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1. a) State the Density Theorem.
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[I] b) State the Archimedean property.
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[2] c) State the definition of a limit of a sequence (x,).

Luw Xu=x iFF ldf?()‘ ANED <7 YnzN WEHRAVE THAT
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[S] d) Use a), b) and c) to show that Vxe R, 3(r,) depending on x, with
r,€(,VneN and such that limr, = x
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2. Let x, = ,neN

3n

{#] a) Show that (x,) converges by .¢ *-._ ... using the definition of limit of a
sequence. tvo The PrenimEPcrn vosepry.
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[5] b) Show that (x,) is Cauchy by stating and using the definition of a Cauchy
sequence. tw> The Rechinevenn ProperTy
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[3] c)Let (x,) be a Cauchy sequence such that x, is an integer, for all n in [N.
Show that (x,) is ultimately constant,i.e. 3N € N such that x, = x, Va2 N
(You can use the fact that Vk,s € Z such thatk # s, [k—s|21.)
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3. a) State the Bolzano-Weierstrass theorem.
[1] .
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b) State the Nested Intervals Theorem.
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[6] ¢) Show that the Bolzano-Weierstrass theorem implies the Nested Intervals
Theorem. (Hint: choose x, € I,,.VneN )
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4. a) Let A be a non-empty bounded above subset of R State the definition of supA as
given in class.
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[2] D) State the Squeeze Theorem for sequences. /
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[5] c¢) Let (x,) be a bounded sequence, let A = {xu ‘ne N} and lets =sup A be such
that sisnotin A,i.e. x, <s,VneN Use a) to show thatif b <s then the set
B, ={n:neNpb<x, < s} must be infinite. (Hint: Suppose that B is finite and get a

contradiction to s =supA You can use the fact that every finite set has a maximal element.]
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[5] d) Let (x,),A and s be as in part ¢). Show that then there is a subsequence (x, ) of
(x,) that converges to s. (Hint: Use a) and c) to show th’lt ‘v’k =22 Hx € A such that
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