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1. Let X =[1,) andlet pbea function on X x X defined by p(x,y)

L
=50
a) Show that p is a metric on X. ‘ )
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b) Give the definition of a Cauchy sequence. Show that the sequence (x,) with
{43 x,=n, forne N, is a Cauchy sequence in (X, ..
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c) Show that (X,d,) is complete, where d, L /X X X is the restriction of the usual

(BEuclidean) metricdon R, (i.e. (X,d ) is a'subspace of (R,d)) g(State and use a theorem
from class. You can also use that (R,d) is complete. )

THEoLeM' ("‘H 0. wekric sp&c& )(EY TIAQM {L (Yok
\5meMcw)§Ls &chsea\ §UJG€CQ‘ ol V| )(D\x

X =[ie) s dsed Mﬂlﬂd (R4) s conglete
¢7 ‘X,Jx\ s Ceu«{\h%e.




¢

2.
2. Let B={f:[0,1]> R, f isbounded} and let d.(f.8)=sup{l f(x)~ g(x);x €[0,1]}.
2—1, xe'(l,l] :
4 .and §={f;r €[l,%)} be a subset of B.
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For r21,let f(x)=

a) Show that S is not closed in B. (You can use any equivalent definition of closed
set, but you have to state which one are you using.) [2]
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b) Show that S is not open in B.
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3. Let (X,d) be a metric space. For S ¢ X define boundary of S by:
xisin bdr(S)if Vr>0 ,N(x1) NS+ @ andN(x;1) 1 S€ 2 &,
where S¢ denotes the complement of § in X.

a) Show that §is open if and only if S bdr(S)=2 .
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S- b)If X =R with the usual metric and § = (0, 1], show that bdr(S) = {0, 1}. (Don't forget that

you have to show that 0 and 1 are boundary points of S, and also that there are no other
boundary points of S.)
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Q 4. Show that if (X,p) and (Y,o) are two discrete metric spaces,i.e. p and o are the
discrete metrics on X and on ¥ respectively, then the product metricdon X x ¥ is
equivalent to the discrete metric on the product space. (You can use a theorem from
class determining the open ses in the product space. State that theorem. Then recall
which are the open sets in the topology induced by the discrete metric.)
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5. a) Give three equivalent definitions of a closed set in a metric space.
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b) Prove that if (X,d,) and (Y.d,) are metric spaces and f:X — ¥ is (d,.d,) continuous,
then for every closed set F in ¥, we have that F(F) is closed subset of X,
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6.Let X = Cy; be the metric space of all continuous functions on [0,1] with the d_ metric.
Let ¢ be a fixed continuous function from X, and let F,:X — X be defined by: for f inX
F () =¢(x)f(x), xin [0,1].

a) State the £,8 definition of continuity of a function between metric spaces at a point in the
domain space.
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b) Show that the function F, as defined above, is continuous at every point of X«

; ( Hint: the fixed function ¢ is bounded on [0,1], and attains its maximum value M >0.
Look at the cases M =0,and M > 0 separately.)
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¢) Give the definition of 2 homemorphism between two metric spaces.
If ¢ is the function identically equal to 0 on [0,1], can F, from above be a homemorphism?

Explain, )
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