1-
1. Prove that if (X, d) is a metric space and SC X, then d(x, S)=0 if and only if xe CI(S). [7]
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2.Let (V, 1l 1) be a nonzero normed vector space, let @ be the zero vector of V, and let
BO;)={veV: llv=01Il = llvll <1}
be the closed unit ball of V. Also, for v and v in V, define f,, :[0,1] =V, by
- @ =>0-tu+tv, Ve €[0,1].
a) Show that for fixed u and v in V, the function f,, is a Lipshitz map from [0,1] into B(6;1)
(which shows that £, is also continuous, i.e. that f,, is a path from u to v in B(8;1)). [6]
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b) Show that the closed unit ball B(6;1) of (V, Il l) is path connected. (Hint: use a).) [2]
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c) Is B(6;1) connected? Explain your answer. [2]
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3. a) Give the definition of a separable metric space and the definition of a Lindelof metric
space (X, d). [3]
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b) Let (X, d) be a Lindelof metric space. Show that then (X, d) is separable by following
the next three steps:
(i) Show that Vn € N, there exists a countable subset D, ={y  :i=1,2,3...} of X, such
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that D isa — - netfor X,i.e. D, is such that X=UN(ym.;—-).
n

n il
(ii) Show that D = UDn is dense in X , by showing that Ve >0, D is an € -net for X.
n=1
(iii) Show that (X, d) is separable by using (i) and (ii). [7]
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4. a) Give the definition of a totally bounded metric space (X, d). [2]
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b) Show that if (X, d) is totally bounded and f:(X,d)— (Y,p) is uniformly continuous,
then f(X) is totally bounded subspace of the metric space (Y, p). [7]
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5. Fill in the table below by writing YES or NO in each of the empty boxes:
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