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1. Answer the following short-answer questions in the spaces provided. Write a Definition,
state a Theorem, or do a short computation. Detailed explanations are not needed here.

(a) A row echelon form of the system Ax = 0, where A is 7 x 10, has 4 non-zero rows.
How many free variables (parameters) does the general solution to this system have?

(b) What is the elementary matrix corresponding to the following elementary row op-

eration?
2 35 . 3 5 8
1 2 3 1 2 3

0 -1 0

(c) Assume that A, B are matrices such that BTAT = [1 0 0

J . Find AB.

Wear ear . 2 2 ' z _ | y-2
(d) Suppose that T" is a linear operator R* — R* such that T ({ v }) = [ 3% + 2 ] .

Find the matrix A so that for all x € R?, T'(x) = Ax.

(e) State the Cauchy-Schwarz inequality.
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(f) Find the distance between the point (2, 3) and the line 4z — 3y — 1 =0 in R%.

(g) State the formula for the orthogonal projection of a vector u
on a non-zero vector a.

(h) Write the matrix of the linear operator on R? corresponding to a rotation through
an angle of %.

(i) Write the characteristic polynomial of the matrix [ g _f w .

(j) Define “A and B are similar matrices”.
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2. Letu=1(2,0,2),v=(0,1,1), and w= (4, =3, 2).

Find numbers z, y, z, such that zu+yv + 2w = (1, =1, =2).
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22+1 11 T
3. Let A= 0 2> -3z 43
0 0 % -1

(a) Find all real numbers z such that A is not invertible.

(b) Find the value of the determinant of A~' when z = 2.

(c) What are the eigenvalues of A when x = 07 In this case, is A diagonalizable?
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-1 2 4
[12] 4. Let A= { 30 1 } . Using the adjoint formula for A=!, find the entry in the 1st
71 =2

row and 2nd column of A~!. [No credit will be given for any other method.]

[8] 5. Consider the system of equations

T+2y = 2
T—y =

Find the value of z using Cramer’s rule. [No credit will be given for any other method.]
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6. Consider the vectors
u=(-1,2,5), v=(4,1,-3)
in R3. Let 6 denote the angle between them.

[5] (a) Use the dot product of u and v to find cos . Is # acute or obtuse?

[5] (b) Use the cross product of u and v to find sin 6.

[2] (¢) Verify that your answers to parts (a) and (b) are correct by checking that

cos*0 +sin0 = 1.
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[12] 7. Find an equation of the plane in R® containing the points

A=(1,-1,0), B=(0,0,-2), C=(1,1,1).
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(12] 8. Consider the vectors
u=(k21), v=(3-1,0), w= (51, -2)
in R3.

Find all the values of k£ such that the volume of the parallelopiped generated by u, v,
and w is 10.

8] 9. T is a linear transformation R® — R® such that

3 -1 2
T(e)) = { -1 } , T(e)) = [ 5 } , and T(e;) = { —6 } :
4 -9 5

(a) Find the standard matrix A of T.

1
1 } ) , using part (a) or by any other method.

(b) Evaluate T (
1
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10. Consider the matrix

22 —10
A‘[so —23} !

We have chosen the entries carefully so that all the calculations in the following result
in reasonably small numbers.

(a) Find all the eigenvalues of A and an eigenvector associated with each.

(b) Find an invertible matrix P and a diagonal matrix D such that P~*AP = D.
You do not need to calculate P~! or verify that the equation holds.
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