j=1

m ng

SSW,, = ZZ(U}U—’J},‘)Q.

i=1 j=1

In the next step, we need to estimate the regression coefficients b. Based on equations (4)-(5),

we can write the model as
Gi = x btz v+d v+e, (6)
h; = z;+mn, @)
where hl = (1, ’ZI)Z', ‘e ,’LZ)ZI-))T and f]z = (7701‘,7711', ey ﬁpi)—r. Since E(éz) = O, E(f]z) = O,

var(&;) = o2 /n;, and var(n;) = n; 'S, with 3, as the variance-covariance matrix of

measurement errors, we have

E(h;) = &,
From equation (6), we also have
nNiTiY; = nZ:EZ:E;rb + nia_:iiiT'y + niriid;»ru + n;x;€e; ®)

© 2021 Australian Statistical Publishing Association Inc.
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8 MEASUREMENT ERROR IN SMALL AREA ESTIMATION

and taking expectation and then taking expectation from both sides of the equation (8) leads

to
% B(J;) = ni%%; b,
1 & ~ R
E‘ n;xT; (yz) = (%Znimzer)lh
=1 i=1
1 & A
b = (mz;nla_:la_cj> (m;nlle(yzO
1= i=

The plug-in estimator of b is then given by
1 m -1 1 m
i) = — 1h,th — 2 — hiyi |
(B -0) (55

To estimate 02 and o7, let MSBy, = (m —1)"' 377 n;(g; — ), then, following Datta,
Rao & Torabi (2010), we have

O',QY i n2 <& 2 2 & n? 2
E(MSB,) = — [;(mw);(ﬂ%%h] + ;(m— PR
1 « pon]?
m_lizzgnl[bl(xi—x)—k + byt —xp)} )
and the estimates of 02 and o, are then obtained as
m R . 12
62 = {(m—1)MSBy — (m—1)62 — Zn [bl(fcl —Z) 4.+ by(3F — aP)
i=1
62> ”%}/{ (- 1) >}
v 7 7 i a)+ (>
i=1 nr i=1 o4
and
1 —_ [ ;
02 = — ; {(m—1)MSBy—(m—1)6§—znl{b1(iz—$)+ + bp(2
2z (ni — 55 =1
m n2 k
~2 i X 2

© 2021 Australian Statistical Publishing Association Inc.
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R SEFIDKAR, M TORABI, AND A KAVOUSI 9

where 77 = % Yo (j =1,...,p). Since the estimates of (xl,...,xp,az,aw) are

dependent of each other, they are estimated via an iterative algorithm. In particular, to
estimate (x1, ..., x,) the above two equations related to &3 and 62 are estimated iteratively
with respect to (z1, ..., x,) through the within mean square error of the observed values of

the covariate. Finally, the PE B predictor of §; is given by
e e
= (]—_fz)gl"i-fZ(bO'i‘bli'z +bl +Z’Ya Ty — T +V1>
To measure the variability of 6775, the M SPE of PEB predictor can be decomposed as

MSPE(PEBY = E(PP —9,)? + E(GFFE — §PB)? 4 2E[(é5’3 —9,)(FEB — éZPB)}
My; + Ma; + 2 M3,

where My; = ¢g1,(¢p). The MSPE of PEB predictor is not computable as it depends on
model parameters. In order to estimate the M/ SPFE of PEB predictor of small area means,
we apply the jackknife method which was proposed by Jiang et al. (2002) and Chen & Lahiri
(2002). To be able to use the jackknife method, similar to other studies which were done in the
context of functional ME for area-level and unit-level models such as Ybarra & Lohr (2008),
Datta, Rao & Torabi (2010) and Torkashvand, Jafari Jozani & Torabi (2015), we approximate
the M SPE as

MSPE(OFEBY ~ My; + My,

by ignoring the cross-product term, noting that there is no-closed form expression for the
MSPE(GFFB) (Haslett & Welsh 2019). We will report the magnitude of Ms, in the
simulation study section.

To estimate M7, a jackknife bias correction is used which is given by

Mi; = g9 sz[gh —gu(®)|, 1=1,....m, ®
l#1

where ¢; = 1 4+ O(m™!) is a suitable weight (Chen & Lahiri 2002). Here, g1;(¢) is the plug-
in estimator of g1;(¢) and (],’),l is the moment estimator of ¢, obtained by omitting the [-th

area data set from the full data set {(y;;,w;;);j = 1,...,n;;i = 1,...,m}. This is done for

each [ # i (except the i-th area) to get m — 1 estimators for ¢.

© 2021 Australian Statistical Publishing Association Inc.
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10 MEASUREMENT ERROR IN SMALL AREA ESTIMATION

The jackknife estimator of Mo; is given by

MQiJzzwl(éfle_éfEB)Qa l:17"'>m7 (]O)
I#i

where éf EB is the plug-in estimator of éf B in which the vector of the parameters (¢)
is estimated by deleting the [-th area data set from the full data set each time. Finally, the
jackknife estimator of M SPFE (éf EB) is obtained by taking the sum of (9) and (10) as

mSPeJ(ézPEB) = Mli] + Mzu~

the weighted and unweighted

ml’

are obtained, respectively. Note that

Assuming ¢¥; = 1 — hT(ZwéZ h:h])~th; and ¥ =
versions of jackknife estimator of MSPE(GFPFB)
in small area estimation (Rao & Molina 2015), the notation mspe is usually used as the

estimator of M SPE.

3. Simulation study

In this section, we carry out a simulation study to compare the performance of the
proposed approach in the P-spline model which takes into account the ME in the area level
predictor variable and the P-spline model which ignores the ME (naive model). To this end,
the population responses are generated from the model (1) with three choices for fo(x;):
linear, quadratic, and exponential 1 (see later of this section for details of choices of fy(z;)).
Note that in small area estimation, the asymptotic result will apply for large number of small
areas m. So, for large m the effects of model parameter estimate would be vanished as long
as the model parameter estimators are consistent. Hence, it is important in the context of
small area estimation to show how good is the proposed model for finite sample (small m).
Therefore, we assume that the population units are distributed across m = 40 areas equally
in a way that N; = 400, (i =1,...,m), and equal sample sizes are taken from each area
asn; =4,(i=1,...,m). We generate R = 1000 independent sets of {ui(r);i =1,...,m},
{e (r), j=1,...,N;;i=1,...,m} from Normal distribution with mean zero and variance

o2 and o2, respectively. We assume 02 = 1 and 2 = 1 for linear case and ¢2 = 0.1 and

7
02 = 0.3 for non-linear cases. The true values of the predictor {x;;i = 1,...,m} are also
generated from a uniform distribution between 10 and 30 for linear case and uniform
distribution between 3 and 3 for non-linear cases and treat them fixed through the simulation

study. Using {:1:1, )} the population responses are generated from the model (1) with

7 1]
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R SEFIDKAR, M TORABI, AND A KAVOUSI 11

three choices of fo(x;) (linear, quadratic, and exponential 1) as

ys’]") = 1+$1+VZ(T)+@§;)7 7":1,-~-7R§j:1,-~-,Ni;’i:1,...,777,,
yo) = 04+ 04w —0.6527 + v+ el
yg) = 14z;—0.7exp(z;) + V,L-(T) + e,g;),

following Breidt, Claeskens & Opsomer (2005), Rao, Sinha & Dumitrescu (2014) and
Shokoohi & Torabi (2018). The population mean response of i-th area for r-th simulation

is given by

1 &
07 = D uly -
N; &

We then generate simple random samples from each simulated population responses.

Furthermore, we generate the observed values of the predictor variable from the ME model
(r) (r) (r)
17 1] 9

distribution with mean zero and variance 072, = 2 for linear case and o2 = 0.6 for non-linear

n
quadratic and exponential 1 cases. Thereafter, for each simulated data set {(wl(; )7 yg));j =

wy =x;+n, (J=1,...,n;;1=1,...,m), where 7, is generated from a normal

1,...,n;;¢=1,...,m} in each scenario (linear, quadratic, and exponential 1), the P-spline
model with and without ME are fitted assuming p = 1 (which has piecewise linear fit, with
the changes in slope at each knot regarded as random with variance (f,zy). Table 1 presents
the moment estimators of the proposed model parameters for each scenario. In particular, in
the case of linear model as the true model, the model provides the regression coefficients
which are very close to the true values; note that the variance component of P-spline (03) is
close to zero since the true model is linear. Also, in the cases of quadratic and exponential
1 models, the fitted model works very well to track the true values, note that in these two
scenarios, we only need to compare the variance components estimates of the model with the
corresponding true values. We observe that the variations of the models from the linearity
(quadratic and exponential 1) are well captured through the estimate of 0',2Y in the proposed

model.
[Table 1 about here]

Figures 1a, 1b, and 1c show PE B predictions of small area means. It seems that both models

have similar predictions for small area means.

[Figure 1 about here]
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12 MEASUREMENT ERROR IN SMALL AREA ESTIMATION

Now we need to evaluate the accuracy of éf EB in our proposed approach. To that end,
we calculate the empirical M SPE (EMSPE) of 6PE5 which is given by

D:J

EMSPE(! PEB(r) _ Z GrEB(r 057‘))2'

To also evaluate the magnitude of the cross-product term involved in the M SPFE of PEB

APEB(r)

predictor of small area means, M.SPE of 0, can be decomposed as

EMSPE(FPP") = M, = My, + Moy + 2Mssy,

where My;, = R™! Z PB(r) g(r))z’ Myiy = R~ ZfZI(éiF’EB(r) B éfB(T))2 -
Ms;, = R™ 1 Zr:1( ZPB(T) _ ez(r))(efEB(r) B HA;DB(T))‘
[Figure 2 about here]

[Figure 3 about here]

[Figure 4 about here]
Figures 2a, 3a, and 4a show the EM SPFE of OPEB(T)

proposed and naive models for three cases (linear, quadratic, and exponential 1). Based on the

and its decomposition for the both

results for the proposed and naive models for all three cases (linear, quadratic, and exponential
1), it seems that the PE B predictions of small area means are near the true means since the
values of Mj, are close to zero particularly in the cases of quadratic and exponential forms,
and the most contribution of M/ SPFE is attributed to M;, as expected. It is also clear from
Figures 2a, 3a, and 4a that the contribution of the cross-product M3;;, term involved in the
MSPE is small in the proposed model compared to the naive model.

In order to evaluate the performance of the weighted, mspe sy (AFFP), and unweighted,
mspe y(0PFB), jackknife MSPE estimators, the empirical relative bias (RB) of these

estimators are computed through the following expression

E(mspe;)

RB; = EMSPE;

(i=1,...,m),

where FE(mspe;) is the average of simulated jackknife M SPE estimate of PEB predictor
of small area mean 7. The results of RB of jackknife mspe of PE B predictor of small area
means (weighted and unweighted) for the proposed and naive models are also reported for
all three cases (linear, quadratic, and exponential 1) in Figures 2b, 3b, and 4b. As we expect,
the proposed P-spline model performs very well in terms of RB for the three scenarios in

this simulation set-up, and it appears that the unweighted M S PFE estimates perform as well
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as the corresponding weighted version. Based on our empirical findings, jackknife method
causes serious overestimation of M .SPFE of the PEB predictor in naive model due to the
large values of M3;, as shown in Figures 2a to 4a. Furthermore, in order to evaluate the effect
of level of measurement error on estimates and predictions, we consider different values of
measurement error variance for linear and non-linear cases. Table 2 presents the moment
estimators of the proposed model parameters for each scenario. As shown in Table 2, our
proposed P-spline model works very well in terms of model parameters estimate for different

spline forms and measurement error variances.
[Table 2 about here]

In terms of performance of naive model, for example, we observed that in the case of linear
model, with increasing the value of measurement error variance, parameter estimate of slope
is attenuated (not shown here) unlike the proposed P-spline model. The bias in the slope
estimate which is caused by measurement error is discussed in the literature (Carroll 2006).
Figures 4 to 6 show EMSPE of PEB predictors and its components for the proposed and
naive models and related percent relative bias of jackknife estimators of unweighted and
weighted M SPE for the proposed and naive models. With increasing measurement error
variance af], the proposed P-spline model still shows good performance in terms of RB in
all three scenarios. Note that in case of naive model with exponential form, the cross-product
term (M3;,,) has the same magnitude as the leading term (M7;,,) but with opposite sign. This
is the reason that RB for the naive model is also as good as the proposed model in the case

of exponential model.

[Figure 5 about here]
[Figure 6 about here]

[Figure 7 about here]

4. Application

In this section, we employ our proposed P-spline model to analyze data from the 2013—
2014 US NHANES. The NHANES is a yearly survey to determine the health and nutritional
status of adults and children in the United States. According to the literature, there is a
significant positive relationship between obesity and blood pressure (Lee, Bacha & Arslanian
2006; Choy et al. 2011; Duncan et al. 2013). Since waist circumference (WC) index is
expressed as the main indicator of abdominal fat accumulation, hence, in this study, our aim is
to predict the mean systolic blood pressure in some demographic domains of interest using the

WC of NHANES participants as an auxiliary information which is likely measured with error
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(Caballero 2005). The focus of our analysis is on 5588 participants. We build fifty domains
(m = 50) with sample sizes ranging from 31 to 479, based on sex, five age categories (20-
29, 30-39, 40-48, 50-59, and 60-84), and five race and ethnicity groups (Mexican American,
Other Hispanic, White non-Hispanic, Black non-Hispanic and Other), and use the WC and
systolic blood pressure as the values of the predictor and response variables. Figure 8 shows
the mean systolic blood pressure versus the mean WC in 50 domains. It appears from Figure 8
that there is a non-linear relationship between these two variables. So, semi-parametric
models such as P-spline models are good candidates to analyze this data set. In addition, since
the WC is prone to measurement error, applying the proposed model (P-spline with p = 1
which considers ME of the variable WC) seems to be worthwhile. To compare the proposed
model with the naive model, we also analyze this data set with ignoring measurement error.
The estimated parameters (and standard errors using jackknife method) for the proposed
model are by = 35.92(20.41), by = 0.88(0.20), &727 = 234.33(13.07), 62 = 249.27(23.13),
62 =5.00(6 x 1071), 62 = 0.13(0.05) and for the naive model are by = 42.74(18.53),
by = 0.81(0.18), 62 = 249.27(23.13), 62 = 5.00(3 x 10~11), &3 = 0.12(0.05). From the
estimated parameter and corresponding standard error of variance of ME and comparing
the test statistic with critical value 1.96, it is observed that the WC is measured with error.
Furethermore, based on the obtained significant non-zero 03{, it is clear that there is a non-
linear relationship between WC and systolic blood pressure. So, it seems that neither the
non-linear relation nor the measurement error in WC, which cuases attenuation in estimate
of the slope, can be ignored. It is also worth mentioning that the proposed model shows
that the WC has a positive effect in predicting blood pressure which is supported by the
literature (Lee, Bacha & Arslanian 2006; Choy et al. 2011; Duncan et al. 2013). The boxplots
of PEB predictor of mean blood pressure for predefined domains, and their weighted and
unweighted jackknife estimates of M/ SPFE for both models are presented in Figures 9a and
9b based on NHANES study. According to Figure 9a, it appears that both models behave
similarly to predict mean blood pressure for predefined domains generally. We observe that
mean blood pressure in men is higher than women fixing age, race and ethnicity. To study
the effect of race and ethnicity, it is seen that mean blood pressure has approximately the
same level in Mexican American, Other Hispanic, White non-Hispanic categories, while
Black non-Hispanic and Other category have lower and White non-Hispanic group has higher
level of blood pressure. Furthermore, based on the results, increasing age leads to a higher
blood pressure, fixing the other two variables. In terms of MSPE estimation, the naive
jackknife estimation of M .S PE behave differently than the proposed model. In general, the
weighted and unweighted estimators of M S PE for the proposed model are smaller than the

corresponding naive estimators of M .S PE. Based on the simulation results, we can conclude
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that ignoring the ME may lead to wrong conclusions in terms of overestimation in jackknife

M S PFE estimation of small area mean predictors.

[Figure 8 about here]

[Figure 9 about here]

5. Discussion

We have proposed a semi-parametric nested error regression model with functional ME
in area-level covariate in a frequentist framework. According to the moment estimators in
simulation part, it is observed that in the case of linear model as the true model, the regression
coefficients of the proposed P-spline model are so close to the true values. Also, the estimate
of variance of spline term is near zero in linear case while this estimate is non-zero for non-
linear cases which indicates that the proposed model detects the existence of a non-linear
relationship between the response and predictor variables. In particular, we have derived
the PE B predictor of small area means and obtained the corresponding M SPE of PEB
predictor of small area means. We have also proposed jackknife estimators of the M SPFE of
the PE' B predictors. We have shown through a simulation that although the PE' B predictor
of small area means are very similar for the both proposed and naive methods, however, our
proposed approach works very well in terms of jackknife M SPE estimates of the PEB
predictor of small area means compared to the naive model which ignores the ME in the
covariate that causes serious overestimation due to the large value of cross-product terms
involved in the MSPE of PEB predictor of small area means. We have also studied the effect
of increasing ME in predictor variable for both models in different scenarios with considering
different values for variance of ME. We have observed increasing ME causes attenuation in
slope estimate in naive model unlike the proposed model.

Our proposed model is developed based on one covariate. An extension of our work
to multiple covariates measured with error is simple, however, it will add much more
unnecessary complexity to the model as one needs to define different spline terms for each
covariate. One can also extend our approach to deal with non-normal random effects (Hui,
Muller & Welsh 2020). As an extension of the proposed model, survey weights (Torabi 2011)
can also be used in the estimation process in order to increase the efficiency of the PEB
predictor of small area means. In this paper, we have assumed that the size of sample in the
response and observed covariate is the same in each small area, however, one can extend our
proposed approach and use multiple source of data with different sample sizes (Datta et al.
2018). One can extend our proposed model to generalized linear models (Torabi & Shokoohi

2015). One can also extend our proposed model and use the bootstrap and simple, unified,
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Monte-Carlo assisted (Sumca) methods as alternatives for M.SPFE estimation of small area

mean predictors (Jiang & Torabi 2020). These are some of the topics for future study.

Appendix

The supplementary materials provide R codes and corresponding “readme” files for the

simulation and real application conducted in this paper.
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Table 1. Estimates (and standard errors) of the model parameters for the proposed model in the case
of three forms for spline (linear, quadratic, exponential 1). True values in the case of linear model:

bo=by =02 =02= 1,0,% = 2; in the case of quadratic model: by = by = 0.4,bs = —0.65,02 =
0.1,02 =0.3, 072, = 0.6; in the case of exponential 1 model: by = by = 1,by = —0.7,02 = 0.1,02 =
0.3,02 = 0.6.
True model bo by 03 o2 o? o%
Linear 0.94(0.89)  1.00(0.04) 107*(5 x 107%) 0.55(0.30) 1.00(0.13)  1.99(0.26)
Quadratic -1.07(0.07)  0.13(0.06) 0.10(0.01) 0.10(7 x 10713)  0.31(0.04)  0.59(0.07)

Exponential 1~ -0.97(0.08) -0.73(0.07) 0.18(0.02) 0.10(5 x 10713)  0.30(0.04)  0.60(0.08)
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Figure 1. Boxplots of PE B predictions of small area means for the proposed and naive models in the
case of (a) linear, (b) quadratic, (c) exponential 1.
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Figure 2. (a) Boxplots of EMSPE of PEB predictors and its components for the proposed model
(M;.p, M1;.p, M2;.p, M3;.p) and naive model (M;.n, Mi;.n, M2;.n, Ms;.n) in the case of linear
form for spline; (b) boxplots of percent relative bias of jackknife estimators of unweighted (UW.RB.p)
and weighted (W.RB.p) M SPE for the proposed model, unweighted (UW.RB.n) and weighted
(W.RB.n) jackknife M SPE estimation for the naive model in the case of linear form for spline.
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Figure 3. (a) Boxplots of EMSPE of PEB predictors and its components for the proposed model
(M;.p, M1;.p, M2;.p, M3;.p) and naive model (M;.n, Mi;.n, Ma;.n, Ms;.n) in the case of quadratic
form for spline; (b) boxplots of percent relative bias of jackknife estimators of unweighted (UW.RB.p)
and weighted (W.RB.p) M SPE for the proposed model, unweighted (UW.RB.n) and weighted
(W.RB.n) jackknife M SPE estimation for the naive model in the case of quadratic form for spline.
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Figure 4. (a) Boxplots of EMSPE of PEB predictors and its components for the proposed
model (Mi,p, Mh'.p, Mzi.p, Mgi.p) and naive model (Mi.n, Mu.n, Mgi.n, Mgi.n) in the case of
exponential 1 form for spline; (b) boxplots of percent relative bias of jackknife estimators of unweighted
(UW.RB.p) and weighted (W.RB.p) M SPE for the proposed model, unweighted (UW.RB.n) and
weighted (W.RB.n) jackknife M SPE estimation for the naive model in the case of exponential 1

form for spline.
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Table 2. Estimates (and standard errors) of the model parameters for the proposed model in the case of
three forms for spline (linear, quadratic, exponential 1). True values in the case of linear model: by =
b1 = 02 = 02 = 1; in the case of quadratic model: by = b1 = 0.4,b2 = —0.65,02 = 0.1,02 = 0.3;

in the case of exponential 1 model: by = by = 1,by = —0.7,02 = 0.1,02 = 0.3.

True model True value of o7, bo by o a2 o? on
Linear 1 1.00 (0.20)  1.01(0.14) 2 x1073(6 x 107?) 0.68 (0.26) 1.00 (0.13) 1.01(0.12)
35 1.00(0.24)  1.05(0.22) 1073(4 x 1073) 0.37 (0.36) 1.00 (0.13)  3.52(0.43)
5 0.99 (0.28)  1.08 (0.30) 1073(4 x 1073) 0.29 (0.36) 1.00 (0.13)  5.03 (0.62)
Quadratic 0.2 107 (0.06)  0.12 (0.04) 0.10 (0.01) 0.10(3 x 10-3)  0.30(0.03) 0.19 (0.02)
1 -1.07 (0.06)  0.12 (0.06) 0.12(0.02) 0.10(7 x 107'%)  0.30(0.04) 0.93 (0.12)
1.5 -1.06 (0.06) 0.11 (0.07) 0.14 (0.03) 0.10(6 x 1071%)  0.30(0.03) 1.45 (0.16)
Exponential 1 0.2 -0.97 (0.07) -0.73 (0.05) 0.17 (0.01) 0.10(5 x 10713)  0.30 (0.03)  0.19 (0.02)
1 -0.97 (0.09) -0.74 (0.09) 0.19 (0.03) 0.10(6 x 10713)  0.30(0.03)  1.00 (0.13)
15 1097 (0.09)  -0.75 (0.10) 0.18 (0.03) 0.10(6 x 10-13)  0.30 (0.03) 1.48 (0.18)
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Figure 5. Boxplots of EMSPE of PEB predictors and its components for the proposed model

(]\41'.]77 ]\412‘.])7 ]\Jm.p7 M3zp) and naive model (Mi.n,Mli.n, Mgi.n7 M31n) in the case of linear

form for spline with (a) 072] = 1.00, (c) a?] = 3.50, (e) 03 = 5.00; boxplots of percent relative bias

of jackknife estimators of unweighted (UW.RB.p) and weighted (W.RB.p) M SPE for the proposed
model, unweighted (UW.RB.n) and weighted (W.RB.n) jackknife M SPE estimation for the naive
model in the case of linear form for spline with (b) 0’% = 1.00, (d) 0’% = 3.50, (f) a,% = 5.00.
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Figure 6. Boxplots of EMSPE of PEB predictors and its components for the proposed model
(M;.p, M1;.p, M2;.p, Ms;.p) and naive model (M;.n, M1;.n, M2;.n, Ms;.n) in the case of quadratic
form for spline with (a) 0727 =0.20, (¢) af, = 1.00, (e) 03, = 1.5; boxplots of percent relative bias of
jackknife estimators of unweighted (UW.RB.p) and weighted (W.RB.p) M SPE for the proposed
model, unweighted (UW.RB.n) and weighted (W.RB.n) jackknife M SPFE estimation for the naive

model in the case of quadratic form for spline with (b) o2 = 0.20, (d) o7 = 1.00, (f) o7 = 1.50.

© 2021 Australian Statistical Publishing Association Inc.
Prepared using anzsauth.cls



R SEFIDKAR, M TORABI, AND A KAVOUSI

300

13
o
3
3
2
8
s 8
o
8 o - |
S = = [ | E g
8 - T T
) 8 °
2
i 3
s i L
S
T T T T T T T T i T T T T
Mp  Myp  Mzip Myp  Min Myn  Man  Mgn UW.RB.p W.RB.p UWRB.N W.RB.n
s ; :
o ° 8
3 ° : -
81 o 2 H |
8 e -
- 3
! : g
- _A_iée_ﬁ_ggl
3| =
° : .
8 i H
) : :
7 o | |
) : :
o 7 i T J— :
R : :
T T T T T T T T T T T
Mp  Myp  Mzip  Myp M Myn  Man  Mgn UW.RB.p W.RB.p UWRB.N W.RB.N
(© ()]
g : :
3
° 8
8 o & -
8 - H i
H 2 i
] &
o d —a 2 mmem —_ -
==
° 3
8 °
2 o 1 i
° 3 1 7 : :
T : : : :
T T T T T T T T T T T
Mp  Myp  Map  Map Mo Myn Man Mgn UWRB.p W.RBp UWREB.N WRB.N
(e) ()

27

Figure 7. Boxplots of EMSPE of PEB predictors and its components for the proposed
model (M;.p, M1;.p, Ma2;.p, M3;.p) and naive model (M;.n, M1;.n, Ma;.n, Ms;.n) in the case of

exponential 1 form for spline with (a) O'% = 0.20, (¢) o5, = 1.00, (e) 072] = 1.50; boxplots of percent

relative bias of jackknife estimators of unweighted (UW.RB.p) and weighted (W.RB.p) M SPE for

the proposed model, unweighted (UW.RB.n) and weighted (W.RB.n) jackknife M SPFE estimation
for the naive model in the case of exponential 1 form for spline with (b) 0% =0.20, (d) 0',% = 1.00, (f)

on = 1.50.
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Figure 8. Average systolic blood pressure versus average waist circumference for some predefined

groups (sex-age-race and ethnicity) based on US NHANES 2013- 2014 data.
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Figure 9. (a) Boxplots of PE B predictors of small area blood pressure means for the proposed and
naive models; (b) boxplots of unweighted (UW.p) and weighted (W.p) jackknife estimates of M SPE
of small area blood pressure mean predictors for the proposed model; boxplots of unweighted (UW.n)
and weighted (W.n) jackknife estimates of M SPFE of small area blood pressure mean predictors for
the naive model. The boxplots in parts (a) and (b) are for some predefined groups (sex-age-race and
ethnicity) based on US NHANES 2013- 2014 data.
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Appendix A  Supplementary Table
Table Al. Variable definitions
Variable Definition
m Number of areas
N; Population size in ¢-th small area
n; Sample size in i-th small area
nr Total sample size
Yij Response variable for j-th unit at the ¢-th small area
Yi Vector of response variable in ¢-th area
Yy Vector of response variable
T; True value of the covariate in i-th area
x; Vector of true value of the covariates of fixed part of the model
X Matrix of true value of the covariates of fixed part of the model
Z; Vector of true value of the covariates of P-spline part of the model
VA Matrix of true value of the covariates of P-spline part of the model
Wi Observed value of the covariate for j-th unit at the i-th small area
v= Vi, Vm) Vector of area-level random effects
d;; Vector that shows (4, j)-th sample belongs to which area
D Matrix that shows each sample belongs to which area
€ij Random error for j-th unit at the i-th small area
e; Vector of random errors in i-th area
e Matrix of random errors
Mij Measurement error for j-th unit at the ¢-th small area
b= (bo,...,bp) Vector of regression coefficients of fixed part of the model
Y=, 7k Vector of regression coefficients of P-spline part of the model
D Degree of spline
(T1y ey Tk) Set of knots
o2 Variance of the area-level random effects
o2 Variance of the random effects of P-spline part of the model
U3 Variance of the random error
o2 Variance of the measurement error
VU Variance-covariance matrix of Y’
> Variance-covariance matrix of v
>y Variance-covariance matrix of
e Variance-covariance matrix of e
>, Variance-covariance matrix of n
0; Mean response variable of i-th small area
65 Best predictor of ¢-th small area
678 Pseudo-best predictor of i-th area
G,ZLPE B Pseudo-empirical best predictor of i-th small area
T; Estimate of x; when all the parameters are known
T; B Estimate of x; when all the parameters are estimated
h; = (1, W, Vector of the observed value of the covariates mean
R Number of simulation runs in simulation study
mspej Unweighted jackknife mean squared prediction error estimator
mspe. jw Weighted jackknife mean squared prediction error estimator
RB Relative Bias
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